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PREFACE 


CP violation is an intriguing, elusive subject and our current knowledge of it 
is rather limited, both at the experimental and theoretical levels. On the one 
hand, CP violation has only been observed in the neutral-kaon system; on the 
other hand, in that system CP violation is very solidly established. From the 
theoretical standpoint, CP violation can be incorporated in the three-generation 
standard model (SM), which easily leads to the right order of magnitude for 
that effect, after one takes into account the experimental values for the quark 
mixing angles. However, we lack a fundamental understanding of the origin of 
CP violation. This is all the more important, because CP violation is one of 
the crucial ingredients necessary to generate the observed matter—antimatter 
asymmetry of the Universe. It is now believed that it is not possible to generate a 
baryon asymmetry of the observed size exclusively with the CP violation present 
in the SM. New sources of CP violation in models beyond the SM can play an 
important role in the explanation of the observed size of this asymmetry. 

In spite of the importance of the phenomenon of CP violation, at present 
there is no self-contained textbook on the subject, covering both its phenomeno- 
logical and theoretical aspects. It is this lack that we have aimed at eliminating. 
We have tried to write a text which, starting from basic and well known concepts, 
can lead graduate students and professional physicists alike into a reasonable un- 
derstanding of the intricacies of CP violation. We have been particularly keen 
about adopting a consistent notation, and about self-containedness: we only as- 
sume knowledge of ordinary quantum mechanics, in the first part of the book, 
and of the standard model of electroweak interactions, from the second part on- 
wards. We have also not hesitated in providing a detailed derivation of many 
results which remain poorly or only superficially explained in the literature. 

The book is divided in four parts, aiming at an increasingly specialized group 
of readers. Most of the topics in the first two parts of the book might be in- 
cluded in a standard particle-physics course discussing electroweak interactions. 
The intended readership for the first part is very broad, including any student 
or physicist wishing to learn the basics of CP violation; this part is accessible 
to anyone familiar with ordinary quantum mechanics, and only little knowledge 
of particle physics and field theory is assumed. We explain what CP violation is 
and what are its basic observed features. Special emphasis is given to the phe- 
nomenology of CP violation in neutral-meson systems, considering the specific 
cases of the neutral kaons and neutral-B mesons and the approximations relevant 
for each of them. We discuss various ways to measure CP violation, especially 
in the neutral-B systems. Throughout, we use quantities which are invariant un- 
der arbritary rephasings of the state vectors, using that property to identify the 
physical, measurable quantities. 
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Part II deals with the Kobayashi-Maskawa mechanism of CP violation in the SM. 
The readers are assumed to have some familiarity with gauge theories in general 
and the SM in particular. We study the unitarity triangles and their relevance 
for CP violation, describe various parametrizations of the Cabibbo—Kobayashi-— 
Maskawa matrix, and discuss the experimental constraints on that matrix; we 
then review the computation of the CP-violating parameters € and e'/e, being 
careful to present the analysis in such a way that it can easily incorporate new 
experimental data. — 

The third and fourth parts are narrower in scope. Part III is devoted to 
the model-building subtleties related to CP violation, and to various possible 
CP-violation mechanisms. Specific models are considered, the intention being 
to illustrate particular mechanisms of CP violation within minimal extensions 
of the SM. Thus, each model should be taken as representative of a whole set 
of possibilities. We work out models with, in turn, an extended scalar sector, 
fermion sector, and gauge sector. We also discuss the strong CP problem and 
describe some of its possible solutions. 

We repeatedly emphasize the fact that CP violation arises as a clash between 
the CP-transformation properties of different terms in the Lagrangian. Although 
CP violation is due to the presence of complex phases in field theory, physical CP- 
violating quantities should not depend on the particular basis that one chooses 
to work in. This philosophy naturally leads to the construction of weak-basis- 
invariant CP-violating quantities; those quantities automatically eliminate the 
spurious phases which may always be brought in and out of the Lagrangian by 
means of rephasings of the fundamental fields. 

It is generally believed that a deeper understanding of CP violation will re- 
quire its experimental observation outside the neutral-kaon complex. This lacuna 
will be partially filled by the upcoming experimental studies at B factories; var- 
ious tests of the SM, and the corresponding searches for new physics, will be 
conducted at those machines. These exciting prospects have provided further 
motivation for writing this book, which we hope will prove to be a timely pub- 
lication. Thus, Part IV is specifically dedicated to the possibilities for the study 
of CP violation, in particular through the observation of CP asymmetries, at B 
factories. Our analysis is mostly model-independent, and we try to distinguish 
between theoretical expectations and the actual measuring capabilities. 

It is not possible to cover all aspects of CP violation in a book of this size 
and, of course, our experience and interests have influenced the choice of topics. 
Three important subjects which are not dealt with in this book are electric dipole 
moments, baryogenesis, and supersymmetric models. These are very specialized 
areas of research which would require considerable space for a thorough and 
pedagogical introduction. However, the new sources of CP violation which arise in 
models beyond the SM, presented in detail in Chapters 22-26, will have an impact 
on baryogenesis. Furthermore, the techniques introduced in those chapters can 
be readily extended to the case of supersymmetric models. We may refer the 
interested reader to the existing monographs on baryogenesis (Cohen et al. 1993; 
Turok 1993; Rubakov and Shaposhnikov 1996; Trodden 1998) and on electric 
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dipole moments (Khriplovich and Lamoreaux 1997). 

There are many chapters and sections in the book which, having been in- 
cluded for the sake of completeness, may be skipped without undue loss of con- 
tinuity or understanding. We have marked those chapters and sections with an 
asterisk in the Contents, and we have usually also called attention to this fact 
in the beginning of the chapter or section. 

Whenever using experimental data, we have used the values given in the 
1996 edition of the Review of Particle Properties (Particle Data Group 1996). 
The 1998 edition (Particle Data Group 1998) was not used because it appeared 
only shortly before completion of the manuscript; moreover, the physics in this 
book does not rely heavily on any precise experimental values. 

In our bibliography we have made an effort to cite the original relevant lit- 
erature on each topic which appeared up to the summer of 1998. But, in a field 
which evolves as rapidly as CP violation, it is impossible to keep track of all the 
relevant articles in the literature. The fact that many topics have been studied 
for a long time only makes things worse. We apologize for any omissions, which 
should not be interpreted as reflecting any negative opinion on our part. 


Lisbon, Portugal G. C. Branco 
November 1998 L. Lavoura 


J. P. Silva 
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Part I 


CP in quantum mechanics 


i 


THE MEANING OF THE DISCRETE SYMMETRIES 


1.1 Parity and time reversal in classical physics 


Left-right symmetry—also called space-inversion or parity symmetry—and time- 
reversal symmetry are two invariances of classical physics—of classical mechan- 
ics and of classical gravitational and electromagnetic interactions—which were 
recognized lortg before the advent of quantum mechanics and of quantum field 
theory. We shall review the meaning of those symmetries in classical physics 
before implementing them in a quantum-mechanical context. 


1.1.1 Parity 


Parity symmetry, usually called P, consists in the invariance of physics under 
a discrete transformation which changes the sign of the space coordinates z, y, 
and z. This corresponds to the inversion of the three coordinate axes through 
the origin, a transformation which changes the handedness of the system of axes. 
A right-handed system becomes left-handed upon the parity transformation (see 
Fig. 1.1). 

Parity symmetry is sometimes called mirror symmetry, because the inversion 
of the coordinate axes may be achieved in two steps, through a mirror reflection 
on a coordinate plane followed by a rotation by an angle m around the axis per- 
pendicular to that plane (see Fig. 1.2). From the basic assumption of isotropy 
of space it follows that physics is invariant under a rotation. Therefore, the rele- 
vant point is whether physics is invariant under the mirror reflection too. Thus, 
P symmetry is in practice equivalent to symmetry under a mirror reflection. As 
the mirror interchanges left and right—for instance, our right arm is the left arm 


Fic. 1.1. A right-handed coordinate system becomes left-handed under the par- 
ity transformation. 
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Fic. 1.2. The parity transformation as a reflection on a mirror followed by a 
rotation. 


of our mirror image—parity symmetry is also called left-right symmetry. 
Applying two parity transformations in succession is equivalent to no trans- 
formation at all. The square of the parity transformation is the identity trans- 
formation. 
The parity transformation changes the sign of the position vector of a particle: 
r — —r. As a consequence, the velocity of the particle, 


dr 
j= —, 1.1 
also changes sign under P. The same happens with the momentum 
p=mv. (1.2) 
The angular momentum, F 
J =T <p, (1.3) 


is invariant under P, because both r and p change sign. According to Newton’s 
law, the force which acts on a particle is equal to the rate of change of its 
momentum, 


l 


~ dp 
fof (1.4) 


Therefore, under parity FaF, 
The Lorentz force acting on a particle with electric charge q is given by 


TEE (Z +x B) (1.5) 


where Ei is the electric-field strength and B is the magnetic-field strength. Under 
parity aE iorents and v change sign. Therefore, P must transform E > -E and 
B > B. 

The scalar potential V and the vector potential A are defined through 


Ot’ (1.6) 
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The operator V = ð/ðF changes sign under P. Therefore, parity transforms 
A = —A while V is left invariant. 

We shall not demonstrate the invariance of the whole body of classical me- 
chanics and electromagnetism under the parity transformation delineated above. 
That invariance is established by surveying all the equations of classical physics 
and checking that they are invariant under parity. 

Vectors are generically defined as three-component objects which transform 
in the same way as Tr under a rotation of the system of coordinate axes. This 
prescription does not tell us how vectors should transform under parity. As the 
square of the parity transformation is the identity transformation, there are two 
types of vectors: those which change sign under P and those which do not. Vectors 
which change sign under parity, like p and E, are called polar vectors, or simply 
vectors. Entities like B and J, which do not change their sign dader a mirror 
reflection, are called axial vectors, or pseudovectors. 

Analogously, there are quantities which are invariant under a space rotation 
but change sign under parity. This is the case in particular of the scalar product of 
a vector and a pseudovector, e.g. E- B. Those quantities are called pseudoscalars, 
as opposed to (proper) scalars, which are mirror-invariant. 


1.1.2 Time reversal and T 


Let us now consider the time-reversal transformation, usually called T. This 
consists of changing the sign of the time coordinate t. From eqn (1.1) we see 
that, when t > —t, the velocity v => —v. The momentum p also changes sign. 
The angular momentum J > —J. On the other hand, from eqn (1.4), as both p 
and ¢ change sign under time reversal, the force F remains invariant. 

As Te hatte in eqn (1.5) must be invariant while v changes sign, E> E but 
B — —B under time reversal. From eqns (1.6) we see that V > V but Å + -Å 
under T. 

The mathematical transformation delineated above, under which t, p, and 
other entities change sign, may be called T. The genuine time-reversal transfor- 
mation T goes beyond T, since it also interchanges final states and initial states. 
Time reversal is related to the following fundamental question that one may ask 
about the laws of Nature: let us consider the final state of some process, invert 
the velocities of all particles in that state, and let it evolve; shall we obtain the 
former initial state with all velocities reversed? 


1.1.3 Spin, dipole moments, and helicity 


Spin is a concept extraneous to classical physics. However, there is no problem 
in integrating it as an ad hoc quantity. Some particles are postulated to have 
associated with them an intrinsic angular momentum s, which is in everything 
identical to a classical angular momentum J. As such, § — Ss under parity and 
Ss — —S under time reversal. 

The spin s is observable through interactions which are proportional to it. If 
a particle with spin § moves in an electromagnetic field with field strengths E 
and B , there may exist in the Hamiltonian terms of the form 
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Table 1.1 P and T transformations in classical 


physics. 
‘Name = Symbol P Ê 
Time = o r F 
Position r = 
Energy E + + 
Momentum p = a 
Spin 3 Je a 
Helicity h S a 
Electric-field strength E at... ae 
Magnetic-field strength B as 
Magnetic dipole moment dm + + 
Electric dipole moment de - = 
des E (1.7) 
and 
—-dm?- B, (1.8) 


the numerical coefficients de and dm having the appropriate dimensions. If the 
interaction in eqn (1.7) exists the particle is said to possess an electric dipole 
moment de. If the interaction in eqn (1.8) is present the particle has a magnetic 
dipole moment dm. 

Checking the transformation rules of E and of B under parity and under time 
reversal, we conclude that dm —> dm under any of those transformations, while 
de — —de under any of them. Therefore, electric dipole moments violate both 
P and T. On the other hand, magnetic dipole moments violate neither P nor T 
and, indeed, they provide a practical way of measuring the spin of a particle. 

An important quantity is the sign of the projection of a particle’s spin g along 
the direction of its momentum p. This is called the helicity h of the particle: 


> > 


S- p 
h = ~~. (1.9) 
|31 [I 
Helicity is a pseudoscalar, because it is the dot product of a polar vector (p) and 
an axial vector (8). On the other hand, h > h under T. 


1.1.4 Summary 


The preceding results are summarized in Table 1.1, in which we have indicated 
whether the relevant quantities are invariant (denoted by a ‘+’ sign) or change 
their sign (denoted by a ‘—’ sign) under the P and T transformations. 


1.1.5 Relativistic mechanics 


When one makes the transition to relativistic mechanics, the time and the po- 
sition vector get united in the position four-vector! z” = (t,7), while the en- 


1We use units such that c = À = 1. 
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Table 1.2 P and Î transformations in relativistic 


physics. 
Name Symbol P T 
Position gr Ty —Ly 
Derivative Cla On —On 
Momentum p” Pu Pu 
Potential AF Ai Ap 


Field tensor FEE Fw Ew 


ergy and three-momentum become components of the momentum four-vector 
p! = (E, p). The derivative four-vector is 0“ = (0/dt, -V). The scalar and vec- 
tor potentials of electromagnetism are united in the four-vector A” = (V, A). 
The angular momentum J becomes part of an antisymmetric tensor M”” = 
r”p” — px”. In the same way, E and B are united in an electromagnetic-field 
tensor F#” = QUAY’ — OVA. 

All four-vectors behave in the same way under parity: their time component 
is left unchanged, while their space components change sign. We denote this by 
zt” > ztu, OY > Oy, P > py, and A¥ — A,,. Tensors also have their indices 
lowered by P: M"” + M,, and F¥” — F„. Parity invariance may thus be 
extended to relativistic mechanics. 

The transformation properties under time reversal are more complex, since 
not all four-vectors behave in the same way. The four-vectors t” — —2z, and 
ð! — —0, behave in a different way? from the four-vectors p” — p, and 
AF —> A,. The electromagnetic-field tensor F#” — —F,„v, and the angular- 
momentum tensor M#” — —M,, under T. All equations of relativistic mechanics 
are invariant under the time-reversal transformation delineated above. 

In Table 1.2 we have indicated how relativistic tensors of interest transform 
under P and under T. 


1.2 The meaning of P and of T 


Parity and time reversal are closely related to some of the most basic questions 
that one may ask about the laws of Nature. 

Suppose that one watches some physical event in a mirror. Does the event 
that one sees there look real? Does the event seen in the mirror correspond to 
something allowed by the laws of Nature? This is the basic question that P 
symmetry addresses. 

Now suppose instead that one has the physical event filmed and then watches 
the film running backwards. Will the events seen in the backward-running film 
look possible and realistic, or will they be at odds with the laws of Nature? This 
is the issue raised by T symmetry. 


2Thus, T differs from the discrete transformation of the Poincaré group under which all 
four-vectors V4 — —V,,. The latter discrete transformation is sometimes misleadingly called 
T: 
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1.2.1 P- and T-asymmetry of the observed events 


In a certain sense, it is an obvious fact that left and right are distinct in Na- 
ture. They represent more than mere conventions. Most people display greater 
skilfulness with their right than with their left hand. Our liver is located in the 
right side, our heart in the left side of our body. Therefore, no one would confuse 
the mirror image of a human being with a real person! At a more fundamen- 
tal level, the aminoacids in life’s chemistry are not identical with their mirror 
images. Many organic molecules have a right-handed and a left-handed version, 
and one of the versions occurs much more often in the biosphere than the other 
one. However, the above asymmetries are in general considered to be accidents 
of life’s evolution on Earth, and not the consequence of a fundamental left-right 
asymmetry in the laws of Nature. 

As for T, a ‘time arrow’ seems to exist in observed events, not only in biology, 
but also in the more fundamental realms of physics. A piece of wood burns down 
to ashes and smoke, but ashes and smoke have never been seen to absorb heat 
from their surroundings and generate a piece of wood. Naively one might think 
that this asymmetry in the time evolution of physical systems is in contradiction 
with the laws of classical physics, since Newton’s law is invariant under time 
reversal, in the sense that, if F(t) is a possible trajectory, then 7(—t) is also an 
allowed trajectory. The asymmetry in the time evolution is one of the postulates 
of classical thermodynamics, which states that, if a system at a certain instant 
is in a non-equilibrium macroscopic state, it will evolve into another state with 
higher entropy. This is the second law of thermodynamics, for which an expla- 
nation is given within the framework of statistical mechanics. Systems evolve 
in the time direction that they do because the final macroscopic configuration 
is microscopically more probable than the initial one. This in no way implies a 
time-reversal asymmetry in the fundamental laws of microscopic physics. 


1.2.2 A thought experiment about T 


The fundamental laws of classical physics are T invariant but, because of the 
large number of individual particles and collisions involved, macroscopic systems 
display T-asymmetry. In order to understand how this comes about, a simple 
thought experiment (Lee 1990) may help. 

Suppose that, in a large country with lots of intersecting roads, one thousand 
drivers start from the same place and drive one thousand kilometres each. Sup- 
pose that no directions are marked on the roads, and each driver meets multiple 
road crossings, each time choosing at will, with no outside help, which new road 
he shall take. 

Now consider the time-reversed situation. Each of the thousand drivers starts 
from the final point that he has reached in the previous journey, and drives once 
again one thousand kilometres, once again choosing, more or less at random, 
which new road he will take at each crossing. One asks oneself, will all drivers, 
at the end of their second journey, meet at the starting point of the first one? 
Clearly, the probability that this happens is extremely small. 


THE MEANING OF P AND OF T 9 


Although the individual motion of each driver has obeyed time-reversal- 
invariant laws—they have driven one thousand kilometers in each journey, and 
at each crossing they have chosen, according to the same chance rules, which 
new road to take—the observed motion of the total system was time-reversal- 
asymmetric. This was due to two reasons: first, the numerous road crossings at 
which each driver had to make a choice; second, the large number of drivers 
involved. 

In the same way, in classical mechanics, the large number of particles and 
the large number of collisions among them render the time-reversed motion of a 
macroscopic system extremely improbable. 


1.2.3 A thought experiment about P 


One may wonder, where does the observed difference between right and left (see 
§ 1.2.1) come from? Is it built into the fundamental equations of physics? Or 
is it just a chance consequence of the particular development that life took on 
Earth? 

One may translate this question into a thought experiment. Suppose that we 
were able to build a live being, for instance a dog or a fly, completely made up 
of organic molecules of the wrong handedness. The question then is, would this 
artificial being be able to live and function properly? Would it be competitive in 
a Darwinian sense with the existing forms of life, or would it suffer from some 
intrinsic disadvantage because of the opposite handedness of its biochemistry? 

For a mechanical analogue of this question (Lee 1990), consider two mirror- 
symmetric cars. They are of the same model, but each of them is the mirror 
image of the other one. One asks oneself, will these cars run in the same way? 
If the two cars are accelerated with the gas pedal tilted at the same angle, will 
they move forward at the same speed? Or might one of them, for instance, stay 
stuck or even move backwards? 


1.2.4 Summary 


In spite of the observed reality that life is mirror-asymmetric, the equations 
of classical physics are left-right symmetric. In spite of the obvious arrow of 
time in real physical events, classical mechanics and classical gravitational and 
electromagnetic interactions do not have a preferred time direction. The question 
then is whether left-right symmetry and time-reversal symmetry carry over to 
the microscopic world. Is there somewhere a fundamental P asymmetry which 
might explain the observed left-right asymmetry of the biosphere? Or should that 
asymmetry be assigned to fortuitous initial conditions? And is there, somewhere 
in the fundamental interactions beyond classical physics’ realm, a T asymmetry? 
Could such an asymmetry help explain the observed time arrow of events? 


3This must not be confused with two cars of the same model with the driving wheels on 
opposite sides. Such cars do not have mirror-symmetric engines. 
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1.3 Charge conjugation 


Contrary to P and T, charge-conjugation symmetry C does not have an analogue 
in classical physics. This symmetry is related to the existence of an antiparticle 
for every particle. This is a prediction of relativistic quantum theory which has 
been brilliantly confirmed by experiment, in particular through the discovery of 
the positron (Anderson 1933) and of the antiproton (Chamberlain et al. 1955). 
It should be emphasized that the notion of antiparticle exists neither in classical 
physics nor in non-relativistic quantum mechanics. 

In relativistic quantum field theory, one can associate both positively and 
negatively charged particles with each (complex) field ¢. Moreover, there is a 
C transformation which transforms ¢ into a related field, e.g. ¢', which has 
opposite U(1) charges—electric charge, baryon and lepton number, and flavour 
quantum numbers such as strangeness, the third component of isospin, and so 
on. The transformed field obeys the same relativistic equation of motion as the 
original one. It has the same mass, but its interaction with an electromagnetic 
potential is characterized by opposite electric charge. 

C symmetry asserts that antiparticles behave in exactly the same way as the 
corresponding particles, and that it is a mere matter of convention which of them 
we call ‘particles’ and which we call ‘antiparticles’. 


1.3.1 A thought experiment about C 


Why should C symmetry be important? Experimentally it is known that, when a 
particle and its antiparticle collide, they have a high probability of annihilating. 
Let us then consider the following thought experiment (Lee 1990). 

Suppose that our civilization came into contact with another civilization on 
a distant planet. The contact might take place via exchange of electromagnetic 
messages, without any charged particle ever being exchanged. After years of 
friendly correspondence, the two civilizations might want to physically meet, for 
instance through the sending of a space vessel. The problem would then be to 
know whether the other civilization is made out of matter or of antimatter. In- 
deed, if it were made out of antimatter, physical contact would be impossible, 
lest annihilation destroys both meeting parties. How could civilizations commu- 
nicate to each other whether each one’s ‘matter’ is the same as the other one’s, 
or whether they are made out of the antimatter of each other? 

In order to communicate this, one needs some absolute way of distinguishing 
matter from antimatter. If C symmetry holds, matter and antimatter are dis- 
tinguishable only by practical example, i.e., they are a convention. C symmetry 
must be violated, some physical event must occur differently with matter and 
antimatter, in order that an explanation to our distant partners of how that 
event happens in our world lets them know what ‘matter’ means to us. 


1.4 Violation of C, P, and CP 


It turns out that the whole body of weak interactions works differently for matter 
and antimatter. Moreover, weak interactions also are left-right asymmetric. On 
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the other hand, after simultaneous C and P transformations, (most) weak inter- 
actions remain identical to themselves—cross sections and decay rates remain 
unchanged. 

The composite transformation CP, made out of simultaneous C and P trans- 
formations, then acquires relevance. Namely, the conceptual problem of distin- 
guishing matter from antimatter (see § 1.3.1) can only acquire a solution if we 
are able to eliminate the convention of what is ‘left’ and what is ‘right’ from the 
. game. It is not enough that C be violated, CP must be violated too in order that 
matter may be distinguished from antimatter. 


1.4.1 The experiment of Wu et al. 


Historically, the possibility that weak interactions violate parity was first sug- 
gested by Lee and Yang (1956). They examined the experimental evidence then 
available and concluded that parity invariance of the weak interactions was ‘only 
an extrapolated hypothesis unsupported by experimental evidence’, i.e., it had 
not yet been probed. They went on to suggest experiments which might test 
whether parity is conserved. They observed that, in order to test parity viola- 
tion, one should try and measure some pseudoscalar quantity, like for instance 
the helicity of some particle, or more generally the scalar product of the spin of 
a particle and the momentum of some other particle. If the expectation value of 
a pseudoscalar observable is found to be non-zero, then there is parity violation. 

Parity violation in the 8 decay of ®°°Co was discovered soon afterwards (Wu 
et al. 1957). The nuclide ©°Co decays through 87 emission to an excited state of 
60Ni, which then decays to its fundamental state through the emission of two suc- 
cessive gammas. In the experiment of Wu et al., a °°Co source was incorporated 
into a crystal of cerium magnesium. When a small magnetic field (~ 0.05 T) is 
applied to the crystal, there is an alignment of the electronic spins, generating 
inside the crystal a strong magnetic field (~ 10-100 T). This in turn polarizes 
the ©°Co nuclei through the hyperfine coupling, provided the whole system is 
at a sufficiently low temperature (~ 0.01 K). The low temperature was achieved 
through a process of adiabatic demagnetization. 

A scintillation counter was used to measure the intensity of the G~ emission 
relative to the orientation of the polarizing field and as a function of the temper- 
ature. It was found that the electrons are emitted preferentially in the direction 
opposite to the one of the applied magnetic field, and that that preference dis- 
appears when the crystal warms up. This means that the scalar product of the 
spin of the ©°Co nuclei and the momentum of the emitted electron has a non-zero 
expectation value. As that scalar product changes sign under P, parity violation 
in 8 decay was established. 


1.4.2 The helicity of the electron neutrino 


After the experiment of Wu et al. (1957), another experiment of great impor- 
tance in testing the nature of the weak interactions was the one of Goldhaber 
et al. (1958). There, the helicity of the neutrino emitted in the electron capture 
by '52Eu was measured. The experiment was particularly ingenious because, as 


12 THE MEANING OF THE DISCRETE SYMMETRIES 


Ve 152Ẹu 152S m* 152S m* 152Ẹu Ve 
a a e 
= — a P E <— —> 
Sy Se SSm SSm Se Sy 


Fic. 1.3. The electron capture by '°*Eu, yielding °*Sm* and ve, and its 
P-transformed process. 


the neutrino hardly interacts with matter, some way of indirectly measuring its 
helicity had to be devised. 

The nuclide !°?Eu has zero spin. It captures an electron from the K shell— 
with zero orbital angular momentum—of the atom, giving rise to an excited 
state with spin 1 of °?Sm, and emitting a neutrino ve. The excited state then 
decays to the fundamental state of !°?Sm, which is spinless, through emission of 
a photon. 

Conservation of angular momentum along the direction of flight of the neu- 
trino and of the !°?Sm* nucleus, in the rest frame of 1°*Eu, implies that the 
handedness* of the neutrino is the same as the handedness of 1°2Sm*—see 
Fig. 1.3. (This is because the angular momentum of the initial state, consti- 
tuted by the !°?Eu nucleus and by the K-shell electron, is just the spin of the 
electron.) Again, it can easily be shown that, if the photon from the decay of 
that excited state is emitted in the same direction as the neutrino, that photon 
has the same handedness as the excited state and, therefore, as the neutrino. 
Thus, the measurement of the helicity of the neutrino is reduced to a selection of 
the events in which the gamma is emitted in the same direction as the neutrino, 
and to a measurement of the helicity of the gamma in those events. It was found 
that the gammas have helicity —1. Thus, the ve emitted in the electron capture 
must have helicity —1, i.e., be left-handed. 

The fact that the neutrino emitted in electron capture always has helicity —1 
constitutes a violation of parity, as can be seen in Fig. 1.3. 

After the original experiment of Goldhaber et al. (1958) on the electron neu- 
trino, many other experiments have attempted to measure the helicity of the 
neutrinos. In particular, the helicity of the muonic neutrino has been directly 
measured in a nice experiment by Roesch et al. (1982). It has always been found 
that neutrinos have helicity —1, while antineutrinos have helicity +1. 


1.4.3 CP 


In general, one finds that C is violated together with P in the weak interactions. 
Let us give an example of this. The charged pion at decays predominantly to 
utv. The muon neutrino from the decay is left-handed (Garwin et al. 1957; 
Friedman and Telegdi 1957), see Fig. 1.4 (a). The P-conjugate process, in which 
the v, would be right-handed, never occurs—see Fig. 1.4 (b). The C-conjugate 


4Handedness is equivalent to the helicity of a particle. If a particle has helicity +1 it is said 
to be right-handed. The particle is left-handed if it has helicity —1. 
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Fic. 1.4. C, P, and CP transformation of the decay mt > ptv,. 


process is the decay of 7~ to uw v,, the v, being left-handed—Fig. 1.4 (c). It 
turns out that this process never occurs either. Instead, 7” — wv, occurs at 
the same rate as mt + u*v, only the P, is right-handed, as in Fig. 1.4 (d). 

This fact represents a simultaneous violation of C and of P. P is violated 
because the neutrinos have a definite handedness. If P were not violated the 
neutrinos should, with equal probability, be either left-handed or right-handed, 
both in xt > utv, and in t~ + p~d,. C is violated because the neutrinos in 
the two observed decays have opposite handedness, and therefore the decays are 
not C-conjugates of each other. 

On the other hand, the combined symmetry CP is preserved. Indeed, when 
we simultaneously interchange m* © m7, pt © p`, and r, © D, (C transfor- 
mation), and also interchange left- and right-handedness of the neutrinos and of 
the muons (P transformation), the decay rates are equal. C and P are violated, 
but the combined symmetry CP is not. 

Clearly, t+ decays cannot provide a solution to the communication problem 
of § 1.3.1. The distinction of matter from antimatter using these decays requires 
a previous convention about the handedness of the coordinate system. We are 
unable to explain to our far-away partners what we mean by ‘a positively charged 
pion’ because, if we try and tell them that ‘it decays into a neutral particle with 
negative helicity’ they will ask us how do we define the sign of the helicity, 
and such a definition is equivalent to a convention for the handedness of the 
coordinate system. | 


1.4.4 CP violation 


The fact that CP symmetry is preserved even while C and P symmetries are 
violated was first pointed out by Landau (1957), who suggested that neutrinos 
are always left-handed and antineutrinos are always right-handed.” Only much 
later was CP discovered to be violated too (Christenson et al. 1964). 

The clearest evidence for CP violation is the charge asymmetry in K3 decays. 
The kaon Ky is a neutral particle with well-defined mass and decay width. 


5 Actually, the first suggestion that C and P might be separately violated, while CP would 
be conserved, was due to Wick et al. (1952). They considered that possibility ‘remote at the 
moment’. 
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There is no other particle with equal mass. Therefore, Kr must be its own 
antiparticle. It decays both to m*e~ i and to the C-conjugate mode m~ et 1. 
However, it decays slightly less often to the first than to the second mode. This 
fact unequivocally establishes both C violation and CP violation. 

Indeed, when we consider the total decay rates, we have already performed 
an integration over the momenta of all the particles resulting from the decay, 
as well as a sum over their spin states. These integrations and sums eliminate 
parity from consideration. Then, if the decay rates to tte~p, and to 7m ety, 
are different, there is violation of CP, not only of C. 

We now have the solution to the thought experiment of § 1.3.1. We should tell 
our partners on a distant planet to observe Kı3 decays: the decay which occurs 
less often gives rise to a pion with the same electric charge as the proton that 
we are made of. They would thus learn what we mean by ‘matter’. No reference 
to right-handed and left-handed coordinate systems would be needed. Indeed, 
we might afterwards use pion decays to explain to our distant friends what we 
mean by ‘left’ and ‘right’. 


1.4.5 Theoretical importance of CP violation 


Besides being a fascinating effect because of its elusiveness at both the experi- 
mental and theoretical levels, CP violation might also play an important role in 
our understanding of cosmology. This is because the observed baryon asymmetry 
of the Universe, i.e., the fact that there is much more matter than antimatter 
in the observed Universe, could only be generated from an initial situation in 
which the amounts of matter and antimatter would be equal if there is CP vi- 
olation. This fact was first shown by Sakharov (1967), who pointed out that 
baryon-number violation, C and CP violation, and a departure from thermal 
equilibrium, are all necessary in order for it to be possible to generate a net 
baryon asymmetry in the early Universe. 

Another interesting consequence of CP violation would be the possibility that 
elementary particles have electric dipole moments. We have seen in § 1.1.3 that 
electric dipole moments violate both P and T. Composite particles like nuclei 
or atoms may display a net electric dipole moment because of the existence of 
degenerate states with different properties under parity and time reversal; on 
the contrary, any electric dipole moment of an elementary particle would in a 
downright manner violate both P and T. Now, T violation is connected through 
the CPT theorem to CP violation—this means that it would be very difficult 
to conceive of a theory which would violate T without simultaneously violating 
CP (see § 2.5 below). Thus, although not strictly necessary for the existence of 
electric dipole moments of elementary particles, theoreticians certainly do not 
expect them to exist unless CP is violated. 


2 


THE DISCRETE SYMMETRIES IN QUANTUM PHYSICS 


2.1 Introduction 


In quantum theory the transformations P, T, and C are represented by operators 
P, T, and C, respectively. In this chapter we introduce the main properties of 
those operators. We shall not construct them explicitly in formal quantum field 
theory; for this reason, some of the properties will remain undemonstrated. 

The symmetry T requires a mathematical formalism distinct from the one 
used for P and C symmetries. We shall treat C and P jointly, leaving T to a 
separate section, which may be skipped without loss of continuity. 

In quantum theory, the fundamental operator is the Hamiltonian H, which 
is Hermitian and generates time translations exp (—iHAt). The time translation 
from t = —oo to t = +œ is the scattering matrix 


S=. li li —iH(t-t')). 2.1 
i Ea PA oa. 
The matrix S is unitary. It is usually separated into a trivial part, the unit 
matrix, and a non-trivial transition matrix T: 


S=1+iT. (2.2) 


Unitarity then yields 
T-T'=iTİT. (2.3) 


2.2 Definition of C and of P 
2.2.1 How to define the operators C and P 


In classical physics, the parity transformation does not affect the time coordi- 
nate. In particular, it commutes with a time translation t > t + At. Following 
the principle of correspondence for passing from classical mechanics to quantum 
mechanics (Dirac 1958), we require the quantum-mechanical representations of 
parity through the operator P, and of the time translation through the operator 
exp (—iHAt), to reproduce these features. The operator P must therefore com- 
mute with H. Now, in quantum theory, [P, H] = 0 means that parity is a good 
symmetry of Nature. This contradicts what we have seen in the previous chapter, 
that parity is not a symmetry of the weak interactions. We conclude that there 
is no operator P satisfying the requisites that an operator must have in order to 
be a good quantum-mechanical representation of the parity transformation—in 
particular, commuting with the weak Hamiltonian Hw. There is no operator P 
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which adequately represents the parity transformation in quantum mechanics 
(Lee and Wick 1966). 

The same of course applies to the C transformation. Our picture of it implies 
that it must commute with time translations. Therefore, the operator C must 
satisfy [C,H] = 0. But we know that C is not a good symmetry of Nature. 
Therefore, there is no operator C which represents correctly the C transformation. 

In this book, however, we shall often be dealing with operators P and C, 
and with their composite operator CP. How do we define them? We start from 
the realization that electromagnetic interactions are C and P invariant. We then 
assume that strong interactions are C and P invariant too; all available experi- 
mental data warrant this assumption. Thus, when weak interactions are switched 
off and only the strong and electromagnetic interactions are taken into account, 
we can define legitimate C and P operators. We then use these operators as 
probes for the (non-)invariance of the various interactions beyond the strong 
and electromagnetic ones. 

It is important to understand from the very beginning this strategy for defin- 
ing P and C. We restrict ourselves to an appropriate part of the complete La- 
grangian, namely, the kinetic Lagrangian and the electromagnetic-interaction 
Lagrangian. This part of the Lagrangian is C and P invariant. We define opera- 
tors C and P suitable to this part of the Lagrangian. We then gradually proceed 
to other parts of the Lagrangian, at each step including new interactions. We 
probe whether these parts of the Lagrangian are invariant under the action of 
the operators C and P previously defined. If they are not, then there is C or P 
violation. 


2.2.2 Internal symmetries 


There is in general some arbitrariness in the definitions of P and C in a quantum 
theory. This is because the Lagrangian has internal symmetries. The simplest in- 
ternal symmetry corresponds to the possibility of rephasing (changing the phase 
of) each individual quantum field. More generally, whenever there are various 
quantum fields with the same quantum numbers, there is an internal symmetry 
mixing those fields. That symmetry is unitary, because we want the kinetic terms 
of the Lagrangian to preserve their normalization. 

Now, the action of the operators C and P may include an arbitrary reshuffling 
of some internal indices, i.e., an internal-symmetry transformation may be juxta- 
posed on the basic transformation effected by either C or P. The quantum fields 
are mathematical constructs and do not have an immediate correspondence with 
experimental observables. Therefore, an operator P which mixes some fields oc- 
cupying an equivalent position in the Lagrangian is just as good a representation 
of parity as an operator P which does not mix them. This is the origin of a large 
degree of arbitrariness in the definition of P, and analogously also of C and CP. 


2.3 Properties of C and of P 


The operators C and P are unitary, 
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cc. 


PSP. ee) 


When defining C and P we assume that C and P are good symmetries, as we 
have explained in the previous section. Therefore, 


CH= 0. 
2.5 
P, H] =0. ea 
For the scattering matrix, one has 
CSCİ = S, ; 
PSPI=S. eo 


In quantum field theory each field may be written as a linear combination 
of creation and destruction operators for particles and for antiparticles. For in- 
stance, the electron field w is a linear combination of operators a which destroy 
electrons and of operators b? which create positrons; its C-conjugate field w° is 
a linear combination of operators at, which create electrons, and operators b, 
which destroy positrons. If |e) represents an electron with momentum g and 
helicity h, and Jet) represents a positron with the same momentum and helicity, 
then these states may be written as 


le~) = al (p, h) |0), 


let) = bt (B, h) 10}, en 


where |0} is the vacuum state. The operator C transforms electrons into positrons 
and vice versa, without affecting the momentum and the spin. Thus, 


Cat (p, h) Ct = exp (ið) bt (P, h), 


Cot (B, h) Ct = exp (—i9) at (P, h) . 22) 


The phase V in eqns (2.8) is arbitrary. The vacuum state does not change under 
the action of C: 
C|0) = |0). (2.9) 
Combining eqns (2.7)—(2.9) one obtains 
Cle~) = exp (iV) |eT), 
e7) = exp Gd) le*), ai 
Cle™) = exp (—i¥) |e7)}. 


The operator C does not commute with the charge operator Q. For instance, 


Qle~) = Soe 


Qle*) = elet). ore 


(We denote the positron charge by e.) Equations (2.10) and (2.11) show that C 
does not commute with Q. 
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Particles, which are simultaneous eigenstates of Hand of Q, cannot be eigen- 
states of C if they have non-zero charge. Moreover, not all particles with zero 
charge are eigenstates of C. Indeed, what we have said about Q is valid not 
only for electric charge, but also for any other conserved charge, such as baryon 
number and lepton number—and strangeness and the other flavour quantum 
numbers, as long as the strong and electromagnetic interactions conserve them. 
None of those operators commutes with C. Therefore, a particle must have zero 
value of all those operators if it is to be an eigenstate of C. For instance, the 
neutral pion 7° and the photon y are eigenstates of C, but the neutron n and 
the neutral kaon K® are not, because the former has non-zero baryon number 
and the latter has non-zero strangeness. 

The operator P is associated with an observable, a quantum number, which is 
conserved as long as interactions are P invariant. That quantum number is named 
the parity of the state. In particular, as long as P commutes with the Hamil- 
tonian, each non-degenerate particle must be an eigenstate of P. As quantum- 
mechanical state vectors are defined up to an arbitrary phase, the fact that the 
square of the classical P transformation is the identity transformation only im- 
plies that P? applied on any quantum state vector should multiply that vector 
by a phase. Thus, P does not in general satisfy P? = 1. The parities of quantum 
states may in general be any complex number with modulus 1. 

We may however choose a convention for P in which a basic set of fields all 
have parity +1. Thus, in nuclear physics the intrinsic parities of the proton, the 
neutron, and the A baryon are chosen to be +1. Once this is done, all other 
particles and nuclei have intrinsic parities which are either +1 or —1. 

It must be stressed that this phase choice for the action of P on hadron 
states is really just a convention, which does not have to be adopted in order to 
reach the physical conclusions that follow from parity conservation by the strong 
interactions. In this book we shall not be using any phase convention when we 
deal with the operator that interests us most, CP. We find this practice advisable 
because it automatically prevents us from attributing physical significance to 
phases which have none. 

The operator C is also associated with a quantum number, which is named 
C-parity. One finds from eqns (2.10) that C? = 1; as a consequence, C-parity 
can only take the values +1 and —1. In order for a quantum state to be an 
eigenstate of C it must have zero charge, as we have seen. Therefore, only neutral 
particles may be assigned a C-parity. For charged particles, the eigenstates of 
C are artificial constructs, the superposition of a particle and the corresponding 
antiparticle in the same state of motion (i.e., with the same momentum and 
spin). 

The discrete symmetries C and P are different in one important respect from 
the ordinary continuous symmetries of quantum mechanics, like translations and 
rotations. While the conserved quantities associated with the latter (momentum 
and angular momentum, respectively) are additive, the quantum numbers associ- 
ated with the former are multiplicative. For instance, translations are generated 
by a differential operator, which acts on the product of two functions by acting 
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successively on each of them: 
V (fa) = (VF) a+ F (V9). (2.12) 


As a consequence, the momentum associated with the product wave function is 
the sum of the momenta associated with the factor wave functions: 


-iVf = örf < ae 

e_n l => —iV (fg) = (Pr + By) (F9). (2.13) 
—iVg = Pag 
On the other hand, the parity transformation changes r + —7r simultaneously in 
all functions that it is applied to. Now, 


FOP = -DPF (P) 
g (—7) = (-1)"*9(r) 


We see that the parities of f and of g must be multiplied in order to obtain 
the parity of (fg). Parity is a multiplicative quantum number, just as C-parity. 
This is the opposite of what happens with linear and angular momentum (and 
baryon number, and electric charge...), which are additive quantum numbers. 
The difference has its root in the fact that the additive quantum numbers are the 
eigenvalues of the generators of some continuous transformations, while parity 
and C-parity are the eigenvalues of (discrete) transformations themselves. 


l => f (P) g (P) = (“DT f (F) g (P). (2.14) 


2.4 The operator T 


The implementation of time-reversal symmetry in a quantum-mechanical context 
is subtle. This is because the relevant operator, 7, is not unitary but rather 
antiunitary. 


2.4.1 Anttunitary operators 


In order to understand what antiunitarity means, let us start by considering 
which requirements we should impose on a quantum-mechanical symmetry trans- 
formation. Suppose that an operator 6 transforms |p} into |W») and |x) into |xo}: 


lo) = Oly), 


bye) = Bly). ey 


In order for 0 to represent a symmetry, we might be tempted to require that it 
preserves the quantum-mechanical bracket: 


(xolva) = (xitoy) = (xl). (2.16) 


Equation (2.16) is, however, too restrictive. Indeed, quantum-mechanical prob- 
abilities are not given by the brackets themselves, but rather by their moduli. 
Therefore, in order for 6 to be a symmetry, it should be enough to impose 
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(xalve)| = Ixl) . (2.17) 
Equation (2.17) allows for another possibility, besides the one in eqn (2.16): 
(xele) = (xl) = (Wx). (2.18) 


It may be proved that any transformation 0 satisfying eqn (2.17) must follow 
either the rule in eqn (2.16) or the one in eqn (2.18), apart from trivial phase 
changes. The proof of this theorem (Wigner 1932; Gottfried 1966; Weinberg 
1995) is rather involved, and we shall not deal with it here. It is enough to assert 
that any quantum-mechanical symmetry 0 must either preserve the values of all 
quantum-mechanical brackets, as in eqn (2.16), or else transform the brackets 
into their complex conjugates, as in eqn (2.18). Symmetries of the first kind are 
represented by unitary operators. This is the case, in particular, for P and C. 
Symmetries of the second kind are represented by antiunitary operators. This is 
the case of T, and also of the combined operator CPT, to be discussed in the 
next section. 


2.4.2 Operating rules for antiunitary transformations 


Antiunitary operators 0 may be interpreted as consisting of the product of an 
unitary operator, Ug, by an operator K which complex-conjugates all the c- 
numbers to the right of it (Wigner 1932): 0 = Ugk. When applied to a ket 
|), understood as a column matrix of complex numbers, @ acts in the following 
manner: 


be) = Ua K |p) = Us|"). (2.19) 
Obviously then, 


0 (ey |b) + c2|x)) = Uo (ci lY") + c31x")) 
= ci |e) + c3|xo), (2.20) 


where cı and c are arbitrary complex coefficients. The property in eqn (2.20) is 
called antilinearity. 

As K just complex-conjugates all c-numbers to its right, K? = 1. Therefore, 
6'=K UÌ . Thus, when applied on an operator ©, understood as a square 
matrix of complex numbers, @ acts in the following way: 


Os = 000-7! 
= U KOKU} 
= V;O*U}. (2.21) 
The operator 6t = KU l is not identical with 07t, contrary to what happens 


with unitary operators. Indeed, in order to reproduce eqn (2.18), the operator 
Kt must be interpreted as complex-conjugating all c-numbers to its left: 


(xole) = (xl6t olh) = (xl KU} Us K |b) = (x* |"). (2.22) 
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Now consider (yg|Og|we). This should be understood as the product of the bra 
(yo| by the ket Olpe). Thus, 


(xo|Oolve) = ((x|0") (8600~* A|p)) 
= ((xiKtU}) (UoKOKU} UK WW) ) 
x" |O* |b") 
Yot |x). (2.23) 


=A 
( 


2.4.3 Basis-dependence of K 


The complex-conjugation operator K is not well defined, contrary to what one 
might grasp from the previous section. In order to understand this, let us consider 
two different bases for the quantum-mechanical Hilbert space, {|a,)} and {|b;)}. 
In the first basis, the ket |a,) is given by a column matrix in which the first 
entry is unity and all other entries are zero. As that column matrix is real, we 
find that K|a,) = |a,). On the other hand, in the second basis, 


Jar) = X (be lar) [be). (2.24) 


k 


The kets |b) are now the basis vectors, which are represented by real column 
matrices with all entries equal to zero, except for the kt” entry which is unity. 
They are therefore invariant under the action of K. Hence, 


K a1) = X (brlar)* lbr), (2.25) 


k 


which is in general different from |a,) in eqn (2.24). We conclude that in the 
first basis K'|a,) = |a) while in the second basis K|a,) Æ |a,). The action of K 
depends on the basis that one uses for the Hilbert space. 

Of course, we would like the operator 8, which corresponds to a physical 
symmetry transformation, not to depend on the basis. This means that Ug must 
be basis-dependent, and its basis-dependence must offset the one of K. In the 
words of Gottfried (1966), ‘if the basis is changed, the work of Ug and K has to 
be reapportioned’. 


2.4.4 T as an antiunitary operator 


A straightforward way to realize that the operator 7, representing the time- 
reversal transformation in quantum mechanics, must be antiunitary, is to con- 
sider the basic quantum commutator 


[rj Pk] = 154, (2.26) 


where r; and pẹ are Cartesian components of the position vector 7 and the 
momentum vector p, respectively, of a particle. Under time reversal p changes 
sign but r; does not, as we know from Chapter 1. This is in contradiction with 
eqn (2.26) unless we assume that T also changes i into —i. 
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One further indication is the behaviour of the Schrodinger equation for a free 
particle, 


(2.27) 


under time reversal. In classical mechanics, a free particle has a time-reversal 
invariant motion, and we would like the same to happen in quantum mechanics. 
But the operator 0/0t is T-odd while the operator V is T-even. This is impossible 
to reconcile with eqn (2.27) unless 7 changes i + —i and Y > y*. 

The operator 7 therefore has to be antiunitary. As the classical time-reversal 
transformation leaves the energy invariant, we require 


THT =H. (2.28) 
From eqn (2.1) and from antiunitarity it then follows that 

TIT SS" (2.29) 
Then, from eqn (2.2), 

TIT S, (2.30) 


In order to obtain correspondence with classical mechanics, 7 must be defined 
in such a way that 


T |\Pa, 5a) = exp (iba) |- Da, — Sa), (2.31) 
where |pz, Sa) is a state in which particles have momenta pa and spins 5,. Equa- 
tion (2.31) is the quantum version of the classical rule according to which time 


reversal inverts the momenta and spins of all particles. It follows from eqns (2.23), 
(2.29), and (2.31), that 


(Da; Sal S |D, Sb) = exp [2 (Oa E 0s )] (— Db, -5| S| _ Pa, —Sq). (2.32) 
Therefore, T invariance implies 
| (Pa, Sal S |D, 86) | = | (Pb, —$4|S| — Pa, —Sa)| - (2.33) 


Equation (2.33) is known as the reciprocity relation, or as the ‘principle of de- 
tailed balance’. It states that the probability of an initial state b being scattered 
into a final state a is the same as the probability that an initial state identical 
to a, but with all the momenta and spins reversed, scatters into the final state 
b with all the momenta and spins reversed. This is, of course, just the quantum 
version of the classical picture of T symmetry. 


2.4.5 T invariance and ‘T conservation’ 


The operator 7 does not have meaningful eigenvalues, contrary to what happens 
with C and P. To see why this is so, suppose that 


Tb) = ky), (2.34) 
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with k some complex number. Then, because of antiunitarity, 


T [exp (iÇ) |)] = exp (~C) T |b) = k exp (—2%¢) [exp (ic) |)]. (2.35) 


Quantum mechanics states that the kets |Y) and exp (i¢) |W) correspond to the 
same physical state. Equations (2.34) and (2.35) mean that that physical state 
sometimes has 7 eigenvalue k, and sometimes has 7 eigenvalue k exp (—2iC). 
This implies that 7 cannot be associated with a quantum number. 

Because of this fact, it is incorrect to refer to T invariance as ‘T conservation’, 
or to say that ‘T is conserved’. As there is no quantum number associated with 
T, nothing is conserved when there is T invariance. 

Another way to see this is by supposing that at t' — —oo we had the initial 
state prepared to be an eigenstate of 7, say 


TIY) = klet’). 


This quantum state would evolve and, at t ~ +00, we would obtain 
(E) = SWC). 
Applying 7 to this state, and using eqn (2.29), we obtain 
TE) = TST TIYE) = KS" Wt’), 


which in general is not proportional to |y~(t)). Thus, at t > +00 we no longer 
have an eigenstate of 7. This means that there is no T conservation. 


2.4.6 Kramers’ degeneracy 


While 7 is antiunitary and cannot be associated with a quantum number, T? = 
UrKUrK = U;U- is unitary and can be associated with a quantum number. 
However, there are restrictions on that quantum number, which is not allowed 
to be an arbitrary number of modulus one. In order to see this, let us suppose 
that 

T? |b) = kl) (2.36) 


for some state |W), where k is a number of modulus one. Then, 
T? (Ty) = Tl) = Tp) = k* (Td). (2.37) 


This means that the eigenvalues of T? for the states |y} and T|W) are complex- 
conjugates of each other. If one makes the reasonable assumption that those two 
states should have the same value of 77, one concludes that that value can only 
be either +1 or —1. 

By explicit construction of the operator 7 it may be shown (see for instance 
Sakurai 1994) that bosonic systems (systems with integer angular momentum) 
have A = +1, while fermionic systems (with half-integer angular momentum) 
have A = —1. This has an interesting consequence: 
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Theorem 2.1 Ina T invariant fermionic system, all energy eigenstates are (at 
least) doubly degenerate. 

(This is called Kramers’ degeneracy after its discoveror.) 

Proof Consider an energy eigenstate |E} with H|E) = E|E). Using eqn (2.28) 
we find that |E7) = T|E} is also an eigenstate of H with energy E. On the 
other hand, |E77) = T’|E) = —|E) because the system has half-integer angular 
momentum. Therefore, 


(E7|E) = (Er|Err) = (Er|£). (2.38) 
(In the second step we have used eqn 2.18.) We conclude that (E7|E) = 0. Thus, 
|Er}) cannot be identical with |E}, i.e., there is degeneracy. o 


Kramers’ degeneracy occurs in particular in any fermionic system immersed in 
a static electric field E, no matter how complicated that field is, provided there 
is no magnetic field B. 


2.5 CPT 


At this point, it is useful to introduce the combined transformation CPT, which 
simultaneously performs a reflection of the space axes through the origin, inverts 
the time evolution, and interchanges particles and antiparticles. This operation 
is represented in quantum mechanics by the operator CPT. Being the product 
of two unitary operators and an antiunitary one, CPT is antiunitary. 

Any of the discrete symmetries C, P, or T, or any combination thereof, may 
be violated in Nature. However, there is a strong theoretical prejudice against the 
possibility that CPT is violated. This prejudice is based on the so-called ‘CPT 
theorem’ (Lueders 1954; Pauli 1955; Jost 1957, 1963; Streater and Wightman 
1964) which, starting from very general properties of quantum field theory—in 
particular, Lorentz invariance and local (anti-)commutation relations obeying 
the spin-statistics connection—asserts that any such theory is CPT invariant. 
Because of this theorem, it is very difficult to conceive a realistic, sensible rela- 
tivistic quantum theory in which CPT is violated, and usually one just assumes 
that Nature is CPT invariant. | 

String theory is a non-local theory and may also present spontaneous breaking 
of Lorentz invariance. Then, it would not satisfy the assumptions of the CPT 
theorem, and might display CPT violation. Some theoretical work has been done 
in this direction (Kostelecky and Potting 1991), but the issue is far from clear. 

A simple consequence of the CPT theorem is that violation of one of the 
discrete symmetries implies violation of the complementary one. For instance, if 
CP is violated, then T must be violated too. However, the CPT theorem applies 
to quantum field theories, it does not apply to specific observables, which may 
violate a symmetry without violating the complementary one. For instance, if 
the electron turned out to have an electric dipole moment, this would represent a 
violation of T (and of P), but it would not represent a violation of CP. However, 
the Lagrangian responsible for the electric dipole moment of the electron must 
violate both T and CP. 
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Table 2.1 Some experimental bounds on the differences of masses 
and lifetimes in particle-antiparticle pairs. 


yp My — my | Wiiecaee Ty — Ty EESTIT 
) < 4x 1078 — 


et (positron 


u* (antimuon) — (2 +8) x 1075 
a+ (charged pion) (2+5) x 1074 (5.547.1) x 1074 
n (neutron) (9+5)x 107° — 


The theoretical bias in favour of CPT invariance should not hinder experi- 
mentalists in an effort towards observing CPT violation, or setting upper bounds 
on CPT-violating quantities. Most equalities following from CPT symmetry also 
follow from either C or CP symmetries; as we already know the latter symme- 
tries to be violated in Nature, we must have recourse to CPT to enforce those 
equalities.® 

The most basic consequence of CPT symmetry is the equality of the masses 
of a particle and its antiparticle. The lifetimes of a particle and its antiparticle 
should also be equal—which is not surprising, because decay widths are equiv- 
alent to imaginary parts of masses. These equalities have been experimentally 
tested for some particles, as seen in Table 2.1. 

Another consequence of CPT invariance is the fact that the electric charges q 
of a particle and its antiparticle should be exactly symmetric. Also, the magnetic 
dipole moments p of a particle and its antiparticle should be opposite; for the 
leptons, which are point-like particles, it is usual to state this in terms of the 
gyromagnetic ratios, denoted by the letter g. The corresponding experimental 
bounds are given in Table 2.2. 


Table 2.2 Experimental bounds on the sums of electric charges, and on the 
differences of magnetic dipole moments, in particle—antiparticle pairs. 


Ww + dg / |Haveragel 


et <4x 107° (—0.5 + 2.1) x 107 
ut — — (—2.6+ 1.6) x 1078 
p (proton) <2x10-° (-2.6+2.9) x 1073 — 


These experimental values and bounds are those given by the Particle Data 
Group (1996, pp. 249, 250, 320, 321, 561, and 567). In any case, the best tests of 
CPT symmetry come from the neutral-kaon system, specifically, from the agree- 
ment of experiment with the predictions of the CPT invariant phenomenology. 
We shall deal with this point at some length in Chapter 8. The value given by 
the Particle Data Group (1996, p. 59) is 


2e = Mg 


< 9 x 107", (2.39) 


Maverage 


6In any case, we may expect the violation of the equalities to be at least as suppressed as 
CP violation normally is. Therefore, we should expect those violations to be extremely small. 
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which looks like a very impressive bound. However, the derivation of the bound 
in eqn (2.39) has subtleties which are far from trivial, partly because various 
CPT-violating parameters might be cancelling out in the final result (Lavoura 
1992a). 


3 


P, T, AND C INVARIANCE OF QED 


3.1 Introduction 


In this chapter we make an overview of the charged Klein—Gordon and Dirac 
fields in interaction with the electromagnetic field—of quantum electrodynamics 
(QED) of spin-0 and spin-1/2 particles. We assume the reader already to have 
some acquaintance with the subject, and we do not pretend our overview to be 
very pedagogical. Our emphasis is on the P, T, and C transformations of the 
fields. We fix some notation, and present various formulae which will be used 
later in the book. 


3.2 The photon field 
The Lagrangian for the photon field is 


Ca = -Fp F” 
= -ł (3 Av) (O%A”) + ` (3 Ar) (9AF). (3.1) 


The field A” (t,7) is, after second quantization, a Hermitian operator. It trans- 
forms under P in the following way (see Table 1.2): 


PA, (t,7) P? = A! (t, =F). (3.2) 
Taking into account that r — —r implies 04 — 0,, we see that 
PLa (t, P) Pt = La (t, =F). (3.3) 


Similarly, 


TA, (t, AT = A (-t,7). (3.4) 


As t + —t implies ô” — —0,, we see that 


T La (t,7) T! = LA (=t, r). (3.5) 


=>. 
> 


Physical intuition tells us that the charged current j” = (p,7) must change 
sign under C—both the charge density and the density of current change sign. 
Since Cj4#Ct = —j#, and in order for the electromagnetic interaction Aj” to be 
C invariant, we postulate 


CA, (t,7)Ct = -A, (t, 7), (3.6) 


and therefore 
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CL (EIC ELAT): (3.7) 


Equations (3.3), (3.5), and (3.7) introduce the P, T, and C transformation 
rules for the Lagrangian or any part thereof; for consistency with electromag- 
netism, we must have 


PLoart (t,7) P* = Liat (t, -7), (3.8) 
T Lpart (t, P) TT! = Lpart (—t, P), (3.9) 
C Loari (t, r) ct = Losi (t, r) ` (3.10) 


for any Hermitian operator Lpart which is part of the total Lagrangian £." 


3.3 The Klein—Gordon field 


The Klein—Gordon Lagrangian for a spin-0 field ¢ with mass m and electric 
charge q, moving in the electromagnetic field given by the potential A”, is 


Lio = (ôt — igAy¢") (0% G + igA"¢) — mo'o. (3.11) 


After second-quantization ¢ is an operator field. In this context we remind 
that Hermitian conjugation both complex-conjugates all c-numbers and trans- 
forms all operators into their Hermitian conjugates, while complex conjugation— 
involved, for instance, in the operation of 7—only complex-conjugates the c- 
numbers, leaving the operators unaffected. Thus, ¢* Æ ġt. 

Under parity, 


Po (t, F) Pt? = exp (iap) ¢ (t, —F). (3.12) 


The phase a, is arbitrary. Taking the Hermitian conjugate of eqn (3.12) we 
obtain 


Pd (t,7) Pt = exp (—iap) ¢! (t, -7). (3.13) 
Together with eqn (3.2) and the change 0” — 0,,, we find 
PLxcg (t,7) Pt = Luo (t, -7), (3.14) 
as it should, cf. eqn (3.8). Notice that 
P?o(t,7) pi’ - exp (2iap) ¢ (t, 7). (3.15) 
P? multiplies the Klein-Gordon field by a phase. 


"If, for instance, Lpart is not P invariant, then there is no operator P satisfying eqn (3.8). 
That equation only informs us how a parity invariant part of the Lagrangian should behave 
under parity. 
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Under time-reversal we have 


To (t, P) T = exp (iat) (4,7), (3.16) 
with an arbitrary phase a;. From eqn (3.16) we derive 
TO" (t,7) T= = exp (~ia) ġ' (4,7). (3.17) 


Then, for instance, 
T (O46 + igA"¢) TT! = e'™ (04 — iqA,@) , 


in which we have omitted writing down the space-time coordinates, as we shall 
sometimes be doing. As 0" —> —0, when t — —t, we find: 


T Lre (t, PTT! = Lea (-t, F). (3.18) 
As T complex-conjugates all complex numbers, eqn (3.16) also leads to 
T?9(t,F)T~? = T exp (ia) p(t P) T 
= exp (—iar) Urg* (—t, 7) UF 
= o(t,7r). (3.19) 
Thus, T? = 1 on the Klein—Gordon field, as on the photon field. 
Under charge conjugation, 
Co (t, F) CÌ = exp (iac) ¢! (t,7). (3.20) 
Therefore, 
Cot (t, T) C? = exp (—iac) o(t, 7). (3.21) 
Together with eqn (3.6), we obtain 


CLre (t, F) C? = (3 p + iqA p) (O46! — iq A” Gt) — moo 


= Lue (GT); (3.22) 
because ¢ and ¢' commute. Also, 
COUE = $(t,7). (3.23) 


Thus, C? = 1 on the Klein—Gordon field. 


3.4 The Dirac field 
3.4.1 Dirac matrices 


The Dirac matrices y” are four 4 x 4 matrices which obey the anti-commutation 
algebra (Clifford algebra) 

Lys P= 29" (3.24) 
There is an infinite number of sets of four matrices obeying this algebra. Each 
of these sets is called a representation of the algebra, or simply a representation 
of the Dirac matrices.® 


8For a good introduction to Clifford algebras and Dirac matrices in a space-time of arbitrary 
dimension, see Sohnius (1985). 
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The matrix 
WEIT (3.25) 
obeys a Clifford algebra together with the y”. Indeed, 
1607 5 = 0; (3.26) 
(ys) = 1. (3.27) 


The eigenvalue of ys is called chirality. From eqn (3.27), chirality may be either 
+1 or —1. We define the projection matrices of chirality, 


1+ 5 

YR= a” 
3.28 
_ 1-4 (3.28) 

Vo. = a a 

They satisfy the usual properties of projection matrices: 
YR + YL = l; 

2 pan 

(YR) YR, (3.29) 
(YL) =, 


YRYL = YLYR = Q. 


In the massless limit, a fermion of chirality +1 is right-handed, and a fermion of 
chirality —1 is left-handed. This is the reason for the choice of the subscripts ‘R?’ 
and ‘L’ for the projection matrices of chirality. 

From the commutators of pairs of Dirac matrices we define matrices a4”: 


ot = ily"). (3.30) 


For every representation of the Dirac matrices there are non-singular 4 x 4 
matrices A and C such that 


WC = —-Cy). (3.32) 
Then, 
Ays = —7}A, (3.33) 
yC = nf, (3.34) 
Aopy = oA, (3.35) 
Cp = —Co}y- (3.36) 


A and C also have the following properties: 


At =A, (3.37) 
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CA SC, (3.38) 
CA*C*A =1. (3.39) 


The usual representations of the Dirac matrices (Dirac—Pauli, Weyl, and Ma- 
jorana representations) have the extra feature that 


Te 
Vr = —YVk) 
for k = 1, 2, and 3. For those representations 
AS. (3.41) 


However,-all the relevant properties of the Dirac matrices are independent of 
their representation, and we do not need to assume eqns (3.40). Therefore, in 
general eqn (3.41) does not hold. 


3.4.2 Dirac spinors 


A Lorentz transformation is a linear coordinate transformation 
gt ee AY (3.42) 


given by a real 4 x 4 matrix A such that 


Jap = A aA" gIuv- (3.43) 
In particular, an infinitesimal Lorentz transformation 
AP, = OF +8, (3.44) 
has real infinitesimal transformation parameters A“, satisfying Apv = —Avp. 


A Dirac spinor is a 4 x 1 column matrix of fields y (x) transforming under a 
Lorentz transformation as 


ylz) > Y (z) = S(A)Y(2’), (3.45) 
where S(A) is a non-singular 4 x 4 matrix such that 
S(A)7*y#S(A) = AMY”. (3.46) 


In particular, for the infinitesimal Lorentz transformation in eqn (3.44), 
S(A) =1+ Ape kaa? (3.47) 
The matrix in eqn (3.47) has the following properties: 
S(A)tA = AS(A)}, 
T (3.48) 
CISA T = S(A)C. 


These properties of S (A) hold for any Lorentz transformation, and not only for 
infinitesimal ones. This results from the fact that any finite Lorentz transforma- 
tion may be constructed as a product of infinitesimal ones and, furthermore, if 
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eqns (3.48) hold for any two matrices S (A;) and S (A2), they also hold for their 
product S (A1) S (Ag). 


For every Dirac spinor yY, we define 


Y = yA, (3.49) 
—T 
py = Cy 
= CAT yt” (3.50) 


Using eqns (3.37)—(3.39) we find 
(Y) = p (3.51) 
ye = yt CA}, (3.52) 
From eqns (3.45) and (3.48) it follows that 
v= pS (A), (3.53) 
CaS Na (3.54) 


Thus, Y° transforms under a Lorentz transformation in the same way as w. 
A Majorana spinor is a Dirac spinor such that 


pe = ea, (3.55) 


where ¢ is an arbitrary phase. 
A Weyl spinor is a Dirac spinor which is an eigenstate of y5. We easily derive 


YY = EY & pys = FY & ypy = FY. (3.56) 


Thus, if Yy is a Weyl spinor, then ~° is also a Weyl spinor but with opposite 
chirality. As a corollary, a spinor cannot simultaneously have Majorana and 
Weyl character. 

For every spinor Y, we define its chiral components 


YR = Ry, (3.57) 
YL = YLY, 

which are Weyl spinors. Obviously, Y = WR + YL. Moreover, 
YR = VIL, (3.58) 
YL = yr. 

Therefore, 


(YL)? = (W°) p . 
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3.4.3 The Dirac Lagrangian 


The Lagrangian for a Dirac field y with mass m and electric charge q in inter- 
action with the electromagnetic field A” is 


Lo = by, (iO" — q4") — m] y. (3.60) 


This Lagrangian is Hermitian. Indeed, the total derivative ð” (by) vanishes 
because of current conservation. Therefore, 


) — 
Lp =wiA $ Yi (a ð) — qY Á" — m| Y, (3.61) 
which is obviously Hermitian. 
3.4.4 Parity 
From the Dirac algebra we know that 
m =g". (3.62) 
This suggests? 
Py (t, 7) PÌ = exp (ibp) °% (t, -F). (3.63) 
Then, 
PU (P) Pt = Put (4,7) PA 
= exp (—ißp) Y (t, =F) 7”. (3.64) 
Also, 
Pa (t, P) Pt” = exp (2ißp) Y (t, P) . (3.65) 


The Dirac action is P invariant. Indeed, 


PLy (t, 7) Pt = Y (t, —7) Y° {yu lið" — GA, (t, -P)] — m} 7d (t, =P) 
Y (t, —F) {7" lið" — qA, (t, -7)] - m} y (t, -7) 
= Lp (t, F). 


In the last line of this derivation we have taken into account that O, — O” when 
Tf. 


3.4.5 Time reversal 


Under time reversal, we have 
TY (t,7) T = Ury" (t,7) U} = exp (ibt) WWC* AY (-t, F). (3.66) 
Then, 
TYPT = Ur (t, 7) U} 


Equation (3.62) is analogous to eqn (3.46), and eqn (3.63) is analogous to eqn (3.45), when 
A“, = diag (1, —1,—1,—1) and S (A) = exp (ifp) 7°. 
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Uru" (t, F) ut 4 
= — exp (—if;) Yt (—t, F) ACY ya A* 
exp (—ißt) Yt (—t, P) (C71) viv. (3.67) 
This transformation leaves the Dirac action invariant. Indeed, 
T Ly (t, AT! 

= Ur Lý (t, 7) UL 

= Ury” (t,7) U} 1% |-ið" — qUy A"* (t, 7) U} = m) Ury* (t, F) UŁ 

= pt (—t, F) (C71) yi {ya ið" — qA, (-t,7)] - m} 68 C* Ad (-t,7) 

=  (-t,7) {y" [-i0" — qA, (-t,7)] - m} 4 (—t, F) 

= Lp (-t,7), 


where we have taken into account that t — —t implies 04 — —90,. Also notice 
that 


Top (t,7) T? = exp (ibi) yorsCA*U ry (—t, 7) U} 
= WPCA VC" AYE, T) 
= =Y (t, T) (3.68) 


Thus, 7? acting on the Dirac field is equal to —1, while it is equal to +1 when 
acting either on the Klein—Gordon or on the photon field. In general, T? is —1 
for fermionic fields, +1 for bosonic fields, as anticipated in § 2.4.6. 


3.4.6 Charge conjugation 
Let us now consider the action of the charge-conjugation operator. It is given by 


CWC! = exp (ibe) Y°. (3.69) 
Then, _ D 
Cwcl = exp (—iße) Y°. (3.70) 
Moreover, on account of eqn (3.51), 
C2yct” =y. (3.71) 


The C transformation leaves the Dirac Lagrangian invariant. Indeed, 
CLoCt = -YTO [yu (i0 + qA”) — m] O9 
= oT [T iO" + qA") +m] 
=-y [i (: ĝi +ga) + m Y 
= Cp. 


We have passed from the second to the third line by transposition. When doing 
this we have assumed w and 7! to anti-commute, because they are fermionic 
fields. 
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3.4.7 CP 


Putting together the parity and the charge-conjugation transformations, we ob- 
tain the CP transformation, effected by the operator CP. For two arbitrary 
spinors ~ and x, we have 


(CP) (CP)! = exp (iy) PCW (3.79) 
(CP) x (CP)! = exp (iE) PCX? 


Then, 
(CP) b (CP)! = — exp (-ity) YTO, 
(CP) xX (CP)! = — exp (-it,) xTC7Y°. 


For simplicity of notation we have omitted an explicit reference to the space-time 
coordinates (t, r) and (t, —7). It will later be useful to have the CP transformation 
properties of various field bilinears. We easily obtain: 


P) (bx) (CP)! = exp [i (& — Ey)] (RY), ( 
he (CP)? = — exp [i (& — &v)] (X754) , ( 
P) (7”x) (CP)! = — exp [i (& — Ev)] (Rr) , (3.76 

aiy 5X) (CP)! = — exp [i (& — &y)] 7s) - ( 


Taking appropriate linear combinations of these equations we find the equivalent 
equations 


(3.73) 


(CP) (orx) (CP)! = exp [i (& — &y)] rR¥); (3.78) 
(CP) (byrx) (CP)! = exp [i (& — &y)] (XL), (3.79) 
(CP) (hy"ynx) (CP)! = — exp [i (& — Ev)] Rw); (3.80) 
(CP) (hy"yrx) (CP)! = — exp [i (Ex — &v)] (Rm YRV) - (3.81) 


3.4.8 Field bilinears and the discrete transformations 


We may now elaborate Table 3.1, which gives the result of the application of the 
various discrete transformations to field bilinears. In writing down that table, we 
have ommitted reference to the transformation of the coordinate variables. We 
have also ommitted all the free phases present in each discrete transformation. As 
a consequence, in general only the relative transformation rules of two different 
field bilinears under each discrete symmetry is relevant. 


3.5 Relative parities of a particle and its antiparticle 


Consider again the Klein—Gordon field ¢ and its charge-conjugated field. It is 
clear that if parity transforms 


Po (t,7) PÌ = exp (iap) ¢ (t, =F) , (3.82) 
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Table 3.1 Action of some discrete transformations on Dirac-field 


bilinears. 
P T C CP CPT 
Wx Wx Wx xy xy xy 
pyx -prx yx Xow -XYY -XYY 
pyx  byrx Yux XY XYRY XYRY 
wyrx PX VIRX XRY Xv XYLY 
PWX DuxX Unx XV -Xh -X4 


wy sx HVX VYX KWY Xu tY -XYY 
PYFYLX VWIRX VWILX XWÖIRY -Xinh -XW wv 
PYFYRX Wx VWYIRX XWP -Xwrrd -XY ye 
pox Powx —YopmwX -XOY -Xow Y XoY 


then 
P [Co (t, P) Ct] Pt = exp (—iap) [Co (t, 7) Ct]. (3.83) 


Now consider instead the Dirac field ~ and its charge-conjugated field. Clearly, 
if 


Pu (t, 7) PÌ = exp (ify) 7° (t, =?) , (3.84) 

then 
P [Cw (t, T) ct) pi = — exp (—ißp) y’ [Cy (t, —T) ct] ? (3.85) 
where we have used CAT7°* = C7" AT = —7°CAT. Now if we compare 


eqns (3.82) and (3.83) with their analogous eqns (3.84) and (3.85), we find that 
for the Dirac field we have a relative minus sign in the transformation laws for w 
and CYC? while, for the Klein—Gordon field, the sign in the transformation laws 
of ¢ and CC" is the same. 

In reality, what matters is the parity of a particle—antiparticle pair. The parity 
of a charged particle is arbitrary—the phases a, and p are arbitrary—but the 
parity of a particle—antiparticle pair may be experimentally probed—see the next 
chapter for examples. In the case of Klein—Gordon particles, the intrinsic parities 
of a particle and its antiparticle cancel each other (e**7e~*°? = 1), but in the 
case of Dirac fields they give rise by themselves alone to a minus sign. Observable 
consequences of this minus sign will be studied in the next chapter. 


3.6 Electric and magnetic dipole moments 

In a non-relativistic approximation—see for instance Bjorken and Drell (1964)— 
the four-component Dirac spinor ~ may be separated into two two-component 
spinors y and y, the components of y being much larger than the ones of x. The 
two-component spinor y obeys the equation 


„0 0 _ 1 L> 2 d, > 
(if -a4 ) Oe (-i¥ - aå) p—— s- Bo. (3.86) 
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Here, & = ğ/2 are the Pauli matrices divided by two, representing the spin. One 
sees in eqn (3.86) that y, besides the minimal coupling to the electromagnetic 
field given by the transformations E > E — qA? and p > p — qA, also has a 
magnetic dipole moment q/m. 

Now suppose that we modify the Dirac Lagrangian and use, instead of eqn 
(3.60), the non-renormalizable Lagrangian 


peT [n (ið! — qA”) -m + =o (F + iGys) (8,Ay)| tb, (3.87) 
with real numbers F and G. It may easily be checked that the Lagrangian in 
eqn (3.87) is Hermitian. It is also C invariant. Indeed, . 
C [po (F + iG) Y] Ct = -YTO (F + iG) Cp 
= ypo” (F +iGys) 4. 


As A” changes sign under C, the new terms in the Lagrangian of eqn (3.87) are 
C invariant. As for P invariance, 


P [Pot (F +iGys) y] Pt = Yo” (F +iGy) PY 
= WO py (F = iGYs) Yp; 
for T invariance, 


T [pot (F +iGys) y] T 


pt (C71) ywi (0) (F — iG) 168 C* Ay 
= -YT pv (F —iGys) Y. 


Therefore, the F-term is both P and T invariant, while the G-term violates both 
P and T. Thus, G has the same transformation properties as an electric dipole 
moment. Indeed, making the same non-relativistic approximation as before, one 
finds that y now satisfies the equation 


> A2 — 


(2 z 14°) y = = (-iV = qÅ) ie 1 ja + F)g- B+G- Ë| p. (3.88) 


The spinor y now has an electric dipole moment (q/m) G and a magnetic dipole 
moment (q/m) (1 + F). Both dipole moments are proportional to q, and therefore 
they have opposite sign for a particle and its antiparticle. F is usually called the 
anomalous magnetic dipole moment of w. 

As magnetic and electric dipole moments have opposite signs for a particle 
and its antiparticle, one concludes that a Majorana field cannot have any of those 
moments. Indeed, 


peot” (F +iGys) Y = —wot” (F +iGys) Y. (3.89) 


The Lagrangian in eqn (3.87) may arise at higher order in perturbation the- 
ory, with coefficients F and G depending on the momentum transfer to the 
photon. The G-term only appears if the underlying theory is both P- and T- 
violating. 
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3.7 P, T, and C invariance of the strong interactions 


We have seen that the quantum electrodynamics of scalars and of spin-1/2 
particles is P, T, and C invariant. In the case of P and T invariances, this is 
not surprising, because these are symmetries of classical electromagnetism—see 
Chapter 1—which we would want to recover as invariances of quantum electro- 
magnetism too. 

It is important to emphasize the crucial role that the electromagnetic interac- 
tion plays in defining, in particular, what form the C transformation should take. 
A particle and its antiparticle must have electromagnetic interactions character- 
ized by the opposite sign of the electric charge. If a field has zero electric charge, 
then its C- and CP-transformed fields are largely arbitrary. We shall encounter 
this problem in § 23.6. 

Once it is found that the electromagnetic interaction is C, P, and T invariant, 
it is natural to assume that other interactions enjoy these invariances too. We 
may assume, in particular, that the strong interaction has these invariances. 
Indeed, up to now there is no experimental evidence for C, P, or T violation by 
the strong interaction. In the next chapter we shall focus on some consequences 
of the C, P, and T invariance of the strong and electromagnetic interactions. 

The quantum-chromodynamics (QCD) (strong-interaction) Lagrangian is 


rz 
Lacp = -å Fh F + Ge |Ôzy (iY 3p — Mq) + gs y G, a qy- (3.90) 
Here, gs is the strong coupling constant; x and y are colour indices; qz is a quark 
field; mg is its mass; G4, (with a from 1 to 8) are the gluon fields; the A° are the 
Gell-Mann matrices: 


010 0-20 100 001 
M={[100], A7=[i 00], A=] 0-10], *=[ 000], 
000 00 0 00 0 100 
00-1 000 00 0 10 0 
à= |000 ], ® =] 001), A=] 00-1 , M= re 01 0 
10 0 010 Oi 0 00-2 
(3.91) 
The field-strength tensor Fi, = —Fp, is given by 
ip = OpG, = OG, = gs JG? GS, (3.92) 
where the f?°° are the structure constants of SU(3), defined by 
x? Ab - fabc AS 
They are given by 
123 — 1] 147_1 156 —_ 1 f246_ 1 £257 _1 
f ? f 29? Í 2? f 29 f 2? (3.94) 
foes =t, fT, pass = 3 fo78 — 8 
’ ’ 2? 2? 


and by the fact that they are antisymmetric in all three indices. 
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Notice that the Gell-Mann matrices are Hermitian and they are either sym- 
metric or antisymmetric: Not = NO* = s*X*, with s* = +1 for a = 1, 3, 4, 6, 
and 8, and s? = —1 for a = 2, 5, and 7. Also notice that fè: 40 > sts? = —s?. 

The QCD Lagrangian already incorporates the assumption of P, C, and T in- 
variance of the strong interactions. The quark fields transform under the discrete 
symmetries as studied in § 3.4.4-3.4.6; the phases 6p, 6t, and 6, are independent 
of the colour index. The gluon fields transform as 


PG? (t, F) P! = G” (t,-7), 
TGS (t, P) T} = s°G™ (-4,7), (3.95) 
CG; (UTC =a C Tr 


Therefore, the field-strength tensor transforms as 


PE iv (t, T) Pt aps (t, =F) ) 
TF, (t,7) T} = —s*F™” (1,7), (3.96) 
Ch iy (t, r) c z =s (t, r’) : 


Given these transformation laws, the P, T, and C invariance of CLacp is obvious. 

However, in order to obtain invariance of the strong interaction under the 
discrete transformations, it is not sufficient to prove the invariance of its La- 
grangian. QCD has a non-trivial vacuum structure, and that vacuum must be 
invariant if the strong interaction is to be invariant. In general, the vacuum of 
QCD gives rise to both P and T violation, as we shall see in Chapter 27. For 
most of this book, however, we shall neglect this awkward ‘strong CP problem’, 
and assume that the vacuum of QCD is invariant under the discrete transfor- 
mations. Only then can our theoretical understanding of the strong interaction 
incorporate the invariance under the discrete symmetries that its experimental 
exploration exhibits. 


3.8 Conclusions 


Besides deriving many formulae—in particular the ones relating to the Dirac 
theory—which will be used later in the book, we have seen in this chapter 
how QED fixes the CP-transformation properties of the electromagnetic, Klein- 
Gordon, and Dirac fields: 


(CP) A” (t,7) (CP)' = —A, (t, -7); (3.97) 
(CP) ¢ (t, F) (CP)! = exp (ia) dt (t, -F); (3.98) 
(CP) Y (t,#) (CP) = exp (ib) wCAT YT (t,-7); (3.99) 
(CP) Y (t, F) (CP)! = — exp (—ib) Y7 (t, -7) C740. (3.100) 


QED provides the model that must be followed by the CP transformation of any 
other interactions, Cpart, in the complete Lagrangian: 
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(CP) Loart (t, P) (CP)! = Lpart (t, —F) . (3.101) 


In particular, we have also shown, in § 3.7, that CP invariance is also a property 
of the strong interaction. 


4 


APPLICATIONS OF THE DISCRETE SYMMETRIES 


4.1 Introduction 


We present in this chapter some elementary applications of the discrete sym- 
metries P, C, and T. These examples are extracted from the realms of nuclear 
physics and of low-energy particle physics. For more details, the reader is advised 
to consult the books that we have used in preparing this brief account (Sakurai 
1964; Perkins 1987; Lee 1990; Burcham and Jobes 1995). 

In a first reading, this chapter may be skipped without inconvenience. 


4.2 C invariance: Furry’s theorem 


We have seen in the previous chapter that C transforms A” into — A”. The 
creation operator at (p, h) for a photon of momentum gand helicity h transforms 
according to 

Cal (p, h)Ct = —al (P, h). (4.1) 


Therefore, a one-photon state |y) = al(p,h)|0) has C-parity —1: C|y) = —|7). 
The C-parity of an n-photon state |ny} is the product of the C-parities of the n 
photons: 


Ciny) = (-1)" |In). (4.2) 
If there is C invariance, 


(n'y|S|ny) = (n'y|\CICSC1C|n7y) 
= (-1)("") (n'y|5|nq). (4.3) 


Therefore, if n + n’ is odd then the matrix element must vanish. This is Furry’s 
theorem (Furry 1937): a state with an odd number of photons (and no other 
particles) cannot scatter into a state with an even number of photons, or vice 
versa. An elementary example is the three-photon vertex at one loop in the 
quantum electrodynamics of spin-1/2 fermions. The sum of the two relevant 
graphs, depicted in Fig. 4.1, vanishes (Feynman 1949). 

The neutral pion 7° decays mostly (branching ratio 98.8%) to two photons. 
This is an electromagnetic decay, and the electromagnetic interaction is C in- 
variant. From this fact we infer that 


Chn?) = 4+ 7°). (4.4) 


Similarly, the meson 7, which decays with probability 39.3% to two photons, is 
C-even. C conservation implies that none of these mesons may decay to an odd 
number of photons. Indeed, it is found experimentally that 
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BR (1° > 37) < 3.1 x 1078, 


4.5 
BR (n > 37) < 5 x 107%. ie) 


4.3 T invariance: the spin of the pion 
4.3.1 2 — 2 scattering 


Let us apply the reciprocity relation to the scattering of two particles 1 and 2, 
constituting the initial state 2, to two particles 3 and 4, constituting the final 
state f. In the centre-of-momentum frame, the particles 1 and 2 have momenta 
Pi and —pj;, respectively, and the particles 3 and 4 have momenta py and —py, 
respectively. The energy in that frame is s = (pı + p2)? = (p3 + p4)”, where px 
is the four-momentum of the particle k, for k = 1, 2, 3, or 4. Also, we denote by 
a, the spin of the particle k. 

Let Sp; be the relevant S-matrix element. The differential cross-section rela- 
tive to an element of solid angle dQ; for the final-state momentum py is 

2 
A lH BF (4.6) 
AN 48775 pi 

where pr = |pr| and p; = |p;|. In writing eqn (4.6) it has been assumed that 
the particle wave functions are normalized in such a way that the density of 
each particle species is 2E particles per unit volume, where ÈE is the energy of 
the particle. This normalization affects the normalization of the matrix S; our 
|S fil’ is equal to 16.4; E2 E3 E4 times what it would have been had we chosen the 
normalization in which the density of particles is one particle per unit volume. 

If we measure the cross-section without polarizing the initial-state particles 1 
and 2, and without observing the polarizations of the final-state particles 3 and 
4, the relevant differential cross-section is the sum over the final spins, averaged 
over the initial spins, of the expression in eqn (4.6), i.e., 


4 2 
do _ aaa Seite 
dQ, 48n?s (271 + 1) (272 + 1) Di 
For the inverse reaction, in which particles 3 and 4 are scattered into particles 


1 and 2, with the same energy s in the centre-of-momentum frame, we have, 
because of the reciprocity relation, 


(4.7) 


FIG. 4.1. One-loop Feynman diagrams for the three-photon vertex in QED. 
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4 2 
do = ane [Spil Pi (4 8) 
dQ); 48r?s (273 + 1) (274 + 1) Pf l 
with the same |S;;|. Taking the ratio of eqns (4.7) and (4.8), we obtain 
do (1+2 —>3+4) p4 (2js +1) (234 + 1) dQy (4,9) 
do(3+4414+2) ~— p? (27, + 1) (272 + 1) dN; ` 


Integrating the differential cross-sections over the solid angles for their respective 
final-state momenta, we obtain 


o(1+2>43+4+4) a 


sorisa pOQn+) Opti)” eeu 


where c is a factor which accounts for the possibility that the particles 1 and 2, 
or the particles 3 and 4, are identical, in which case the integrations over the 
final-state solid angle span only 27 steradians. Thus, c = 1/2 if particles 3 and 
4 are identical but particles 1 and 2 are distinct; c = 2 if particles 1 and 2 are 
identical but particles 3 and 4 are distinct; and c = 1 otherwise. 


4.3.2 The spin of the pion 


Equation (4.10) was used (Marshak 1951; Cheston 1951) to determine the spin of 
the charged pion 7* by using the reactions, assumed to be T invariant, d+ 2? © 
p+ p, where d is the deuteron and p is the proton. Knowing that the proton spin 
is 1/2 and the deuteron spin is 1, we obtain 


o(d+rt > ptp) 2p; 
1—1 = 7 (4.11) 
o(ptprd+nt)  3p3(2jx +1) 
The comparison of the cross sections, measured at similar energies in the centre- 
of-momentum frame (Durbin et al. 1951; Clark et al. 1951, 1952; Cartwright et 
al. 1953), gave jr = 0. 

In high-energy nucleon-nucleon collisions, the yields of neutral and charged 
pions are equal, indicating that the spin multiplicities of those particles are the 
same; hence, the spin of the neutral pion must be zero too. 


4.4 P invariance: two-photon decay of a spin-0 particle 


Consider a spin-0 particle decaying to two photons. In the rest frame of the 
decaying particle one of the photons has momentum p and the other one has 
momentum —p. Besides the direction of p, there are two other relevant directions 
in the problem: the directions of the electric fields of the two photons, IDA and 
Ey. Indeed, the magnetic. fields, B, and Bo, are perpendicular to the electric 
fields and to p, i.e. B- E, =B- -p= B. Ey = = B. -p = 0. Therefore, they do 


— 


not constitute iadependent directions. Also, Bis -p= Ey: p= 0. 
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The decay amplitude must be of the form 
AE, -E,+B (Zi x Ey) B (4.12) 


where A and B are numbers which depend only on the mass of the decay- 
ing particle. Notice that there is symmetry under the interchange of the two 
photons—under EF, © E, and p p — —p—as Bose-Einstein statistics requires. 

Under parity a spin-zero field gets multiplied by exp (ta,) and its charge- 
conjugated field gets multiplied by exp (—iap). If the particle is identical with 
its antiparticle—if the Klein-Gordon operator field is Hermitian—then exp (tap) 
must be either +1 or —1. The particle may thus be a scalar (if it has parity +1) 
or a pseudoscalar (if it has parity —1). As for the three vectors p, Fy, and É, 
they all change sign under parity. Therefore, under parity B changes sign but A 
does not. 

Suppose that parity is conserved in the decay of a spin-0 particle which is 
identical with its antiparticle. It follows that, if the particle is a scalar then B = 0, 
and the polarizations of the two photons in the final state are predominantly 
parallel—the probability that the two photons have polarizations at an angle 0 
between themselves is proportional to cos? 0, where 6 is the angle between the 
directions of E, and Ey. If the decaying particle is a pseudoscalar then A = 0, 
and the probability law for the polarizations of the two photons is sin? 0. 

This argument (Yang 1950) led to the experimental determination of the 
parity of the neutral pion. That meson decays to etete~e~ with a branching 
ratio of (3.14 + 0.30) x 10~°. The electrons and positrons result from the inter- 
nal conversion of the two virtual photons of the main decay mode, 7° — 27, 
into electron—positron pairs. It was shown by Kroll and Wada (1955) that the 
electron and the positron are preferentially aligned with the electric field of the 
photon which originated them, and the correlation between the photon polar- 
izations persists as a correlation between the planes defined by the momenta of 
the two electron—positron pairs. If 0 is the angle between those planes, then the 
probability distribution of 0 should be proportional to 1 + K cos 26 for a scalar 
n°, or to 1 — Kcos26 for a pseudoscalar 7°, with K = 0.47 (Kroll and Wada 
1955). By comparing the orientation of the two planes, Plano et al. (1959) found 
that they are mostly perpendicular. Therefore, 7° has parity —1. 


4.5 C- and P-parities of positronium 


Let us now consider the C and P quantum numbers of positronium, i.e., of a state 
consisting of a positron and an electron bound by the Coulomb interaction. 

As the electromagnetic interaction is P and C invariant, we may adiabatically 
switch it off without altering the C and P quantum numbers. of the state. We 
are thus able to eliminate the spin-orbit interaction as well as the presence of 
virtual photons. The C- and P-parities of positronium are therefore equal to the 
products of the C- and P-parities of the separate spin and orbital wave functions, 
in their non-relativistic limit, and of the intrinsic C- and P-parities. 
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The orbital wave function is given by a spherical harmonics Y,” (p/p) times a 
function of p. Here, l is the total orbital angular momentum, m is the projection 
of the angular momentum along the z direction, p is the relative momentum 
of electron and positron, and p = |p|. A fundamental property of Y,” is that it 


acquires a sign (ibs under the parity transformation p > —p. If the vector p has 
a direction defined by the polar angles @ and ¢, that transformation is equivalent 
tod > r — 0 and 6374+ ¢. Thus, Y” (n — 6,7 + 4) = (-1)'Y," (0, ¢). Parity 
does not affect the spins of the electron and positron. If the electron field gets 
multiplied by exp (iĝp) upon a parity transformation, the positron field gets 
multiplied by — exp (—ißp), as we have seen in § 3.5. Therefore, the overall parity 
of positronium is 


P=C1)", (4.13) 


Charge conjugation interchanges the creation operators of the positron and 
of the electron. When one brings back the operators to their original position 
a minus sign arises, because fermionic operators anticommute. Besides, when 
interchanging the positron and the electron one changes the sign of their relative 
momentum jp, thus generating a sign (1): in the wave function. As for the spin 
wave function, the total spin may be either 0 or 1. The combination of two one- 
half spins to form an S = 1 state is symmetric under the interchange of the 
spins; the S = 0 state is antisymmetric. A sign nee is thus generated by 
the interchange of the spins of the electron and positron. Overall, we have for 
positronium 


CaCl): (4.14) 


Comparing this result with the one in § 4.2, we arrive at the following im- 
portant conclusion: a positronium state with even l + S cannot decay to an odd 
number of photons; a state with odd l + S cannot decay to an even number of 
photons. Thus, for l = 0,!° positronium may decay to two photons if S = J = 0, 
but it must decay to three photons if S = J = 1, where J is the total angu- 
lar momentum. The decay rates may be computed and were first measured by 
Deutsch (1953), who found excellent agreement with theory. 

In the case l = S = J = 0, the positronium parity is negative and the two re- 
sulting photons must have preferentially orthogonal polarizations, as was shown 
in the previous section. This was checked by looking at the Compton scattering 
of the photons. Compton scattering depends strongly on the polarization of the 
photons, being more likely to occur on a plane normal to the electric vector 
of the incoming photon. Using this method, Wu and Shaknov (1950) have ex- 
perimentally demonstrated that the two photons from positronium decay have 
mostly orthogonal polarizations, thus implicitly demonstrating the correctness 
of the theoretical prediction that the electron and the positron have opposite 
intrinsic parities. 


10When | = 0 there is a spatial superposition of the wave functions of the electron and 
positron, allowing annihilation to take place. 
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It is worth pointing out that the result in eqn (4.14) is valid in general for any 
system of a particle and its antiparticle, of whatever intrinsic spin s, bound by 
the Coulomb interaction. Indeed, the interchange of the particle and antiparticle 
by the C transformation yields a factor (—1)! from the orbital wave function, 
a factor (—1)?° from the fermionic or bosonic nature of the fields, and a factor 
(—1)°+?* from the spin wave function, where S is the total spin of the bound 
state. The latter factor is a particular case of the general rule for Clebsch—Gordan 
coefficients 


(j1jomime|jijoTM) = (-1)7-2~2? (jogimoami|joji JM). (4.15) 


The two factors (—1)*° cancel out, and the C-parity of the particle-antiparticle 
bound state always ends up being given by eqn (4.14). 


4.6 The intrinsic parities of mesons and baryons 
4.6.1 Flavour and intrinsic parities 


Strong and electromagnetic interactions separately conserve each flavour—u, d, 
s, and so on. Therefore, for each single flavour we may set by convention the 
intrinsic parity of one hadron with that flavour to be +1 (or we may set it to be 
any other arbitrary phase)—for more details, see Weinberg (1995, p. 124). The 
standard convention is to assume the intrinsic parities of the proton, the neutron, 
and the A, to be equal to +1. As these particles are in the same SU(3) multiplet, 
they are characterized by the same state of inner motion—they are three-quark 
states in which the relative orbital angular momentum of each pair of quarks is 
zero. This means that, as a matter of fact, we are making the convention that 
the u, d, and s quarks all have the same intrinsic parity. Thus, if 


PuPt = exp (ifu) u, 
PaP? = exp (i104) 7d, 
PsP? = exp (ißs) ys, 


we are making the convention Bu = Ba = Bs. 

From the convention that the proton, the neutron, and the A all have parity 
+1, we may derive step-by-step the intrinsic parities of all non-charmed, non- 
beautiful mesons, baryons, and nuclei. For instance, the deuteron is composed 
of a neutron and a proton, in a state of relative orbital angular momentum 
L = 0, with a small (about 7% in amplitude) admixture of an L = 2 component. 
This orbital angular momentum gives rise to a parity Sha = 1. The intrinsic 
parities of neutron and proton are both 1 by convention; the deuteron therefore 
has parity 1 too. 
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4.6.2 The parities of pions and kaons 


Most known mesons are a bound state of a quark q and an antiquark q’.1! We 
denote by L the orbital angular momentum of the quark—antiquark system, and 
by S its total spin, which may be either 0 or 1; the meson spin is denoted by J. 

If g’ = q, as happens in the case of the 7°, then the meson is identical with its 
antimeson, and it has a C-parity equal to oe. as in the case of positronium. 
Moreover, its parity does not depend on any convention for the relative parities 
of the various quark flavours. Thus, we were able in the previous sections to find 
experimental evidence for the parity of the 7° being —1, and its C-parity being 
+1; the neutral pion, which is spinless, must therefore have L = S = 0. 

If, on the other hand, the flavours q and q’ are distinct, the meson is not an 
eigenstate of C and, moreover, its intrinsic parity is dependent on the conven- 
tion that we made in the previous subsection for the relative parities of proton, 
neutron, and A. However, as long as all quark flavours have the same parity by 
convention, the parities of all mesons are given by the same rules as the parities 
of positronium states: the parity of any meson is thus given by (—1) 

In general, L = 0 states may have either J = S = O and then they are 
pseudoscalars, or they may have J = S = 1 and they are pseudovectors. These 
are the stable mesons, and they all have negative parity. In the same way, the 
stable baryons are three-quark states in which the orbital angular momentum of 
any two quarks is zero; all stable baryons have parity +1, just as the nucleons 
and the A. 

The parity of the charged pion may be experimentally derived from obser- 
vation (Panofsky et al. 1951; Chinowsky and Steinberger 1954) of the capture of 
slow pions by deuterium, 

m +don+n. (4.16) 


The pion and the deuteron must be in an s-wave, which has a non-zero probability 
of the two particles coinciding at the same point of space. As the pion is spinless 
and the deuteron has spin 1, it follows that the total angular momentum on 
each side of eqn (4.16) is 1. The system of two neutrons has orbital angular 
momentum L and total spin S. The symmetry of its spatial wave function is 
(—1)” and that of its spin wave function is (-1)°**. The total symmetry must 
be negative because of Fermi—Dirac statistics. Therefore, L + S is even. On the 
other hand, L and S must combine to give a total angular momentum J = 1. 
The only values satisfying these requirements are L = S = 1. 

The intrinsic parities of the nucleons cancel on both sides of the reaction in 
eqn (4.16), because of the convention that the proton and the neutron have the 
same intrinsic parity. The two-neutron state has Cig = —1, while the deuteron 
has (—1)” = +1. Therefore, 7~ has odd parity. 

If 7~ has parity exp (tap) = —1, then tt has parity exp(—ia,) = —1 too. 
We conclude that the 7? is P-odd too. 

11Some observed mesons appear not to fit this paradigm. They might be either multiquark 


states, or else have an important gluonic component—be either glueballs or hybrid quark- 
antiquark-gluon mesons. See for instance Particle Data Group (1996, p. 557). 
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The intrinsic parities of the kaons may be found by studying strong processes 
in which they are produced in association with the A (associated production). It 
is found that the kaons have negative parity. 


4.7 The relative phase of Gy and G4 
Consider the 8 decay of the neutron n to the proton p, 


n > pe” de. (4.17) 


According to the Fermi theory, modified to include maximal parity violation in 
the leptonic sector, the effective Hamiltonian for this decay must be the product 
of a leptonic and a hadronic current, in which the leptonic current is of the V-A 
form, 


freee ENE hes (4.18) 
while the hadronic current should be 
ye = pyp (Gv + Gays) n. (4.19) 


Thus, as the Hamiltonian is Hermitian, 


Her = (€% Ve) IBY" (Gv + Gays) n) + (Teyuyre) [ny (GY + Gys) pl- 


(4.20) 
4.7.1 T invariance 
Now consider the T transformation: 
TnT! = y75¢C* An, (4.21) 
TveT—' = yy C* Ave, (4.22) 
TPT! = pt (C7) " AY» (4.23) 
Teh =e (C YRI. (4.24) 


The arbitrary phases in the T transformation have been omitted for simplicity. 
Explicit mention of the coordinate change t + —t was omitted too. Clearly, 


T (EYuYLve) [Py" (Gv + Gays) n] T 
= [et (C) nirin Ave] 

x {pt (07) agg h" (Gv + Gat)" RC An} 
= (Ey"YLVe) Pru (Gy + Gars) n], 


in which, we emphasize once again, arbitrary phases have been omitted. It is 
now clear that T invariance of the Hamiltonian means 


Gy + Gays = exp (i) (GY + G47) , (4.25) 


i.e., Gy/Ga must be real in order for T invariance to hold. Experimentally 
(Particle Data Group 1996, p. 48), it is found that the phase of Gy /Ga is 
(180.07 + 0.18)°, confirming T invariance in neutron decay. 
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4.7.2 CP invariance 


The CPT theorem tells us that, if the effective Hamiltonian in eqn (4.20) violates 
T, then it should also violate CP. This is indeed true. Using eqn (3.80), we see 
that 


(CP) (212) (CP)! = — exp [i (£v. = Ee)] Tey” vre); (4.26) 
while, using eqns (3.76) and (3.77), we have 


(CP) by" (Gv + Gare) E = — en ln E 
Thus, 


(CP) Heg (CP)? = exp (—iC) (Wey" ye) [Aya (Gv + Gas) p] 
+ exp (iC) (ëy YLve) [Pyu (Gy + Gays) n], (4.28) 


where Ç = & + Ep — &), — Ên is an arbitrary phase. CP invariance requires 


(CP) Heg (CP)! = Hes 
=> Gy + Gays = exp (iC) (Gy + G47) - (4.29) 


This is the same as eqn (4.25), as it should be. 

An important point should be called to the reader’s attention in this example. 
CP invariance of an effective Hamiltonian (or Lagrangian) in practice requires 
that the coupling constants in that effective Hamiltonian (in this case, Gy and 
Ga) be relatively real. It is not really each individual coupling constant that 
must be real in order for CP invariance to hold. Indeed, there are arbitrary 
phases in the CP transformation. Those phases may be adjusted in order to 
obtain CP invariance of each individual term. Rather, it is the relative phase of 
the coupling constants which must vanish (or be 7) in order for CP invariance 
to prevail. 
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5.1 Complex CP conditions 


Let us consider the transitions of the CP-conjugate initial states į and 7 to the 
final states f and g, and to their CP-conjugate states f and g, respectively. 

We call the reader’s attention to the following: whenever we write ‘f’ and 
‘f’, for instance, we mean by this two CP-conjugate states in a physical sense. 


Thus, if f is composed of the particles a,b,..., with momenta pa, pp,..., and 
spins S,, Sp,..-., respectively, then f is composed of the antiparticles a, b,..., with 
momenta —pa, —pp,---, and spins Sq, 5p,..., respectively. This must be contrasted 


with the kets |f} and |f}, which are mathematical entities belonging to the formal 
structure of quantum mechanics. Those kets may be rephased at will, and they 
are related to each other by a mathematical operator CP, which transforms each 
of them into the other one up to an arbitrary phase—see eqns (5.2) below. Thus, 
the fact that f is the CP-conjugate state of f does not mean that a relation 
CP| f) = |f} holds between the kets. Rather, we have CP|f) = e+ |f}. 

First we deal with the general case i 4 i, f # f, and g Æ g. We want to 
find the conditions on the transition amplitudes imposed by CP invariance. CP 
invariance implies, for the transition matrix T, 


(CP)T (CP)! =T. (5.1) 


CP may or may not be an invariance of Nature. On the other hand, the 
square of the CP transformation is, in classical physics, identical with the iden- 
tity transformation, and therefore (CP)? corresponds to a conserved quantum 
number. The value of (CP)? for initial and final states must be identical, and it 
is an arbitrary, purely conventional phase. Without loss of generality we shall 
always assume (CP)? = 1. This assumption simplifies the algebra. 

The CP transformation of the kets reads 


CPļi) = etili), CPi) = e™*" li), 
CP\f) = etf}, CPI) = e*s), (5.2) 
CP|g) = e#|9), CP|g) = e™*s |g). 


The phases €;, €s, and €, are arbitrary. We want to see whether it is possible to 
choose them so that CP invariance of the phenomenology is obtained. 

From eqns (5.1) and (5.2) we derive the CP constraints on the transition 
amplitudes: 


(f|T |i) = eS) (F(T I), (5.3) 
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(F|T|é) = etts (F/T IR), (5.4) 
(g|T|é) = ef- (G/T li}, : 
(g|T |é) = eX +8) (gT |i). (5.6) 


From these equations it is clear that the modulus of each transition amplitude 
must equal the modulus of the amplitude for the CP-conjugate transition. The 
quantities 


KEITH -— (FIT), (5.7) 
KAT] — KITH, (5.8) 
KaT — KaT, (5.9) 
KETI — IoT) (5.10) 


violate CP. 

If we were considering solely the decays to f and to f we would have only 
eqns (5.3) and (5.4), which are two complex equations involving two arbitrary 
phases €; and £¢. Then, there would be no CP-violating quantities beyond the 
ones in eqns (5.7) and (5.8). Similarly, if we were considering only the decays 
to g and to g the only physical consequences of CP invariance would be the 
vanishing of the quantities in eqns (5.9) and (5.10). However, when we consider 
simultaneously the decays to f and to f and also to g and to ĝ, we see that 
eqns (5.3)-(5.6) correspond to four complex equations with only three arbitrary 
phases. Then, a physical CP condition on the phases of the decay amplitudes 
must remain. Indeed, we easily find that the complex quantity 


(FIT) (FIT 14) (alT Ie) GITY — (gle) GIT He) (FIT 12) (FIT |e) (5.11) 


must vanish if CP invariance holds. 

Let us now consider the case in which f = f and g = g. Then, exp (ifs) = ny 
and exp (i) = Nng, where nx = +1 and n, = +1 are the CP-parities of f and of 
g, respectively. The conditions in eqns (5.3)—(5.6) reduce to 


(f|T |i) = nse (FITI), (5.12 
(gIT lt) = ne (g|T |i), (5.13 
from which we derive the complex CP condition 


(ITI) (FITE 
(Ti Ta 


Thus, the complex quantity 


(FITI ITI — nen llT lt) (FIT IA) (5.15) 


violates CP. 
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5.2 Weak phases and strong phases 


In the course of this book we shall be discovering that the presence of complex 
phases in the transition amplitudes is closely related to CP violation. A cavalier 
argument for this is the following: as a result of the CPT theorem, CP violation is 
equivalent to T violation; T transforms numbers into their complex conjugates; 
therefore, T and CP violation must arise from some numbers being different from 
their complex conjugates, i.e., from their being non-real. 

It is important to stress from the very beginning that the phase of a transition 
amplitude is arbitrary and non-physical, because in quantum theory kets and 
bras may be rephased at will. As both |i) and (f| may be rephased at will, the 
phase of (f|T|z) is arbitrary. Only phases which are rephasing-invariant, i.e., 
which do not change when the state vectors are rephased, may have a physical 
meaning and, in particular, lead to CP violation. Those phases are in general the 
relative phases of the various coherent contributions to a particular transition 
amplitude. The phase of each partial amplitude may be changed at will and 
is meaningless, but the relative phase of two partial amplitudes is rephasing- 
invariant and in general has observable consequences. 

Three kinds of phases may arise in transition amplitudes: 


e ‘weak’ or CP-odd phases, 
e ‘strong’ or CP-even phases, 
e ‘spurious’ CP-transformation phases. 


The designations ‘weak’ and ‘strong’ do not mean that the origins of the phases 
are in weak and in strong interactions, respectively. A weak phase is defined to 
be one which has opposite signs in the transition amplitude for a process and in 
the transition amplitude for its CP-conjugate process. A strong phase has the 
same sign in the amplitudes for two CP-conjugate processes. Spurious phases 
are global, purely conventional relative phases between an amplitude and the 
amplitude for the CP-conjugate process; they do not originate in any dynamics, 
they just come from the assumed CP transformation of the field operators and 
of the kets and bras they act upon. 

Weak phases usually originate from complex couplings in the Lagrangian. 
We have given one example in § 4.7: the phases of the two complex coupling 
constants Gy and Gy, are CP-odd. The couplings Gy and Gy, appear in the 
transition amplitude for neutron decay n > pe ~V~, while Gj, and G} appear 
in the transition amplitude for the CP-conjugate antineutron decay ñ — pet ve. 
While the absolute phases of Gy and of G4 are irrelevant, the relative phase 
argGy — argGy leads to T and CP violation if it is neither 0 nor z. 

Another example of CP-odd phases are the phases of the matrix elements 
of the Cabibbo—Kobayashi-Maskawa matrix in the charged-current weak La- 
grangian. As the Lagrangian is Hermitian, those complex phases change sign 
when one passes to the CP-conjugate process. 

Strong phases may have two different origins. First, they may arise from the 
traces of products of an even number n of y matrices together with y5. If n = 0 
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or n = 2 those traces vanish, try; = 0 and tr (y#y” ys) = 0, but if n is four or 
larger the trace does not in general vanish, and is imaginary: 


tr (yey? XE) = —AjehY XE, (5.16) 


Here, e””X$ is the completely antisymmetric tensor. Its overall sign is fixed by 
9123 — 1. The tensor c#”X® is the Minkowski-space extension of the completely 
antisymmetric tensor e”)* of Euclidean space, which arises in triple cross products 


a: (ë x z) of three vectors ĝ, b, and č. Indeed, traces like the one in eqn (5.16) 


yield terms in cross-sections proportional to the triple cross product of three 
(spin or momentum) vectors. Those terms are odd under the transformation T 
defined in § 1.1.2. 

A second possible origin for strong phases are final-state-interaction (FSI) 
scatterings from on-shell states. These include the well-known final-state phase 
shifts of nuclear physics. Those phase shifts are equal for two CP-conjugate 
processes, and therefore they constitute strong phases. 

The FSI allow the various final states of the weak decay to scatter elastically 
or inelastically via non-weak interactions. Thus, the total amplitude for a par- 
ticular decay i — f includes contributions from processes i > f’ —> f, where the 
decay i + f' is weak, and the state f’ subsequently scatters into f via the strong 
(or electromagnetic) interaction. If the intermediate state f’ is on mass shell this 
generates an absorptive part in the amplitude. This is the origin of the CP-even 
phase. Whereas the CP-odd (weak) phase originates in the weak decay i > f’, 
the CP-even (strong) phase arises in the f’ > f scattering, and is dominated by 
the strong interaction. 

In perturbation theory, strong phases appear as absorptive parts in Feynman 
loop integrals, which may be computed with the help of Cutkosky cuts. The com- 
putation of the absorptive parts may be tiresome, because it requires that one 
goes beyond Born approximation, and there may be many diagrams. Some au- 
thors like to use a trick in which they avoid computing all those absorptive parts: 
they only consider Born-approximation diagrams, but use Breit-Wigner propa- 
gators for the internal particles in those diagrams. Indeed, the imaginary part of 
the Breit-Wigner propagator equals the absorptive part that would arise from al- 
lowing the corresponding particle to be on shell. However, using a Breit-Wigner 
propagator for a gauge particle may be inconsistent with gauge invariance. Also, 
the Breit-Wigner propagator only accounts reasonably well for the absorptive 
parts when the propagating particle is almost on shell. Besides, in the complete 
computation there might be other intermediate states which might be put on 
shell beyond the ones accounted for by the Breit-Wigner propagator. 

In general, experimental information on the FSI for heavy-meson systems is 
lacking, and it would anyway be hard to interpret, due to the large number of 
available intermediate states f’. One must then rely on theoretical modelling. 
For lighter mesons the situation is more favourable, as we shall see in particular 
in Chapter 8. 
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5.3 CP violation and interfering amplitudes 


We next demonstrate that, if one wants to have CP violation in the transitions of 
i andi to f and f only—omitting g and g for the moment—then the transition 
amplitudes must be the sum of two or more interfering amplitudes with different 
weak phases and different strong phases. 

Weak phases change sign under CP, and we might think that, once there is 
a CP-odd phase in an amplitude, CP violation automatically arises. To see that 
this is not so, consider for instance that 


(f|T |i) = AetOT®, 


(FITR) = Ae"), nH 
Here, A is a real positive number, ¢ is a weak (CP-odd) phase, 6 is a strong (CP- 
even) phase, and @ is a spurious phase, an arbitrary CP-transformation phase 
which in general arises but has no bearing on the question of whether CP will 
be violated or not. One immediately notices that the arrangement in eqns (5.17) 
does not correspond to CP violation, since the phases of the amplitudes are 
irrelevant, only their moduli matter. The quantity |(f|T|z)| — K fiT =A-A 
vanishes, and therefore CP is conserved. 

An alternative way to arrive at the same conclusion is the following. We know 
from eqn (5.3) that CP is conserved once phases £; and ¿p such that 


(FIT |i) = eS) FIT (5.18) 
exist. Now, it is obvious that if we choose 


Ei — os = 26-9, (5.19) 


then eqn (5.18) is satisfied. It is important to stress that €; and ¿pş are free; 
we have the right to choose them in the effort to obtain CP invariance of the 
phenomenology. 

As CP invariance holds when the amplitudes are as in eqns (5.17), let us 
instead suppose that 


(f|T |i) = Ayet(Sit1) 4. Anetld2+¢2) | 


(FIT |i) = Ayet(1—b149) 4 Ay etld2—d2t 8), pay 
There are now two interfering amplitudes; they have moduli A; and Ag, CP- 
even phases 6; and 62, and CP-odd phases ¢; and ¢2, respectively. These two 
interfering amplitudes may arise for instance from two different Feynman dia- 
grams for the processes. The vertices of those diagrams would involve different 
CP-odd factors, while absorptive parts or traces with y5 should also be present. 
A spurious phase @ is common in both partial amplitudes. CP violation is now 
possible, because the moduli of the total amplitudes differ. Indeed, 


FITH? — KATE |? = —4.A1 Ao sin (6, — 52) sin (%1 — $2). (5.21) 
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In order to obtain CP violation, the interfering amplitudes must have different 
strong phases (6; # 62) and different weak phases (¢, # ¢2). CP-even phases 
are just as necessary as CP-odd phases in order to obtain CP violation. 

Instead of the quantity in eqn (5.21), a more relevant quantity is the asym- 
metry 


KITII? - FIT)? ____ —2.Ar Ag sin (ô, — 62) sin (1 — 2) 
FIT |)? + KITI? AT + AZ + 2A) Ae cos (51 — 52) cos ($1 — $2) 


In order for the asymmetry to be large three conditions must be met: 


(5.22) 


1. the difference between the weak phases of the two interfering amplitudes 
should be close to 7/2, i.e., cos (¢1 — %2) % 0; 
2. the difference between the strong phases of the two interfering amplitudes 
should be close to 7/2, i.e., cos (6; — 62) & 0; 
3. the difference between the moduli of the two interfering amplitudes should 
be small, i.e., Ay X Ag. 
In the limiting case |¢; — ¢2| = |61 — 62| = 7/2 and A, = Ag, the absolute value 
of the asymmetry attains its maximum value 1. 


5.4 CP violation without strong phases 


If we consider simultaneously the transitions to two different final states f and 
g, and to their CP-conjugate states f and g, then CP violation may be observed 
even in the absence of strong phases and of interfering amplitudes. Here we study 
only the simple case in which f and g are two eigenstates of CP with the same 
CP-parity. Suppose for instance that nf = n = +1, and that 


(FITli) = Arete), 
(FITIÐ = Ajet 49), 
(gT li) = Aget2t 2), 
(g|T|t) = Age*e2—#2+9) , 
The quantity in eqn (5.15), which we already know to violate CP, then is 
(FIT) (@lT I) — TEITE) = 26 Ay Ave +8248) sin (fy — go). (5.24) 


In this case, the strong phases 6; and 62 are basically irrelevant for CP violation. 
They might be absent and CP violation would still exist. Only the weak phases 
ġı and $2 are necessary. 

In general, the quantity in eqn (5.24) will not be observable, because f and 
g are in principle unconnected final states. Some relationship between these two 
states must exist in order that a physical decay involves both of them simultane- 
ously. This is precisely what happens in the decays of the neutral kaons to ntr- 
and 7°7°. Indeed, these physical states are superpositions of two eigenstates of 
CP with CP=+1—the state of two pions with isospin 2 and the state of two 
pions with isospin 0. Those are the states f and g in that case. A quantity anal- 
ogous to the one in eqn (5.24) is then defined to be the CP-violating parameter 
e’, as will be seen in Chapter 8. 


(5.23) 
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5.5 Hermiticity of the transition matrix 


We shall be dividing the Hamiltonian H into two parts: the strong and electro- 
magnetic Hamiltonian, which is dominant and is P, T, and C invariant, and the 
weak Hamiltonian Hw, which violates the discrete symmetries and is treated as 
a perturbation. Correspondingly, the transition matrix is written 


T = Tstrong + Tweaks (5.25) 


where Tstrong includes both the strong and electromagnetic interactions, and is 
of order 0 in any weak coupling constant g.1* Equation (2.3) then yields 


T strong g T o = E NE y (5.26) 


Tweak — Tie. =1 ee i 1 EL Beer + Dia) . (5.27) 


It may happen that, for some set of weak transitions i > f, i —> f', and so 
on, Tstrong = 0, i-e., Sstrong = 1. This is the case when both the initial and the 
final states of the transition are not scattered by the strong and electromagnetic 
interactions In this case, 

Laat es Tİ eak — Ssa 


w weak 


T, weak: (5.28) 


Then, to first order in the weak coupling constants, Tweak is Hermitian. This is 
because the right-hand side of eqn (5.28) is ~ g?. We shall consider instances of 
this case later in the book, when we treat semileptonic decays of neutral-meson 
systems in which there is only one hadron in the final state; in those cases, there 
can be no final-state scattering due to the strong interaction, and Tytrong = 0.9 
We now re-formulate, following Wolfenstein (1991), the reasoning above. Sup- 
pose that strong and electromagnetic interactions do not cause the state i either 
to decay or to mix with other states. The state 2 decays only via the weak 
interaction. We expand the S matrix as a power series in the weak coupling g: 


Se Soa aly ss (5.29) 


where Tę œ g*. In this expansion, Sp is the S aes for ae strong and elec- 
tromagnetic interactions. Unitarity of S implies SÌ = Soi and TÌ = $T SÌ. 
Therefore, 


(ATH) = 7 Shy Ki [Ts |e’) iSi li). (5.30) 
ane 


As |z) is an eigenstate of So, 


12Tn general, various weak interactions may exist. Those interactions may have different 
coupling constants g. Then, Tstrong is that part of the transition matrix which does not depend 
on any of the weak coupling constants. 

13As a matter of fact, Tstrong is not zero even in this case, because of the presence of an 
electromagnetic (Coulomb) final-state scattering. Only when this scattering is neglected, and 
we only treat the weak interactions to order g, can we assert that Tweak is Hermitian. 
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(i'|S$li) = bi, (5.31) 


i.e., 2 is stable under the strong and electromagnetic interactions, it decays only 
weakly. The final state (f| may also be an eigenstate of So, 


(FIIF) = 574", (5.32) 
when there are no final-state interactions. Under these assumptions, 
(FIT |e) = (FIT), (5.33) 


which means that Tı is Hermitian for these particular initial and final states. 


5.6 Consequences of CPT invariance 
Now consider the consequences of CPT invariance. If 


li) = CPTI), bai 
If) = CPTIf), 
and as (from CPT invariance) (CPT) Ti (CPT) = T , we have 
(FITIN = (FIT iy" 
= XO Y sue ye iSi). (5.35) 
i f 
As |i) is an eigenstate of Sp, we obtain 
(FIT It)" = SOCFISH SF) T li) (5.36) 
7 
Then, using the unitarity of So, 
TIABI = EE Ysera Shey eID) 
f I Fog 
= X (F'TA AOT YE SIASII 
T ri f 
= X (FIT) YOT Spp 
4 H 
DDD (5.37) 
z 


The sum over states eliminates from consideration the inversion of the momenta 
and spins originating in the T transformation. Therefore, 


YS inw) =n. (5.38) 
f f 


where 7 and f are the CP-conjugate states of i and f, respectively. We conclude 
that the total decay widths of 2 and i are equal as a consequence of CPT invari- 
ance. This precludes observation of a CP-violating difference between the total 


58 WEAK AND STRONG PHASES 


decay widths of a particle and its antiparticle, and constitutes an obstacle in the 
study of CP violation. 

Equation (5.37) is even more powerful because it applies separately to each 
set of final states which is not connected by the FSI (by the action of So) to the 
other possible final states. Weak interactions cause 7 to decay to a multitude of 
final states f, f’, f”,..., which are connected among themselves by strong and/or 
electromagnetic FSI, but are not connected by the FSI to the other possible final 
states. Then, So is unitary in the subspace spanned by f,f', f”,..., and the 
reasoning leading to eqn (5.37) holds. The CP-conjugate state of i, i, decays 
to the CP-conjugate final states f, f', f’,.... CPT invariance forces the total 
widths to be identical: 


FIT ala)? + FIT a Lay? + FTL? + 
ft = [2 rd = 12 ra =, 12 
= (ATID + KETID + KETI +. (5.39) 
However, the fact that there are final-state interactions connecting f, f’, f”,... 


among themselves allows for CP violation to occur, embodied in different partial 
decay widths: 


KATA? # AN, 


ae Flim R (2 
KETID # AIT, (5.40) 
No z =, 12 
PITA A PIT. 
Pais and Treiman (1975) have put forward a number of interesting instances 


of this. For instance, let Xs denote a sum over all possible hadron states with 
total strangeness S. Then, CPT invariance implies 


T (D+ = It X_1) =] (D- —? I~HX1) ; (5.41) 

r (Dt > Ity,Xo) =T (D7 > 1-H Xo). (5.42) 

As another example, consider the two-pion and three-pion decays of the charged 
kaons. Because of G-parity, which is a particular combination of C symmetry and 
isospin symmetry, and as such is preserved by the strong interaction—but not 
by electromagnetism—, a state with an even number of pions cannot scatter into 
a state with an odd number of pions, and vice-versa. Two-pion final states are 


thus disconnected from three-pion final states. Thus, when the electromagnetic 
FSI are neglected, 


T (K+ > ntr?) =T (K7 aro’), (5.43) 
preventing CP violation in the two-pion decays. On the other hand, CP violation 
in the three-pion decays may occur, but CPT still imposes a condition on it: 

T (Kt > wom) -T (K- — mom) 
SaP(K San a) ale San a) (5.44) 


In order to have CP violation in the partial decay rates, as in eqns (5.40), 
final-state-interaction phases are essential. The picture that one should keep in 
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mind is a process i > f’ — f, where the decay i — f’ is weak and then there is 
a final-state scattering f' > f; if it is possible to put the intermediate state f’ 
on shell, CP violation may arise. 

The consistency with the requirements of CPT invariance—that total semi- 
inclusive widths should be equal for particles and antiparticles—should always 
be carefully checked in any explicit computation. It is easy to run into pitfalls, as 
was shown in particular examples by Gérard and Hou (1988, 1989) and Soares 
(1992). 


5.7 T violation and T violation 


CP-violating (CP-odd) observables may be either T-odd, and then they are CPT- 
even, or T-even, and then they are CPT-odd. Observable: of the first kind typ- 
ically are triple cross products constructed out of the momentum and/or spin 
vectors of the particles in some process; say, Pa. (pp X Pc). What violates CP is the 
difference between the expectation value of such an observable for a process and 
for the CP-conjugate process, viz., (Da. (Po X Pc)) — (Pa. (Di x Pz)). Observables 
of the second kind typically are partial-width asymmetries, as in the previous 
section. 

The difference between T and T must be stressed. T involves an interchange of 
initial and final states which, in a quantum-mechanical problem, is impossible to 
reproduce in the laboratory; the final state of a scattering or decay is a coherent 
superposition of outgoing quantum-mechanical spherical waves, and setting up 
an apparatus which would produce the T-reversed state, a coherent superposition 
of incoming spherical waves, is impossible (Lee 1990). This is the reason why 
one cannot directly test T symmetry in the laboratory, and must have recourse 
to consequences of that symmetry, like the principle of detailed balance—see 
eqn (2.33). 

If final-state interactions may be neglected, then violation of T implies vi- 
olation of T. This is because, in that case, the transition matrix T is, to first 
order in the weak interactions, Hermitian. Now, T invariance implies |(f|T'|¢)| = 
\(ir|T |fr)|, where fr and ir are the T-transformed states of f and i, respectively. 
If T is Hermitian, we then have |(f|T|i)| = |(fr|T|ir)|, which means precisely T 
invariance. Thus, when FSI are absent, T invariance implies T invariance, and 
therefore violation of T implies violation of T. 

Conversely, FSI may lead to T violation without the occurrence of any T 
violation (and, from the CPT theorem, CP violation). Thus, T violation does 
not have to correspond to CP violation; a non-zero value for the triple product 
of momenta and/or spins should be confronted with the analogous observable 
in the CP-conjugate process in order to ascertain CP violation (Rindani 1995; 
Yuan 1995). 
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NEUTRAL-MESON SYSTEMS: MIXING 


6.1 Introduction 


In this and the next chapter we discuss the mixing and decays of the P? and 
P? mesons. In our notation, P? may refer to either K®, D°, B°, or B°. We deal 
here with the general phenomenology relevant for any neutral-meson system. 
The specifics of particular systems will be discussed later. o 

If only the strong and electromagnetic interactions existed, P° and P? would 
be stable and form a particle-antiparticle pair with common mass mo. Because 
of the weak interactions, P° and P® decay. Moreover, neither electric-charge 
conservation nor any other conservation law respected by the weak interactions 
prevent P? and P° from having both real and virtual transitions to common 
states n. As a consequence, P? and P? mix, i.e., they oscillate between themselves 
before decaying. Similarly, there are theoretical speculations about the possible 
mixing of neutrinos and, if baryon number is not conserved, of the neutron and 
antineutron. 

Thus, |P°) and |P°) are eigenstates of the strong and electromagnetic in- 
teractions with common mass mo and opposite flavour content. Since flavour is 
conserved in the strong and electromagnetic interactions, (P°|P°) = 0. When 
the weak-interaction Hamiltonian Hw is switched on, |P°) and |P°) both mix 
and decay to other states. 


6.2 Mixing 
In principle, we would like to consider the evolution of a state of the general 
form 

a(t)|P°) + 0(t)|P°) + cr(t)[m1) + c2(t)|n2) + ca(t)[na) +--+, 


where 7 , 2, and so on, are states to which either P? or P? may decay, and t is 
the time measured in the P°—P® rest frame. The evolution of such a state is in 
general very complicated. If however 


e for t = 0 only a(t) and b(t) are non-zero, while all c;(0) = 0, 

e we want to compute only the values of a(t) and b(t), not the values of the 
ci(t), 

e the times ¢ in which we are interested are much larger than the typical 
strong-interaction scale, 


then a great simplification is achieved, as was first shown by Weisskopf and 
Wigner (1930a,b). In the Wigner—Weisskopf approximation, which we shall use 
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throughout, a beam of oscillating and decaying neutral mesons is described, in 
its rest frame, by the two-component wave function 


lY (t)) = di (t) |P?) + y2(t)| P9), (6.1) 


where t is the proper time. The wave function evolves according to a Schrödinger- 


like equation: 
d (y \ _ [Ru Rz pı 
dt (i) 7 e A ka l 62) 


The matrix R is not Hermitian, else the mesons would just oscillate, they would 
not decay—see eqn (6.9) below. It may be written 


R=M-iI, (6.3) 
with 
M = Mt, 6.4) 
r=.". 
Clearly, 
M =i(R+ RÌ), 
ee (6.5) 
T=i(R- R'). 


The matrices M and T are given, in second-order perturbation theory, by sums 
over intermediate states n: 


|. Hwlj 
Mij = modi + (i|Hw]|j) + 5 pidii tt 


Lij = 2r Ep 6(mo — En)il Few n) (nl wl). 


, 


(6.6) 


The operator P projects out the principal part. The intermediate states con- 
tributing to M are virtual, while the ones contributing to [ are physical states 
to which both P? and P° decay. The latter states may be grouped together in 
decay channels c for which, by definition, the matrix elements of Hw are the 
same. For instance, decay channels group together states with the same quan- 
tum numbers, but with the decay particles flying off in different directions. The 
density of states of each channel is 


pe = X ô(mo — En.). (6.7) 
Therefore, another way to write Ij; is 
Tiy = 2r D pelilHwlo)lelHw]j). (6.8) 
Cc 


From eqns (6.2)—(6.4) it follows that 
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z (ak + al?) = — (ył y3 )T a . (6.9) 


The mesons P? and P° decay, therefore the left-hand side of the above equation 
must be negative for any values of 7; and %2. Hence, T is positive definite, i.e., 
T11, P22, and det T are positive. 

In quantum mechanics, all kets may be rephased at will, no measurable con- 
sequences following from the rephasing of a ket. We shall be careful to keep the 
phenomenology of neutral-meson mixing and decay invariant under the rephas- 
ings 

[P°) a ia 
(P5) + e7 [P0), oo 
The diagonal matrix elements of R are invariant under this rephasing, but the 
off-diagonal ones are not: 


Miz > ê- Myo, 
Tiz > eh - VT yo, 
Ma > e0- Mz, 
Pa > e0, 


(6.11) 


as can be seen from eqns (6.6). As a consequence, from the eight real numbers 
(four moduli and four phases) in R, only seven have physical significance. 

The two eigenstates of R may be distinguished by labels a and b. Since R 
is not Hermitian, its eigenvalues are complex and we write them Ha = Ma — 
(i/2)Ta and ub = my — (i/2)LTb, where ma and mp» are the masses of P, and Py, 
respectively, while la and I’, are their decay widths. Let us denote Am = ma- mẹ 
and AT = Ia — Te. At this stage the labels a and b do not have any physical 
meaning. Hence, the signs of Am and of AT are arbitrary. However, their relative 
sign has physical significance: it indicates whether it is the heaviest or the lightest 
state which lives longer. 

In fact, there are three distinct questions begging an answer (Azimov 1990): 
Which, Pa or P,, is the heavier eigenstate? Which eigenstate lives longer? And, 
which eigenstate decays most often to a particular CP-even (or CP-odd) final 
state? Neither of these questions has physical meaning in itself, because a and b 
are meaningless labels, i.e., P, and P, are a priori equivalent and we have not 
yet defined a way to distinguish them. However, the relative answers to those 
questions are physically meaningful. 

For the B°-B° systems it has become customary to choose the mass of the 
eigenstates as label: a = H and b = L for the heavy and light eigenstate, respec- 
tively. Then, Am is positive by definition, while both the sign of AT and the 
dominant CP content of the eigenstates are physically meaningful. A different 
nomenclature is used in the K°—K® system. There, the lifetimes of the eigen- 
states are widely different and one uses them to label the eigenstates: a = L 
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refers to the long-lived neutral kaon Kz, and b = S refers to the short-lived neu- 
tral kaon Ks. Then, AT < 0 by definition, and the experimental determination 
of the sign of Am is necessary. It turns out that Kz is heavier than Ks: Am > 0. 
Moreover, Ks is found to decay predominantly into CP-even states. 

In this book we label the states by their mass: Py is the heaviest eigenstate 
and Pz is the lightest one. Henceforth, 


_ MA+TMy 
M ak 
.12 
_TytTlz (6 ) 
paani oL, 
2 
while 
Ap = HH — BL 
= Am — iAT, 
z (6.13) 
Am = MH — ML, 
AT = Ty = Tz. 


The mass difference Am is positive by definition. The sign of AT is physically 
meaningful. 14 

In the different neutral-meson systems these observables have different orders 
of magnitude and, therefore, different approximations are justified. Of course, 
any given expression may be written using either the quantities on the left- 
hand side or those on the right-hand side of eqns (6.12) and (6.13), but the 
physical interpretation is typically more transparent with one choice than with 
the other one. In the kaon case the lifetimes are widely different and writing the 
decay widths in terms of Is and I’; highlights the fact that the Ks component 
disappears much earlier than the Kz one: after a while we have an almost pure 
Ky, beam. On the other hand, in the B and D systems the decay widths are 
expected to be very similar and it makes more sense to use [ together with a small 
modulation dependent on AT. It is then useful to introduce the dimensionless 


parameters 

Am AT 

T «Y= or: (6.15) 
The range of y is from —1 to 1, approaching these limiting values when one decay 
width is much larger than the other one, as in the kaon case. On the other hand, 


x is positive by definition. We find it useful to define another parameter: 


14Be careful to note that my and my are not the eigenvalues of M, and l'y and Iz are 
not the eigenvalues of I. Still, 


trM = my +m, = 2m, 


6.14 
trr = Py +P, = 27; ( ) 
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The parameter u happens to be very close to 1 in the kaon system. In the other 
neutral-meson systems its value has not yet been experimentally determined. 


6.3 Discrete symmetries 


The CP transformation interchanges P? and P®. Choosing (CP)? = 1, 


CP|P°) = e€|P0), 
A | (6.17) 
CP|P0) = e~t] P9), 


Analogously, 
CPT|P?Y = e” | P9), 
a iP) (6.18) 
CPTIP?) =e" | PR), 
Here we have taken into account the fact that CPT is antiunitary, contrary to 
CP which is unitary. From eqns (6.17) and (6.18) we get 


TIR =op, 
= l D (6.19) 
T|P°) = et +8) | Poy, 
Both 7 and CPT interchange outgoing with ingoing states. However, as P? and 
P? are taken to be in their rest frame, we do not have to concern ourselves with 
that point. 
The phases € and v are not invariant under the rephasing in eqn (6.10), rather 


oro yt (6.20) 
vyrv—-y-—%. 

We emphasize that the phases € and v must not be seen as defined a priori. 
Rather, CP invariance exists if there is any phase € such that the phenomenology 
is left invariant by the transformation in eqns (6.17). Analogously, there is CPT 
invariance if one can find a phase v such that the transformation in eqns (6.18) 
leaves the phenomenology invariant. Strong and electromagnetic interactions are 
invariant under the CP and CPT transformations for any choice of the phases 
€ and v, in the same way that quantum electrodynamics is invariant under the 
P, T, and C transformations of the field Y, for any choice of the transformation 
phases 8p in eqn (3.63), 6: in eqn (3.66), and Be in eqn (3.69), respectively. 

We may define eigenstates of CP 


Px) = +, (|P°) + e*|P°) ) l (6.21) 


The factor 2~1/2 is for normalization. The kets |P+) are the eigenstates of the 
CP transformation in eqns (6.17) corresponding to the eigenvalues +1. Notice 
the following two points: 


DISCRETE SYMMETRIES 65 


1. A choice of the relative phase of |P;) and |P_) was implicitly done when 
writing down eqns (6.21). Indeed, we chose (P°|P,) to have the same 
phase as (P°|P_). Whenever using eqns (6.21), one should be careful not 
to attribute physical significance to any phase which would vary if the 
phases of |P,}) and of |P_) were to be independently changed. 

2. The phase € of the CP transformation in eqns (6.17) is arbitrary and devoid 
of physical meaning, as we emphasized in the previous paragraph. This fact 
is a further source of arbitrariness in the definition of | Px). 


We shall not be using the states |P:) in the rest of this book. 

Let us consider the CP-, CPT-, and T-invariance conditions on the matrix 
elements of M and I. Defining Hcp = cP) Hw (CP)', and similarly Hcpr = 
(CPT) Hw (CPT) and Hr = THwT—!, we derive for instance 


Tu = a mo — E,)(P°\Hw|n)(n|Hw |P°) 
Z nya mo — En) ne (P°|Hcp|n) ) (ci (Hop |P?) 
= = DA mo — En)(P°\Hop|n)(n|Hop|P°) 
= 2r Ñ` ô(mo — En) a (Po\Hoprin)) (e (a|Hcpr|P%)) 
= 2r X ô(mo — En)(P°|Hopr|n) (n|Hopr|P°) 
= On 2 NC na (P°|Hr|n)| i [e-9 (njHrIP?)] i 
= xyi mo — En) (P? |Hr|n)(n|Hr|P?). 


We conclude that CPT and CP invariance (Hcpr = Hw and Hcp = Hw, 
respectively) imply T11 = I'22, while T invariance (Hr = Hw) does not have 
any consequence for I';;. In a similar way we derive all the results in Table 6.1. 
We discover that CP symmetry is equivalent, in the case of M and I, to the 
simultaneous existence of CPT and T symmetry. 

Since the phase € is arbitrary, and since M and T are Hermitian, the equa- 
tions Mo; = exp(2i)Mj. and Tg; = exp(27€)I12, which follow from either T or 
CP symmetry, are not a constraint when taken separately. They only acquire a 
meaning when taken together. They mean that 


Table 6.1 Effects of the discrete symmetries. 


Symmetry Diagonal elements Off-diagonal elements 
CPT Mii = Mo, rii = T9 no effect 
T no effect Ma = exp(2i€) Myo, T21 = exp(2i£)Li2 


CP Mir = Mo2,T11 =T22 Mai = exp(22€) Mie, Tai = exp(27€)Ti2 
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Im (M6T12) = 0 (6.22) 


or, equivalently, that 
|Ri2| = |Rai| (6.23) 


if either T or CP symmetry hold. 
It is convenient to introduce the real dimensionless T- and CP-violating pa- 
rameter 


— [Rie] ~- |R| 


= 6.24 
|R12| + |R21| ai 
and the complex dimensionless CPT- and CP-violating parameter 
— Ro — Ri 
0 = N (6.25) 


Together with the two complex masses uy and uz, the parameters 6 and 0 may 
be taken to be the seven observables in R. 

Notice that —1 < 6 < +1 by definition. There is however a stronger bound 
on |ô| when 2|Mj.| # |['12|. We define the phase 


w = arg (M6Ir12), (6.26) 
which is manifestly rephasing-invariant—cf. eqn (6.11). Then, 


6 a 2 |Mi2l 12| sin w 


= —— A. 6.27 
From this equation it follows that 
r 
fee aL 
15) < Z Ml 
— |F] 


Thus, || can only reach 1 if |12| = 2 |M12|. 


6.4 The mass eigenstates 


The eigenvalue equation for R yields 


Au = V4Ri2Re1 + (Roe = Ri1)?, (6.29) 


or equivalently 
(Ap)? (1 — 67) =4Ri2Rar. (6.30) 


The eigenvectors of R may be written 
\Pi) = pu|P°) + qu|P°), 
|PL) = px|P°) — q1|P°). 


The signs in front of gy and qz are just a convention, which may differ among 
different authors, or even from one neutral-meson system to another within the 


(6.31) 
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same paper. The normalization conditions are |py|? + lgu? = |pz|? + lq)? = 1. 
The diagonalization of R fixes the ratios 


qu _ Ap(1+8)_— 2Ra 
pu 2Ri. Ap(1—8@)’ 

6.32 
qL = Ap(l 0) = 2Ro1 ( ) 
pL 2Rı2 Ap(1 +8) 


Their magnitudes, |q /pu| and |q /pL|, are measurable. On the other hand, 
their phases do not have any physical significance. Indeed, under independent 
rephasings of the flavour eigenstates, see eqns (6.10), and of the mass eigenstates, 


| Pr) — et8 | Pr), (6 33) 
|Pr) — e" |P}, 


the coefficients get transformed as 

qu > Dagar, 

qr > EOD, (6.34) 
py > eT py, 
PL — elr- pr, 


Therefore, the only relevant phase is that of the ratio 


_ qH /PH 
7 qL/PL Oe) 


We may use eqns (6.32) to show that 


Ipc /at| — qH /PpH| 
= a, 6.36 
ps /acl + lan/pH! en 
g — IH/PH — IL /PL 
qH /PH + qi/PL 
¢-1 
= ——. 6.37 
¢+1 e220 
Hence, CPT is violated to the extent that qy/py differs from qz /pr, while T is 


violated if lpi /qz| Æ Iqu /PH|. NP 
Contrary to what happens with P? and P?, Py and Pr have exponential 
evolution laws with well-defined masses and decay widths. Thus, 


Pa o Payee ete |B), 
|P,(t)) = etHxt! Pr) = e`imLte-Trt/2] py, 


The symbol t always refers to the time measured in the rest frame of the decaying 
particle.!5 From eqns (6.38), 


(6.38) 


15 As we have seen, Py and Py have different masses and, hence, different rest frames. Still, 
in the Wigner—Weisskopf approximation t is the time measured in the rest frame given by the 
common mass mọ from the strong and electromagnetic interactions. 
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\(P°|Px(t))|) = eT #* |(P°|Px)|”, 


[EPa] =e" (EPa, a 


which displays an exponential fall-off in the probabilities to observe a P® ora 
P? identifying Iy as the decay width of Py. Similarly, I'r is the decay width 
of P L- 

The bracket (Py|Pz}) has an ill-defined phase, because the relative phase of 
|Px) and |P,) has not been fixed, see eqns (6.33). But 


\(Pu|Pr)\" = 1+ |gn/pul laL/pL|? — 2Re[(qu/px)(qr/pr)*) 
(1+ lax /pe|?)(1 + lar /pLl?) 
_ 2R? + 2/Rail* — (Ap? — 101°) 
~ 2| Rie]? + 2|Roi|? + |Ap|?(1 + ||?) 
(1+ 6)|1 - 67| - (1 - 6?)(1 — |01?) 


= G+ 82)|1 62) 4 (1 —02)(1 4 OP) oe) 


Therefore, (Py|P_) = 0 if and only if both ô and Im@ vanish. This means that 
CP invariance in mixing (ô = 0 = 0) implies (Py|Pz,) = 0, but the converse is 
not true: (Py|Pz,) may vanish while Reĝ does not, with CP and CPT thus being 
violated. 


6.5 Unitarity 


At any instant t, the state |x(t)) = %1(t)|P°) + we(t)|P°) decays to a state f 
with a probability proportional to 


KATWE? = Wr PFITIPO)? + 2l KITIP? 
+2Re (diss (fITIPMFITIP)* ) . (6.41) 
We assume that the final-state kinematical factors and integrations are already 
incorporated in the definition of T, in such a way that the probability that w 
decays to f between instants t and t + dt is given by |(f|T|w(t))|" dt. Thus, the 
matrix elements of T have dimension square-root of mass. 
Because of the unitarity of the evolution, the norm of the total state vector 


must be conserved. Thus, the decrease in the norm of |~(t)) must be compensated 
by the increases in the norms of all decay products: 


2 d(w(t)|b(t)) 
D Kari) = Ae 


d 
= -— (i? + W2). (6.42) 
Remembering eqn (6.9), we see that, as yı and we are arbitrary, 


Pi = AE WIAR (6.43) 
f 
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Do. = >. ITIP (6.44) 
f 

Tie = $ (SITIP®)* (FIT IP). (6.45) 
f 


Equations (6.43)—(6.45) are the unitarity relations (Bell and Steinberger 1966). 
Notice their similarity with eqn (6.8). 
Let us define 


[T12] 
= i 4 
z s (6.46) 
From the second eqn (6.14) we know that 2r = 11, + T22. Therefore, 
EAP IP] 
A (6.47) 


o Ey (IEITIPO2 + KITIP) 


It follows that z < 1. 

We may derive other unitarity relations, equivalent to the above ones, by 
repeating the reasoning in a slightly different form (Bell and Steinberger 1966). 
We assume that at instant t = 0 the state |y(t)} was equal to xq|PH)+xz|Pr). 
Thus, 


IY(t)}) = xge "**| Pu) + xe 4" |Pr). 
The norm of this state is 


(WOE) = [xrl et + [xr PeT + 2Re [xirxre THA Pa] Pr)] . 


The rate of decrease of the norm at instant t = 0 is 


_ KYE) 


dt = Tulxal? +Talxol? + 2Re[(L — iAm)x{rxz (Pa| Pr)] 


t=0 


This rate of decrease must equal 


SO FIT)? =Y Ixa (FIT Pa) + xz (FIT Pr) 
f f 


2 


Therefore, as yy and xz are arbitrary, 


Po = >> \(f|T|Pa)l? =X Tpu, (6.48) 
f f 
Tr =D ITIP)? = DT se, (6.49) 
f f 
(I —iAm)(Pu|Pr) = >_(f|T|Pi)* (fT Pr). (6.50) 
f 


We have introduced here the partial decay widths of Py and Py to the channel 
f, which we have named [yy and TfL, respectively. 
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Defining 
(f|T|Px) 
Prca a 6.51 
s = OTB CHT IPL) een 
one may write eqn (6.50) as 
(C+ iAm) (Pr|Px) = X yI sul yr et. (6.52) 
f 


From this unitarity relation we derive the Bell-Steinberger (1966) inequalities 


2 
|(PL| Pa)? < (£; virre) [Trak rr) 
~ P +(Am)? 
Tal, - 1— y? 
` (Am)? 1+r?' 


(6.53) 
(6.54) 


This upper bound on the overlap of |P) and |Pz} is called the unitarity bound. 
The overlap is a CP-violating quantity, as we know from the previous section. 
Still, remarkably, it is possible to put an upper bound on it exclusively from the 
knowledge of the non-CP-violating observables x and y. 


6.6 CPT-invariant case 


From now on we shall, unless otherwise explicitly stated, assume CPT not to 
be violated. If CPT is a good symmetry the matrix R, instead of having seven 
real observables, only has five, because 6 vanishes. From eqns (6.32) it is clear 
that, when CPT invariance is assumed, qy/pH = qL/PpL. AS pal + qul? = 
IpL|? + |az|” = 1, we conclude that py and pz then have the same modulus. It 
is convenient to fix the relative phase of |Py) and |P,) in such a way that py 
and pz also have the same phase and are therefore equal. Once this is done, qH 
and qzr become equal too. We thus write simply?® 


|Pir) = p|P°) + q|P°), 


ee (6.55) 
|Pr) = p|P°) — q|P°). 


Equivalently, 


|P?) = z (IPn) + |P:)), 
B (6.56) 
(P9) = z (Pa) PA): 


It is important to stress that, once CPT is violated, this phase convention for 
the relative phase of |P) and |Pz,) becomes ill-defined. When qg /pu # qi/DL, 


16Note that some authors use |Py) = p|P®°) — q|P°) and |Pz) = p|P°) + q|P®) instead of 
eqns (6.55). This is a simple matter of convention, but it leads to formulas that differ from 
ours by q > —q. 
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fixing the phases of py and py, to be equal does not lead to qu and qzr with 
the same phase, and vice versa. Therefore, in the CPT-violating case there is no 
advantage in making any particular phase convention for py /pz or for qy/qz. 

It is important to note that, if we interchange |P) and |P,) in eqns (6.55), 
we have q/p > —q/p, together with Am — —Am and AT —> —AT. Thus, the 
sign of q/p, just as that of AT, acquires a meaning only relative to the sign of 
Am. In this book we choose Am > 0 by convention. 

We have 

Au = Am — LAT — Ryo R21. (6.57) 


The relative signs of V Rız2 and V R21 are chosen so that Am > 0. One derives 
from eqns (6.32) that 


q $ Ap E 2M = ito = [2M yo zy ilio i (6.58) 
Pp 2Miı>2 = il i2 Au 2Mi2 = ilio 


By definition |p|? + |q|? = 1. Notice that q, p, and q/p are not invariant under a 
rephasing of the kets and, therefore, their phases cannot be measured. 

Once we have assumed the phase convention for the relative phase of | Pr) 
and |P) embodied in eqns (6.55), the bracket (Py|Pr) becomes real. Indeed, 
we have, for the T- and CP-violating parameter ô introduced in eqn (6.24), 


ô = |p|? — |q|? = (Pr| Pn). (6.59) 
Thus, 
2 1+6 
|p| = 9? 
| z es (6.60) 
tar oe 


Squaring eqn (6.57) and separating the real and imaginary parts we obtain 


(Am)? — (AT)? = 4|My2/? — Tia)’, (6.61) 


On the other hand, from eqn (6.24), 
2Im (M750 12) 


= : 6.63 
(Am)? F IIi21? ( 
It is easy to invert the system of eqns (6.61)-(6.63) to find 
4(Am)? + 8 (AT)? 
Mo = ae ; 
|Mio| TORTO (6.64) 
a (AT? +48 (Am)? 
[T12 = uA (6.65) 


From eqn (6.65) it follows that |12|" > (AT)? /4. Therefore, 2? > y?. 
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Equations (6.64) and (6.65) may be inverted: 


4|My2|? — 62|T 12/7 


2 _ 
(Am)* = Tae (6.66) 
A\T12|? = 168°| M121? 
A 1 ; 
(Ary? = 1 (6.67) 
It is useful to derive the identities 
q y + iôr 
Ts = r ; 
p EET oe 
q x — iôy 
~My. = r, 6.69 
p ” 1+8) (0:03) 
and 
q  j/l-ò l „~ —u+ið 
p = 1 is F exp (i arg Ty.) Vie (6.70) 
1—d 1+ idu 
= 146 exp (i arg M73) Py rie ore (6.71) 


We have used the quantities z, y, and u defined in eqns (6.15) and (6.16). The 
square roots in eqns (6.70) and (6.71) are positive by definition. Indeed, in de- 
riving those equations we have used the convention that Am is positive. 

From eqn (6.65) we derive 
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z2 +r? Om) 


Therefore, 67 is a monotonically increasing function of z2. The bound z? < 1 
corresponds to the unitarity bound of eqn (6.54), 


1—y? 
67 < 
T 142420 


(6.73) 


Sometimes eqn (6.45) enables us to place a bound on z way beyond z? < 1. If 
this can be done, we obtain from eqn (6.72) a bound on |6| better than the one 
in eqn (6.73). 


6.7 The case of CP conservation 


From Table 6.1 we see that, if CP is conserved, then 


* _ _22 
Mx, = e” Mio, 


, 6.74 
Ph. = eT io. | 


Then, from eqn (6.58), 
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Toas, (6.75) 
p 


The phase € appears in the CP transformation in eqns (6.17). Therefore, CP 
invariance implies 
CP\Pp) = |Pp)}, 


CP|Pr) = +|Pr), 


i.e., |P) = |P) and |P,) = |P). This means that the eigenstates of the 
Hamiltonian are also eigenstates of CP and have opposite eigenvalues. 

The sign in eqns (6.75) and (6.76) must be taken from experiment. Only 
experiment can determine whether the heaviest eigenstate is mainly CP-even 
and the lightest eigenstate is mainly CP-odd, or the opposite situation occurs. 
This applies for each neutral-meson system separately. 


(6.76) 


6.8 The reciprocal basis 


An important consequence of CP conservation is the unitarity of the transfor- 
mation which relates the flavour eigenstates with the mass eigenstates. Indeed, 
when CP is conserved the matrix R, although not Hermitian, commutes with 


its Hermitian conjugate. Matrices R satisfying |R, R'| = 0 are called ‘normal’ 
matrices. It can be shown that 


|R, r'| = 0 & [M,T] = 0 & ô= Im9 = 0 & (Py|PL) = 0. (6.77) 


Moreover, there is a theorem stating that a matrix is normal if and only if it can 
be diagonalized by a unitary transformation. 

Notice that the crucial point is not whether the matrix R is Hermitian or not 
but, rather, whether R commutes with its Hermitian conjugate or not. Indeed, if 
both M and TI are non-zero then R is not Hermitian; still, R can be diagonalized 
by a unitary transformation as long as [M,T] = 0. 

On the other hand, we can see already from eqn (6.40) that |Py) and |Pr) 
are not orthogonal if either 6 4 0 or Im@ Æ 0. This is due to the fact that the 
transformation in eqns (6.31), given by the matrix 


X= Be (6.78) 
qH 4L 
is not unitary. In order to see this, consider for simplicity the CPT-invariant 
case: 
X= (? P | (6.79) 
q —q 
Then, 
1 ô 1+6 0 
I = me 
xix= (39), xxt= (15 bak (6.80) 


where use was made of eqns (6.60). 
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In fact, if R is not normal then it is not diagonalized by a unitary transfor- 
mation X'RX, but rather by a general similarity transformation: 


X "RX = diag (uy, HL). (6.81) 
Here, 
1 
PHqdL t PLH \IH -PH 


is the matrix inverse of X. Since X is not unitary, the left-eigenvectors of R, 
(Py| and (Pz|, are not the Hermitian conjugates of its right-eigenvectors | Py) 
and |Pz,). Indeed, (Py| and (Pz| are obtained from X7!: 

Pal = —— (u P°| + pr POJ): 
Pa PH4L + PLQH (P | ad 


83) 
(an (P| - pu (P|) ? = 


P,| = ———___— 

Fr PHIL + PLQH 
The vectors |P) and |P,) form the ‘reciprocal basis’ (Sachs 1963, 1964; Enz and 
Lewis 1965; see also Alvarez-Gaumé et al. 1998) of the basis given by |Pr) and 
|P,). The reciprocal basis may alternatively be defined through the equations 


(Px|Pt) = (Pr|Px) = i (6.84) 


(P|Px) = (Pi Pry = 


The need for a reciprocal basis is common to all quantum-mechanical problems 
in which the effective Hamiltonian yields a matrix which is not normal—see for 
instance Löwdin (1998). 

Equation (6.81) means that 


R = wy|Px)(Px| + wt|Pt)(Pr| 


[en (27) (an pe) +m ( ) (a -pn) (6.85) 


~ PHQL + PLqH qH —qL 


Moreover, it follows from eqns (6.84) that |Py)(Py| and |P;)(Pz| are projection 
operators, and in particular 


\Pi)(Pr| + |Pr)(Pr| = 1, (6.86) 


i.e., | Pu) (Pal + |P_)({Pr| constitutes a partition of unity, just as |P°)(P°| + 

|P°)(P°|. As a result, the time-evolution operator for the neutral-meson system 
is 

exp (—i Rt) = e7*##" | Py) (Pyl + e7. | Pr) (Pr |. (6.87) 

As an application, let us consider the decay chain i + X{Py,P,}— Xf in 

which an initial state i decays into an intermediate state X Py or X Pr, which 

after a time t decays into the final state X f. The complete amplitude for this 
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process involves the amplitude for the initial decay into X Py or X Pz, the time- 
evolution amplitude for this state, given by eqn (6.87), and finally the amplitude 
for the decay into X f. Suppressing the reference to X, we find 


A (i> Put > f) = (f|T|Pa) e*#** (Pa |T la) + (FIT Pr) e~t (Pr |T i). 
(6.88) 
This is an exact expression. However, sometimes it is possible to choose a final 
state f and to set the experimental conditions in such a way as to maximize the 
importance of i > XPy — Xf relative to i > XP, > Xf. In that case we 
may make the approximation 


A(i > PaL > f) x Ali> Py > f) 
= (f|T|Py) e~*"** (PulTli) 
SATP e E EARN Ti PPT]: 
(6.89) 


where we have used the partition of unity 1 = |P°)(P°| +|P°)(P°| to derive the 
last line. When one uses the approximation in eqn (6.89), one talks about ‘the 
decay i + X Py’,'’ and writes 


A (i > X Py) = (Py|P°) A(i > XP?) + (Py|P°) A(i > XP’) 


1 [p A(i + XP?) +q Ali > XP?)| (6.90) 


where, in the last line, we have assumed the CPT-invariant case: 
(Pal = 4 (PHP + q7 (Pol), 


i o (6.91) 

(Pr| = 3 (p7 (P°] - a P9). 
Therefore, the ratio of the two component amplitudes in eqn (6.90) is given by 
qt /p7} = p/q, and not by q*/p*—as would have been the case if we had used 
(P| instead of (Py|. The difference between q~!/p~! and q* /p* only disappears 
in the limit |q/p| = 1. This will be important in § 33.1.2 where we study the 
decay BY > J/WKs. 


17 Nevertheless, strictly speaking, it is eqn (6.88) which expresses the correct way to think 
about decays into neutral-meson eigenstates (Enz and Lewis 1965; Kayser, private communi- 
cation). The point is that, since CP is violated, there is no final state f that can be obtained 
only from Py and not from Pz. There will always be a non-zero amplitude for the decay 
path i => XP, — Xf. We shall come back to this point when we discuss cascade decays in 
Chapter 34. 
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7.1 The parameters A; 


Consider the decays of P? and P° into a final state f. Phenomenologically, there 


are two independent decay amplitudes,’® 
As = (f|T|P°), 
ty = (ITIP se 


entering in the description of those decays. Physics must be invariant under the 
phase redefinitions in eqns (6.10) and also under 


tye (7). (7.2) 
The phases y, 7, and yy are independent. Under these rephasings, 
Ay > éO) Ay, 
A; — ey) Ag, (7.3) 
E _, ean 
p p 


We see that the quantities which are rephasing-invariant, and therefore have a 
chance to be observable, are the magnitudes 


q z 
4), lash Arh (7.4) 
P 
and the complex parameter 7 
_ 4af 
Af=-—. 7.9 
aF (7.5) 


From the quantities in eqns (7.4) and (7.5) only four real numbers are inde- 
pendent: three moduli and one phase. However, in the following discussion the 
question of independence is not important. 

It is sometimes convenient to use 


À —_ a (7.6) 
Some authors use different definitions for A. We use the notation in eqn (7.6) for 
all decay modes f, avoiding any confusion. 


18We shall implicitly assume the squared amplitudes to incorporate the relevant phase-space 
factors and integrations. Hence, all |A|? have mass dimension. 
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If there were CPT violation in the mixing, we should construct two parame- 
ters Af, namely 


a Dae 
PAT (7.7) 

AL qL Ay 

— pr Af’ 


which are invariant under rephasings of both the flavour and the mass eigenstates. 
Obviously, 
Af qu/DH 
À f qL / PL 
so that A¥ and A¥ are equal in the CPT-invariant case. 
It is also useful to consider the decay amplitudes for the mass eigenstates, 


Ay = (f|T|Px) = py Ay + qu Ay, 


a 7.9 
Ab= (f|T|Pr) = pLAf = qLÅf. ( ) 
Then, the relevant invariant quantities are 
H H 
A aa, (7.10) 


Alternatively, one may use 
m _ 
= =. (7.11) 


The quantities in eqns (7.10) and (7.11) are related through ¢. They are equal 
in the CPT-invariant case. 


7.2 CP-violating observables 
7.2.1 Final states which are not CP eigenstates 


We consider the decays of P? and P’ to f and to the CP-conjugate decay channel 
f. We assume f and f to be distinct. 

If CP is conserved in the mixing, we know from eqns (6.74) and (6.75) that 
there is a phase € such that 


Mh = e? Mio, 


* _ 2i 
12 = € *®T 19, 


(7.12) 
2 
T= erie 
oo 
From eqns (7.12) follows the condition of CP conservation in the mixing: 
: =1¢sinw =0, (7.13) 


as we saw in the previous chapter. 
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CP transforms | ee 
CP|f) = e |f), 
CPF) = e= |f). 
Together with eqn (6.17), this leads to the CP-invariance conditions for the decay 
amplitudes 


(7.14) 


A; = etls) Ag, 
Aadi; 


From eqns (7.15), after elimination of the arbitrary phases € and £p, the condi- 
tions for CP conservation in the decay amplitudes follow: 


|As] = |AjI, 
|As| = |Ay|- 


(7.15) 


(7.16) 


These conditions are just what one would expect: the probabilities of the decays 
of P? to f and of P? to f must be equal. CP-invariance conditions analogous to 
eqns (7.16) also hold in the case of the decays of charged particles, which do not 
mix. 

From eqns (7.15) one derives 


AA; = eS AAs. (7.17) 


We may combine eqn (7.17) with eqns (7.12) and obtain extra conditions for CP 
conservation, involving the phases of combinations of mixing matrix elements 
and decay matrix elements: 


arg (Mz, A; 434745) — 0, (7.18) 
arg (12,4; 4447A5) =A) (7.19) 
BY, I*A 
arg (2 4745.4;45) =U. (7.20) 
In particular, we find that CP conservation implies 
ees (7.21) 
f — AF. . 


The moduli are equal because of eqns (7.13) and (7.16). The phases are equal 
because of eqn (7.20). 


7.2.2 Classification of CP violation 
There may be three different types of CP violation: 
e CP violation in the mixing (this is called by some authors ‘indirect CP 
violation’), when eqn (7.13) does not hold; 


e CP violation in the decay amplitudes (which is usually called ‘direct CP 
violation’), when eqns (7.16) do not hold; 
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e CP violation in a phase mismatch between the mixing parameters and 
the decay amplitudes (we propose to call this ‘interference CP violation’, 
although other authors use different names), when eqn (7.20) does not 
hold. 


Direct CP violation is not specific to systems of neutral mesons. If both direct 
and indirect CP violation are absent, then |A;| = 1/|A;|; still, interference CP 
violation may be present when 


arg A; + arg Az #0. (7.22) 


Since we are free to rephase all kets and bras, CP violation may only arise 
from the clash between two phases, and never from only one phase. Indirect 
CP violation arises from a clash between the phases of Mio and of F12. Direct 
CP violation arises from a clash between the phases of two interfering decay 
amplitudes in the total decay amplitude—see Chapter 5. Interference CP viola- 
tion arises from a clash between the phase of q/p and the phases of the decay 
amplitudes. 

The definition that we adopt for interference CP violation, in eqn (7.22), 
is rather arbitrary. That definition follows from eqn (7.20). However, we might 
just as well have adopted either eqn (7.18) or eqn (7.19) as the definition for 
interference CP conservation. Unfortunately, as soon as there is CP violation in 
the mixing the phases of Mjo, of T12, and of p/q are all different; thus, mixing 
CP violation implies the existence of interference CP violation for at least two 
of the three alternative definitions. 


7.2.3 Final states which are CP eigenstates 


Let us now consider the case of decays to a CP eigenstate, i.e., the case f = f. 
Then, the two eqns (7.16) become identical, i.e., we only have one direct-CP- 
invariance condition: 


[Asl = |AyI. (7.23) 


Equation (7.22) becomes 2argAs # 0. Thus, the condition for the absence of 
interference CP violation is 


Im \7 = 0. (7.24) 


From eqns (7.13), (7.23), and (7.24), we conclude that CP invariance requires 
Ap = 4 (7.25) 
if f is a CP eigenstate. 


7.2.4 Different decay channels 


At this point, we should remember Chapter 5 and note that, if we consider two 
different decay modes f and g (with g # f and g # f), the conditions for 
direct CP invariance involve not only the moduli of the decay amplitudes, they 
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also involve their phases. In particular, CP invariance requires the quantity in 
eqn (5.11) to vanish, and therefore 


Hence, 

AfÀAF = AgAz- (7.27) 
In the case f = f and ĝ = g, eqn (5.14) yields 

Ag = NFNgAF- (7.28) 
If f and g have the same CP-parity As should be equal to Ag; if they have 
opposite CP-parities, then CP conservation implies Af = —A,. In any case, Af 


must be either +1 or —1, as stated in eqn (7.25). 

In the next chapter we shall see that, in the neutral-kaon decays to two pions, 
there is a CP-violating parameter e’ which measures a violation of eqn (7.28), 
in the sense that two parameters À are different when «’ 4 0—see in particular 
eqn (8.89). 


7.3 The superweak theory 


The superweak theory of Wolfenstein (1964) was an attempt at a theoretical 
explanation of the CP violation observed that same year in the neutral-kaon 
system (Christenson et al. 1964). Amazingly, during more than thirty years of 
hard experimental work, that theory seemed to be able to account for all observed 
CP-violating phenomena. The situation was changed by the recent result of the 
KTeV Collaboration, which indicated a non-zero value for e’/e, thus confirming 
an earlier result of the NA31 Collaboration (1993). 

The superweak theory is a purely phenomenological assumption, and it is 
difficult to ground it on a complete gauge theory of the electroweak interactions. 
However, a few gauge models in which CP violation seems to have effective 
superweak features are available in the literature (Lavoura 1994; Bowser-Chao 
et al. 1998; Georgi and Glashow 1998). 

The superweak theory was originally assumed for the neutral-kaon system 
only. We may however extend it to any other neutral-meson system. Indeed, the 
superweak theory may constitute a good gauge to evaluate future observations of 
CP violation in, for instance, the B$9-B? system. Exploratory attempts at such 
a comparison have been done (Winstein 1992; Soares and Wolfenstein 1992; 
Winstein and Wolfenstein 1993). 


7.3.1 Basic assumption 


The basic assumption of the superweak theory for the decays of the P°—P° 
system is the following: there is no CP violation in the decay amplitudes. This 
means that there is a phase € and, for each pair of CP-conjugate final states f and 
f, there is a phase £;, such that the decay amplitudes satisfy eqns (7.15). These 
conditions imply the absence of direct CP violation. In particular, eqns (7.16) 
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follow; also, for any other pair of CP-conjugate decay channels g and g, eqn (7.27) 
holds.?? 
If one considers instead a CP-eigenstate decay channel f, with CP-parity 7,, 
one has is 
Af = oe ee (7.29) 
Thus, if the superweak theory is valid then eqn (7.28) holds. The parameters A 
are equal for the decays into two CP eigenstates with the same CP-parity. This 
means that all interference CP violation is basically identical in the superweak 


theory. 


7.3.2 Tyo 
We recall that, according to eqn (6.45), 


Tio = > ApAs, (7.30) 
f 


where the sum extends over all decay modes f; in particular, tne sum includes 
all pairs of CP-conjugate decay modes. For instance, 


Di2= As As + AAF + Aj Ag + At Ay Hess bes 


From the CP-invariance conditions in eqns (7.15) it follows that 


AfA% = e” A rA. (7.31) 
Therefore, 
[12 = ETAR (7.32) 
We then obtain : E 
Dy Az A} = Dy, AzAyz, (7.33) 


which is valid for any f and f. 


7.3.3 Source of CP violation 


From the previous subsections we gather that there is no direct CP violation in 
the superweak theory. Besides, there is no CP violation from the clash between 
the phase of Ijz2 and the phases of the decay amplitudes. It follows that in the 
superweak theory the only source of CP violation is the clash between the phase 
of Mj. and the phases of the decay amplitudes or, equivalently, of T12. 

The basic and original idea of the superweak theory was that the decay 
amplitudes originate from the weak interaction, which is assumed to be CP- 
conserving. On the other hand, a new, much weaker—‘superweak’— interaction 
is assumed to exist, which only contributes to Mj2. This superweak contribution 
to M2 has a phase mismatch with the decay amplitudes and with T12. 


19 At this juncture it is important to call attention to the fact that some authors use the term 
‘direct CP violation’ to mean any CP-violating effect which disproves the superweak theory. 
For those authors, in particular Winstein and Wolfenstein (1993), direct CP violation exists 
not only when relations such as eqns (7.16) and (7.26) are violated; it exists whenever the 
superweak theory is violated. 
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7.3.4 Other consequences 


Let us consider some other consequences of the superweak theory for the decays 
of the P°-P° system to a CP eigenstate f. From eqns (7.29), (6.70), and (7.32) 
one derives 
1-6 —u+iô 
Ag = 44] — c. 7.34 
f 1 +ô Vu? 4+ 62 ( ) 


Now define 


_ (f|T|Px) 
“t= (FITIPL) 
_ pAs t+qAy 
pAs — As 
oe 1+ Àf 
o l-àÀf 


(7.35) 


Then, from eqn (7.34), 


2Rees — 1—|AgI|° 
1+ les)? 7 1+ A;|? 
ô (7.36) 
Im € 2Im AF 
Ree iat 


| 1 — 82 


If for simplicity we assume that 6 is very small, so that 6? may be neglected, 
then either 
|ô 


les > lt, (7.38) 
or 
2 u? 
les| 7 BVIF (7.39) 


i.e., either Py decays to f much more often than Pz, or vice versa, depending 
on the CP parity of f. In any case, the ratio of one partial decay width to the 
other one is always the same. This is an important prediction of the superweak 
theory. For the phase of ef we have, in the same approximation, 


Imep 1 
x +—. A 
Rees || et) 


Equations (7.38) and (7.40) are well verified in the case of the CP-violating 
parameter € of the two-pion decays of the K°—K® system, as we shall see in the 
next chapter. 
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7.4 Main conclusions 


We have made the following classification for CP violation in neutral-meson 
systems: 

e CP violation in the mixing (indirect CP violation). This occurs whenever 
ô #0, i.e., whenever |q/p| 4 1. Unitarity imposes an upper limit on d—see 
eqn (6.73). This upper limit may be improved through eqn (6.72) if we are 
able to use eqn (6.45) to put a bound on |Ty9]. 

e CP violation in the decay amplitudes (direct CP violation). This occurs 
whenever |A;| 4 |A F|- It is the only type of CP violation possible in the 
case of charged mesons. As shown in Chapter 5, |As| # |A;| requires the 
presence of (at least) two interfering amplitudes with different weak phases 
and different strong phases. 

e CP violation in the interference between the mixing and decay amplitudes 
(interference CP violation). It occurs whenever arg Ay + arg A; # 0. If f is 
a CP eigenstate, this is equivalent to Im Ay # 0. 

When f is a CP eigenstate, CP invariance implies Af = +1. Moreover, if f 
and g are CP eigenstates with CP eigenvalues ns and ng, respectively, then CP 
invariance requires Af = NfNgAqg- 


8 


THE NEUTRAL-KAON SYSTEM 


8.1 Introduction 


The neutral kaons K? and K® are two of the eight members of the octet of light 
spin-0 mesons with negative parity, which also includes the charged kaons K=, 
the pions 7* and 7°, and the n (see Fig. 8.1). The kaons are strange particles, 
the strangeness of K? and of Kt being +1, while that of K® and of K” is —1. 
In the quark model, K? ~ 3d, K? ~ sd, K+ ~ 3u, and K` ~ sū. 

The neutral kaons constitute the only system in which CP violation has been 
observed up to now. Indeed, their mixing makes them an excellent laboratory 
to look for very weak effects, like CP violation and CPT violation (Kostelecký 
1998). The measurement of the tiny mass difference between the long-lived and 
the short-lived neutral kaons is one of the most precise measurements in particle 
physics. 

We discuss in this chapter the specifics of neutral-kaon mixing and decays, 
relying on notation and formulae from Chapters 6 and 7. We assume CPT in- 
variance. 


8.2 Special features 


The neutral-kaon system has two features which distinguish it from other neutral- 
meson systems. 

First feature: the lifetimes of the two eigenstates of mixing are very different. 
As a consequence, it is usual to distinguish the eigenstates of mixing by their 
lifetimes instead of distinguishing them by their masses: Ks is the short-lived 
neutral kaon and Kz is the long-lived neutral kaon. The corresponding masses 


Fic. 8.1. The SU(3) octet of light J” = 07 mesons. 
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and decay widths are given by ws = ms — (7/2) T's and ur = my, — (2/2)T_z, 
respectively. We define 
Am=mrz,-™m™s, 


8.1 
AT = | -— I's. ( ) 
Also, T = (Ts +Tz)/2 as in eqn (6.12). Experimentally, 
TL = = = (5.17 + 0.04) x 1078s, 
"i (8.2) 
rs = = = (8.927 + 0.009) x 10-1, 
S 


while 
Am = (3.491 + 0.009) x 107}? MeV = (5.304 0.014) x 10°? s7}. (8.3) 


We see that Ts œ% 579rz. Therefore, AT % -Is and [ & [s/2. Moreover, 
[I's % 2Am. From the present point of view, the latter approximate equality is 
just a coincidence. Remembering eqns (6.15), we see that in the neutral-kaon 
system xt Y -y hurl. 

By definition, AT < 0. The sign of Am was experimentally determined by 
means of regeneration experiments; it was found that Am > 0, as anticipated in 
eqn (8.3). The average mass of the neutral kaons is 


mK = 497.672 + 0.031 MeV. (8.4) 


Notice that the mass difference Am is fourteen orders of magnitude smaller than 
the average mass. This is a consequence of the fact that Am arises at second 
order in the weak Hamiltonian, which has a typical strength 10~’ that of the 
strong Hamiltonian, responsible for mx. 

As Ky is heavier than Ks, we should identify Py of Chapter 6 with Kz, 
while Pr is Ks. Accordingly, we write 


|Kz) = px|K°) + ax|K°), 


2 (8.5) 
|Ks) = pk|K”) — qK|K°)}, 
or i 
KYS PA (Kr) +|Ks)), 
EON 1 (8.6) 
|K?) = oa (Kz) —|Ks)), 
dK 
with 
> 14+6 
Ipk| = > 
er! (8.7) 
axl == 


Second feature: the kinematically allowed phase space for the two-pion decay 
channels r+ 77 and 7°7° is much larger than the one for any other decay channel. 
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If it were not for CP symmetry, the decays to two pions would be dominant for 
both Ks and Kz. As a matter of fact, the two-pion decays are dominant for Ks, 
but not for Kz. Experimentally, 


BR(Ks —> ntr) = (6.861 + 0.028) x 107?, 
BR (Ks > 1°17?) = (3.139 + 0.028) x 107?, y 
BR (Kr > rtr) = (2.067 + 0.035) x 1073, e 
BR (Kr > 7°x°) = (9.36 + 0.20) x 1074. 
As both the kaons and the pions are spinless, the two-pion state resulting from the 
decay of a neutral kaon is in an s wave. That state then has C = P = CP = +1. 
If CP was conserved Ks and Kz would be eigenstates of CP, one of them with 
eigenvalue +1 and the other one with eigenvalue —1 (remember eqn 6.76). The 
eigenstate with eigenvalue +1 would decay to two pions, the one with eigenvalue 
—1 would not. Thus, the short-lived neutral kaon Ks, which decays predom- 
inantly to two pions, would be the CP-even superposition of |K°) and |K°). 
On the other hand, Kz, being prevented by CP symmetry from decaying to 
the kinematically favoured two-pion states, would automatically have a lifetime 
much longer than that of Ks. 

Small CP violation in the kaon system slightly disturbs this state of affairs. 
The original discovery of CP violation (Christenson et al. 1964) consisted in the 
observation of two-pion decays of Kz. Intrinsically and a priori, Ky is equivalent 
to Ks and there is no CP violation in the fact that Kz by itself alone decays to 
two pions. CP violation rather lies in the fact that both Ks and Kz, which are 
mixtures of two CP-conjugate states, decay to the same CP eigenstate (Sachs 
1987). 

Thus, the dominance of the two-pion decay modes is closely related to the 
large difference between the lifetimes of the two eigenstates of mixing. The 
eigenstate Ks, which is allowed by CP symmetry to decay to the kinemati- 
cally favoured two-pion states, automatically has a much smaller lifetime than 
Kz, which only decays to two pions because of CP violation. 

As CP violation in neutral-kaon mixing is very small, K? and K? are approx- 
imately half Ks and half Kz. This means that the evolution of a neutral-kaon 
beam is characterized by two-pion decays, from the Ks component, at a short 
distance from the production vertex, followed at much larger distances by the 
decays of Kz, given by 


BR (Kz, > n*efve) = (3.878 + 0.027) x 107}, 
BR (Kz, > w*p*v,) = (2.717 + 0.025) x 107}, (8,9) 
BR (Kr > 1°n°n®) = (2.112 + 0.027) x 1071, | 
) 


BR (Kr > ntra?) = (1.256 + 0.020) x 1071. 


8.3 Unitarity bound 
Equations (6.53) and (6.54) read, in the case of neutral kaons, 
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2 


KKs|Ki)P = 8 < ee |2 VERK: > PBR: > | (6.10) 
f 
Tol 
< E (8.11) 


From the experimental values in eqns (8.2) and (8.3), together with eqn (8.11), 
one obtains |6| < 6 x 10~?. This bound indicates that CP violation in neutral- 
kaon mixing is very small. The strength of this bound is a direct consequence of 
ly| © 1. 

A better bound can be obtained if we use eqn (8.10), together with the 
experimential results in eqns (8.8) for the two-pion decay modes, which dominate 
the sum. We obtain 

I| < 3.4 x 107°. (8.12) 


With such a small |6|, and Am and AT being of the same order of magnitude, 
it is reasonable to approximate eqns (6.64) and (6.65) by 


Am x 2|M 
AT & er oe 
From eqn (6.63), and as 
Am x 2|Myo| x -4AF & |r], (8.14) 
we derive 
w = arg (M r12) & T — 26. (8.15) 


The complex numbers Mj. and Iy2 have a phase difference close to m, because 
of eqn (6.62) and (Am)(AT) < 0. 


8.4 Leptonic asymmetry 


The leptonic asymmetries are the clearest signs of CP violation in the neutral- 
kaon system. They are defined by 


(Kr > mln) -T(K, > rli) 


E S a E A E, 
‘= T(K, > nlt) +0 (Ky >rt) 


(8.16) 
where l may be either the electron e or the muon p. If CP is conserved then Kz, 
being a neutral particle with unique mass and decay width, must be an eigenstate 
of CP. If CP is conserved a CP eigenstate must decay with equal probability 
to two states which are CP-conjugates of each other. Therefore, 6; 4 0 is an 
unmistakable signature of CP violation (see § 1.4.4). 

Experiment indicates that ôe and 6, are almost equal: 


6, = (3.27 + 0.12) x 107°. (8.17) 


The equality of 6. and 46, follows from the universality of the weak interaction. 
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One should remember the AS = AQ rule for the decays of strange particles. 
This rule implies that K? decays to m~ I+ but not to t+l~H, while K? decays 
to rtl D but not to m-IT1y: 


(ntl H|T|K°) = (m I*|T|K®) = 0. (8.18) 


Thus, the semileptonic decays tag the flavour of the neutral kaon. Moreover, there 
is only one hadron—the charged pion—in the semileptonic final states n+lF n, 
and therefore no final-state strong interactions may scatter those final states into 
or from other final states; as a consequence, CPT invariance leads to 


(rtn TIK?) = (nt 1-H |T|K°)|. (8.19) 


Then, the leptonic asymmetry measures the difference between the probability 
of finding a K? and the probability of finding a K? in Kz. Therefore, when the 
AS = AQ rule is strictly valid, 


lp |? — |ax|? 
de = 0, = ————_; = 6. 8.20 
= KP + lax? cy 


Notice the closeness between the value of 6 in eqn (8.17) and the unitarity 
bound in eqn (8.12). From the derivation of the unitarity bound in Chapter 6 
we learn what this means: the relevant phases 


(rtr |T|Kt) 
Pi S88 Grrr TKS) a 
(nn *IT Ks) aD 
doo = arg (1° n°|T|Ks)’ 


must be very close to each other. 
We may also define leptonic asymmetries for the semileptonic Ks decays, 


i (Ks + mln) — (Ks — mtl) 


E = mmm mMm 2 
d (Ks — moltu) + (Ks — nt- D) (8 2) 


Their measurement may be possible at a ¢ factory (Buchanan et al. 1992). CPT 
invariance together with the AS = AQ rule predict ô, = ô. 
Violation of the AS = AQ rule is parametrized by 


a (n—I+v,|T|K®) 

l= (nat |T|K°)’ 
_ (ntl a |T|K°)* 
~ (ntl nT K 


(8.23) 


Tl 


As long as final-state interactions in the semileptonic decays may be neglected, 
the right-hand side of eqn (5.27) vanishes. Thus, (CPT)T (CPT) ' =Tt =T 
and therefore (f|T|i) = (fopr|T\icpr)*, where jicpr) =CPT]i) and |fopr) = 
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CPT\|f). Thus, CPT invariance implies z; = zı. The parameter z; is expected to 
be ~ 1077, basically because (1~I+v,|T|K°) and (x+1-i|T|K®) are first-order 
in Hw, while (n~I+|T|K°) and (x+1~|T|K°) are second-order. Experiment 
indicates that z; is of order 107? or smaller. 

The general expression for ô, assuming CPT invariance but allowing for 
violation of the AS = AQ rule, is 


_ [Vaz + Raves = [VR + Via 
|VRi + VRaizi| + |VRa + Vaaa; | 
(|Ri2| + R211) (1 + |z1|2) + 4Re (RiR) 


Thus, 6; must originate in mixing CP violation, |Ri2| 4 |Ro1|, even when the 
AS = AQ rule is violated. 


(8.24) 


8.5 The parameters 7 


We define, for an arbitrary decay channel f, the parameters 


(FITIK 1) 
(fIT|Ks)" 


The factor r is introduced in order to obtain rephasing-invariance. It is largely 
arbitrary, it must satisfy only two conditions. First, it must depend on the phases 
of the kets |Ks}) and |Kz} in such a way as to offset the phase-convention de- 
pendence of the ratio (f|T|Kz)/(f|T|Ks). Only then is the phase f physical. 
Second, in the CPT invariant case, and with the phase convention of eqns (8.5), 
one must have r = 1. Thus, (KK) = (K°lKs) and (K°|K,) = —(K®|Ks) 
must imply r = 1. For instance, Kayser (1996) has suggested 


ny = \ngle'® = (8.25) 


(K°|Ks) 
(K°| Kz) 


T z= 


and Lavoura (1991) has suggested 
_ 2(K°|Ks)(K°|Ks) 
(K°|K1)(K°|K's) — (K°|Ks)(K°|Ky) 


The exact definition of r is immaterial as long as we assume CPT invariance and 
the phase convention in eqns (8.5). It becomes important only when we want 
to study the CPT-violating case. We shall assume r = 1, but we write down r 
explicitly in the definitions of parameters, whenever necessary. 


With r = 1, 
IFL rL BR( BR(K, > f) 
= 2 
Ing] = \I;s \Ts BR(Ks > f) ee 


is directly measurable. 
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If we define, as in eqn (7.5), 


_ aK Af 
bee ED 8.27 
=e (8.27) 
where Ay = (f|T|K°) and A; = (f|T|K®), then 
= 1+ 


The parameters 7 are measured by observing the time dependence of the 
decays of tagged neutral kaons. For instance, if at production time a neutral- 
kaon beam had strangeness +1, we would use 


2 
TIK? (t) > f] = EE fern + Ins] e Ttt + 2\nsle** cos(d; — Amt)] . 
(8.29) 


If at production time the strangeness of the neutral-kaon beam was —1, we would 
use 
2 
PERS) > p= IESE feet 4 yent — 2Ingle™ coss — Amt) 
(8.30) 

The time t is measured in the rest frame of the neutral kaons. Notice the relative 
minus sign between the interference terms in eqns (8.29) and (8.30). The inter- 
ference pattern in those equations, which is displayed in Fig. 8.2, is one of the 
best experimental demostrations of quantum mechanics in the realm of particle 
physics. 

Summing eqns (8.29) and (8.30) over all decay modes f, by means of the 
unitarity eqns (6.48)-(6.50), one obtains 

1 


D E ETN +6) {Tse Tst + Trze" 
f 


e Tt m m sin( Am 
+26 [I cos(Amt) + Amsin(Amt)]}, (8.31) 


DRO > fl = say {Eset + Tae 
f 


2( 
~26e71* [T cos(Amt) + Am sin(Amt)]}. 
The difference between the two decay curves in eqns (8.31) depends only on the 
CP-violating parameter ô. 
For the two main decay channels, rtm and 7°7°, the parameters 7 are 
named ņn+— and noo, respectively. Their measured values are 
Inz—| = (2.285 + 0.019) x 10-3, 
Inoo| = (2.275 + 0.019) x 1073, 
p4- = (43.7 + 0.6)°, 
goo = (43.5 + 1.0)°. 


(8.32) 
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Fic. 8.2. The logarithms of T[K?(t) > f] (dashed line) and of [[K°(t) > f] 
(dashed-dotted line) plotted against the time t measured in units Ts. We 
have used the values of Iz /['s, Am/Ts, and ô in eqns (8.2)—(8.3) and (8.17). 
Also, |ns| = 6/2 and ¢; = 43.49° are the (approximate) values relevant for 
the two-pion decay modes. For an appropriate scaling of the logarithms we 
have taken |(f|T|Ks)|" = 10°. For t < 6rs both curves approximately follow 
the simple exponential decay of Kg; for t > 1875 they both approximate the 
exponential decay of Kz. The interference between Kr > az and Ks > mmr 
is maximal for t ~ 9-15rs, and has opposite sign in the decays of K°(t) and 
of Kt). 


Particularly important are the ratio 


o0 


= 0.9956 + 0.0023 (8.33) 
t= 


and the phase difference 
doo — $+- = (—0.2 + 0.8)°. (8.34) 
If the AS = AQ rule is valid, then n,-)+,, = +1 and Nnti-7, = —1. 


8.6 Regeneration 


This section and the next one consider specific methods for the experimental 
study of the neutral-kaon system, and may be skipped without loss of continuity. 

Suppose that we have a beam of neutral kaons and, after letting it evolve for 
a proper time much longer than ts but much shorter that Tg, we have it inci- 
dent on a thin slab of material, called a regenerator. When it is incident on the 
regenerator, the beam is almost exclusively Kz, because the Ks component has 
decayed away. Inside the regenerator kaons are scattered by strong interaction 
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with the nuclei in the regenerator. The strong interaction distinguishes between 
K? and K®, which have different forward-scattering amplitudes off the regen- 
erator. As a consequence, from the opposite side of the regenerator emerges a 
superposition of K? and K® different from the incident one. Emerging from the 
regenerator we will not have a Kz beam, rather a beam of neutral kaons with a 
regenerated Ks component. 

We may describe the process in the following way. We name (Kr R|T|K,R) 
the amplitude for a Kz incident on the regenerator to emerge as Kz. The ampli- 
tude for the process in which a Kz incident on the regenerator emerges as Ks is 
(KsR|T|K,R). Thus, the neutral-kaon state which emerges from the regenerator 


18 


|K,) = (KsR|T|K,R)|Ks) + (KL RIT|KLR)|Kr). (8.35) 


We now observe the decays of K, to the channel f as a function of the proper 
time t, measured with the initial time being the instant at which the kaon beam 
emerges from the regenerator. We get 


T [K,(t) > f] = \(fIT|Ks)|" |(KsRIT|KLR)|? 
x lent! + us| ee! + 2 Jus] eT cos (07 — Amt)] , (8.36) 


where 


us = lulet? = (Kr, R|T|K LR) (f|T|Kr) l 
(KsR|T|KLR} (fIT|Ks) 
Notice that vy is a rephasing-invariant quantity, and therefore its phase 0 is 
measurable. 
Regeneration is a way of measuring the parameters 7s whenever we are able 
to make a reliable theoretical computation of (K,R|T|K,R)/(KsR|T|K,R), so 
that we are able to extract ns from vf. 


(8.37) 


8.7 Correlated decays 


We consider in this section the decays of K°K° pairs in an antisymmetric cor- 
related state. This is important because such correlated states will be copiously 
produced in the upcoming ¢ factories, in particular at DA®NE. The resonance 
¢ has spin 1, and upon its decay the resulting K°K® pair is in a p wave. This 
correlated state is C- and P-odd and is written, in the rest frame of the decaying 


$, 


197) = J, [IK° (E) @ [K(-F)) - (K7) @ |K°(-F))| 


1 7 a 5 ž 
syp Ks®) @ IKx(-#) - K1) @ |Ks(-0)| . (8.38) 


Notice the absence of |Kz(k)} 9 |Kr(—k)}) and |K5(k)) @|Ks(—k)) components. 
This is because the p wave is antisymmetric, and two identical bosons in an 
antisymmetric state would violate Bose symmetry. This fact holds not only for 
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the initial instant at which ¢ decays into a kaon pair, but also for any later time, 
even after the neutral kaons have oscillated back and forth into each other. The 
antisymmetry of the wave function is preserved by the linearity of the oscillation. 
This holds even when CPT is violated in the mixing. 

Let the kaon with momentum k decay to the state f at time tı and the kaon 
with momentum —k decay at time tə to the state g. The density of probability 
for this decay is 


(FIT |Ks)(gIT|Ks) |" fIng[2eP ets Pst 
2(1 — ô?) 
+|ng|?e ts tet = QInpngle Tt») cos [Am(te — tı) + bf — A . (8.39) 


KF, t1; 9, t2|T|o— | = 


If f and g are eigenstates of CP with the same CP-parity, this decay is forbidden 
by CP symmetry. Indeed, in that case the eigenstates of mass would coincide with 
the eigenstates of CP; Ks would have CP=+1 and Kz would have CP= —-1. 
Equation (8.38) tells us that, if in one side of the detector we have Kg, in the 
opposite side of the detector we must have Kz. Thus, the occurrence of two final 
CP eigenstates with the same CP-parity in both sides of the detector is forbidden 
by CP symmetry. 

Suppose that experimentally we do not observe t2. Then, it is adequate to 
integrate eqn (8.39) from t2 = 0 to tg = oo and obtain a distribution dependent 
only on tı: 


KfIT|Ks)(gIT|Ks)|” | Ing? Tits Ingl? e-Tst 
(F, ti; gIT|o~ T= = fen i ET ' 


e- Tti 
2n fn | -= VETE Cos ( 


where $s, = arctan(Am/T) = 43.39°. If we do not observe tı either, we obtain 
the probability for the decays to f and g to occur at any time: 


KfIT|Ks)(gITIKs)|" | Inl? + ng?  2Re (nsn) 
207(1 — 67) 1 — y? 1+ x2 


—Amt, T Qf = Py + 9] , (8.40) 


(fs gIT 167)” = | (8.41) 


Summing this expression over all decay channels f and g we obtain 1 as we 
should, after using the unitarity relations. 

We may also sum eqn (8.40) over all decay channels g and obtain the time 
distribution of the decays of the meson with momentum K to the channel f: 


KAIT|Ks)|" 


2(1 — ô?) 
x [eT S$ + inp eT — 26|ngle T" cos(oy — Amt,)] .(8.42) 


K(f tTI = 


This distribution is the average of those in eqns (8.29) and (8.30). This is because 
at t = 0 the probabilities of having a K? or a K® with momentum K are equal. 
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Fic. 8.3. The decay curve in eqn (8.42). The notation and the values used are 
the same as for drawing Fig. 8.2. 


The interference term is suppressed by 6 and is therefore very small (see Fig. 8.3). 


We may also consider the situation in which only the relative time At = tı —t2 
is measured, while tı + t2 remains unobserved. Then, we have to integrate the 
expression in eqn (8.39) over tı + t2 from |At| to +00, obtaining the probability 
distribution 


K(fIT|Ks)(glIT|Ks)|° 
aE (1 — 82) 


—2inyngle~!A4| cos (bs — by — Am|At\)] , (8.43) 


—;\ 12 = E 
(F; 9; At|T|O~)|° = [Inse Pelt + jp |2e7Ts1Atl 


valid for At > 0. For At < 0 we must use eqn (8.43) with f and g interchanged. 
An interesting particular case is f = g. In that case the distribution in 
eqn (8.43) becomes symmetric in At: 


2 
SEs oe [e-Fsiaul + e Tr lAtl 
~2e7F Atl cos (Am|At))| | (8.44) 


fs f:AtlTI¢-)| = 


This distribution allows, with any decay channel f, measurements of I's, Iz, 
and [Am]. It vanishes at At = 0 as a result of Bose symmetry: the original state 
being antisymmetric, it cannot yield two simultaneous identical bosonic states 
f: 

All the above decay distributions provide various possibilities for the mea- 
surement of the mixing and CP-violation parameters in the K°-K° system at a ¢ 
factory, depending on the decay channels and time distributions used (Buchanan 
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et al. 1992). Some of the phenomenological formulas in this section are still valid 
in the case of CPT violation in neutral-kaon mixing, because they depend cru- 
cially on the antisymmetry of the original state ¢~, not on the assumption of 
CPT invariance. 


8.8 Two-pion decays 
8.8.1 Parametrization 


Both the. kaons and the pions are spinless particles. Therefore, when a neutral 
kaon decays to two pions, the latter must be in a state of zero angular momentum. 
The pions are bosons, therefore their total wave function must be symmetric. 
Being in a state of zero angular momentum, their isospin state must be even. 
Thus, the state (2r, I = 1| = ((ata7-| — (t~1*|) /V/2 must be discarded. The 
symmetric combination ((a+a-| + (a-a+|) /V/2 may then be simply denoted 
(ntr |. The isospin decomposition of the two-pion states is 


aE = f3(2n,T = 2| + Vf 2(2n,1 = Ol; 
(n°n®| = 4/2 (2m, 1 = 2| — /4(an,I =0), 


On.) =0| = 2t] = J Err (8.46) 


(27h 2 | Jf Mata| + 3 (nn). 


We shall denote the state (27, I = 0| by (0|, and the state (27, J = 2| by (2|. 

It is important to call the reader’s attention to the normalization of the two- 
pion states that we are using. Namely, we are considering that the two neutral 
pions in (7°7°| are identical particles, and the 7+ and m7 in (ntr | are identical 
particles too. Thus, for instance, we compute 


(8.45) 


or equivalently 


2 


= 1 4m2 
T (Ks > n'r ) = 300m l1- ae žek) F £(0|T|Ks) , (8.47) 
00 l mi| h 1 l 
K 


Some authors use a normalization in which the matrix elements are v2 times 
smaller than ours. This is because they want to compute I (Ks > ntr") taking 
a+ and x~ to be distinguishable particles, while computing I (Ks > 7°7?) with 
identical neutral pions. They write 


2 


1 Am? 
db , (8.49) 


[ (Ks > a'r) = iene 1 — me, 


J 3(2IT|Ks) + + 2(0|T|Ks) 
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1 4m? 
IT (Ks > 0,0) = —— y 
RTA) 327m K \ mi, 


Notice the difference between the denominators (16mmx) in eqn (8.49) and 
(327m x) in eqn (8.50). We use for the main amplitude (0|T|K°) the value 


(O/T |K°)| = 4.71 x 1074 MeV, (8.51) 


2 


2. (2|T|Ks) — \/2(0\T|Ks)| . (8.50) 


while authors using the other normalization give |(O|T|K a = 3.33 x 10-4 MeV. 

We must take into account the |AJ| = 1/2 rule for kaon decays. The kaons 
have isospin 1/2, and that rule tells us that they decay predominantly to (0|, not 
so much to (2]. It is convenient to normalize the four relevant decay amplitudes 
by the largest of them, which is (0|T|Ks). We thus define (Chau 1983) 


(2|T| Ks) 


= (OlT|Ks)’ om 
= OE 

= OT |Ks)” oy 
_ (2|7 Kx) | 

= @IT|Ks) on 


Both w and €2 violate the |AJ| = 1/2 rule. Both € and € violate CP. Notice 
that € is the parameter 7 for the decay to 27, J = 0—cf. eqns (8.25) and (8.53). 
However, as this two-pion state is not experimentally observed, rather it is a 
theoretical concoction, we use the notation ‘e’ instead of, say, ‘no’. 


Instead of €2 it is convenient to use a different parameter, which also violates 
both CP and the |AJ| = 1/2 rule: 


ın E&W _ RITIKA (O/T K's) — O|T|K1)(2|1|Ks) | 
v2 V2(0|T|Ks)? | 


We find that e’ 4 0 represents direct CP violation, i.e., CP violation in the decay 
amplitudes. Indeed, the two-pion states have CP=+1. And 


(2|T|K1)(0|T|Ks) — (O|T|K x) (2|T|Ks) x (2|T|K°)(0|T|K°) — (2|T|K°) (O|T|K°) 


(ga) 
Ii 


(8.55) 


is a directly CP-violating quantity, as we have seen in eqn (5.24). 
From eqns (8.45) we find 


1 


€ 
E E ne 
a L+w/V/2 


mete’, 
9e! (8.56) 
m A —— 
noo i_ Jaw 
we — 2. 


We have used |w| < 1, which is a consequence of the |AJ| = 1/2 rule. (We shall 
compute w explicitly soon.) 
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Equations (8.53) and (8.55) constitute a ‘theoretical’ definition of € and €’. 
They have the advantage of an easy theoretical interpretation. Some authors 
however prefer an ‘experimental’ definition of those parameters, which directly 
connects them to the measured quantities n,— and noo. They define 

_ 2n+— + Noo 
c = rr i; 
3 
| — Tt- = Too 
5 


(8.57) 


The ‘theoretical’ and ‘experimental’ definitions yield parameters «€ and e’ which 
differ only slightly. Indeed, eqns (8.56) lead to eqns (8.57) when |w| < 1. 
From eqns (8.56) or (8.57) it follows that 


100 = 1 — 2e'/e 
N+— 7 1+e'/e 


l 


x1 3-, (8.58) 


where we have anticipated that |e’| < |e]. On the other hand, we shall soon see 
that e'/e is predicted to be approximately real. Therefore, 


2 
7]00 


w1—6-. 8.59 
a (8.59) 


€ 


It is in this context that the experimental result in eqn (8.33) becomes important. 
It displays a two standard deviation of e'/e from zero. In any case, it is clear that 
e'/e is at most ~ 1073. A large experimental effort is being continually invested 
in the experimental determination of 


* BR(K, > 7°n°)BR(Ks > t*r”) 


noo 
= BR(Ks > 7°r°)BR(K, > rtr)’ 


8.60 
T (8.60) 


in the hope of achieving a better determination of e’/e. 


8.8.2 w and possible AI = 5/2 transitions 


In this subsection, which some readers may prefer to skip, we make a detour and 
investigate how the value of w is determined from experiment. From eqns (8.47) 
and (8.48), and from the definition of w in eqn (8.52), we derive 


V2 At) 
1— J Qu 
The factor 0.985 accounts for two breakings of isospin symmetry: the different 


masses of the neutral and charged pions, and the Coulomb interaction in the 
final state rtr. Assuming w to be small, we have 


2 


I (Ks > rtr?) (8.61) 


T (Ks > qo) TS 
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IT (Ks > rtr) 


T (Ks 2 a0) x 1.97 (1 + 3V/2Re w) : (8.62) 


From the experimental data in eqns (8.8) we obtain 
Rew © 0.026. (8.63) 


In order to compute |w| we must compare the rate of Ks — 27 with the 
one of K+ — ntr?. For this purpose we first use isospin symmetry to relate 
(2)T|K°) and (xtn°|T|K*). The initial states K° and Kt form a doublet of 
isospin. The final states 27, I = 2 and ttz? are components of a quintuplet of 
isospin. The transition matrix effecting the transition between an initial J = 1/2 
and a final I = 2 state must be the sum of a AI = 3/2 part and a AJ = 5/2 
part, which we denote T(3/2) and T(5/2), respectively. Thus, 


(2|T|K®) = (2|TS/)|K®) + (2|78/)|K®), 


(8.64) 
(rtm TIK+) = (nt |TOAKT) + (ata TKH). 


In order to parametrize the relative strength of T/2) and T/2), we introduce 


GEC’) 


e= ATED 


(8.65) 


Working out the Clebsch-Gordan coefficients, we find 
(rtn T/D K+) = 4/3 (276/91), 
(8.66) 
(ntr? T/K +) = — 1/2 (aT 6/9). 


Therefore, 
(rt nO ITIK) = 3 2TEPK) — y 32T.) 


= (V3 = Vie) (2|\T 8/2) K?) 
3 — 2a 
= ——————— (2/T|K"). 8.67 
ea ne) (8.67) 
Now, from the first eqn (8.6), and from eqns (8.52)—(8.55), we have 


wb V2 4 ee 
BITIK?) = HS irik). (8.68) 


Therefore, 


3— 2a 
l+a 


: Jw EVIE ae ew! 
12 (1 + ô) |w]? 


2 
atm ITIK*)|? = (2ITIKs)|? 
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9 — 12Rea 1 2 
ee OT 

1+2Rea Date I Ks) 
x~ 3 (1 — Rea) |(2|T|Ks)? . (8.69) 


We have anticipated here the small values of a and of w, and also used the 
experimental facts that e ~ 1073, e' ~ 107, and 6 ~ 1073 are all small. 
From eqn (8.69) we derive 


(Kt >rt) os (1 — Rea) o KATIK 
T (Ks >27) 4 : (O|T|Ks)|° + |(2|T Ks) |” 
3 (1 — 2Rea) |u|’. (8.70) 


2 


Inserting the experimental values in the left-hand side of eqn (8.70), one gets 
|u| = 0.045 (1 + 2Rea). (8.71) 


As we shall see later in this chapter, theoretically one predicts the phase of 
w to be close to —7/4. Let us assume this theoretical prediction to be correct. 
Then, from eqns (8.63) and (8.71), one obtains 


Rea x —0.11. (8.72) 
We have thus proved the self-consistency of our assumption that a is small. 


8.8.3 Decay amplitudes 


Let us consider the decay amplitudes 


Tout |T|K°) = Aye", 

outl ui ni e (8.73) 
(onl EIKI EAren 

for I = 0 and I = 2. We have explicitly factored out the phases 6;, which are 

the final-state-interaction (strong-interaction) phase shifts of the two-pion states 

with definite isospin, defined by 


ine Hony: (8.74) 


These strong-interaction phase shifts depend on the angular momentum and 
on the energy of the two-pion system in its centre-of-momentum frame. The 
relevant 6; are for an energy equal to mx and for zero angular momentum. The 
experimental result is 

ô> — ôo = (—41.4+8.1)°. (8.75) 


In this treatment of the FSI, only the strong interaction is taken into ac- 
count, while the final-state electromagnetic interaction is neglected. The states 
(0| and (2| are eigenstates of the strong interaction, but they are mixed by the 
electromagnetic interaction, which does not conserve isospin. 


100 THE NEUTRAL-KAON SYSTEM 


Let us consider the consequences of CPT for A; and År. CPT transforms 


CPT|K®) = e”|K°), 
CPT|K®) = e”|K°), 
CPT |Oout) = e'*|0in), 
CPT |2out) = e*|2in). 


(8.76) 


The CPT-transformation phases for the |0) and |2) states are equal because we 
do not want CPT to mix |rtz7—) with |r°7r°), as would otherwise happen. CPT 
invariance of the transition matrix implies 


Are! = (Iput|T|K°) 
= (CPT (Iout)|T|CPT(K”))* 
= (Iin|T|K°)* ex”) 
= (Tout|T |K)* et r +251) 
= A*eilx—v tor), 


Therefore, CPT symmetry implies 


Ao = Ateto-) 


Ao = Aree, (8.77) 


The phases x and v are unphysical and meaningless. However, the following 
equations are physically meaningful, because they are x- and v-independent: 


|Ao| = |Ao|, 
|42| = |42|, 
A* Ay = Ap As, 
Ap Ax = Az At. 


(8.78) 


These are the consequences of CPT invariance. 


8.8.4 € 


We define the parameters » for the decays of the neutral kaons to two pions 
either with isospin zero or with isospin two: 


qK Ar 
= = —, 8.79 
pK Ar ( ) 
Then, 
E 1 + ào 
eRT = (8.80) 


as in eqn (8.28). If CP was conserved then Ag would be —1 and e would vanish. 
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Because of the first eqn (8.78), 


1—o , 
do = 4/ ——e* 
j 14O ”’ (3:81) 


where 0 = arg ào. Then, from eqn (8.80) we may derive 


2Ree pe 1- lAo]? E 


= = 8.82 
1+ |e? IF ol? 192) 
and > 
I TE 
ae oe aie: (8.83) 


Ree ô 
It is clear that €e may be non-zero because of either CP violation in mixing 
(ô £ 0) or interference CP violation (sin 0 Æ 0).2° Thus, € contains no direct CP 
violation, but it may originate either in mixing or interference CP violation. 
We now define f 
Ç= arg(T 124049), (8.84) 
which we shall use together with w = arg (MT1ı2). From eqn (6.70) we have as 
x > 0, 
6+¢ = arg Ga = arg (—u + iô). 
PK 


As a consequence, from eqn (8.83), 


I | 1— ô? j 
Aes a PES (coss + as | ` (8.85) 


All the above equations are exact. 


8.8.4.1 A note on phase conventions From eqn (8.80) it follows that, in a 
phase convention in which Ag = Ao, qg /pK = (€ — 1)/(e + 1). In such a phase 
convention we may write 


5 l+e 
= ea 
\/2(1 + |el? 
ace, (8.86) 
1K = -A 
21+ lel?) 
Alternatively, in the phase convention Ag = — Ao, 
l+e 


Pe J+ EP) ais 


KO VFA 


Both eqns (8.86) and eqns (8.87) are used by many authors. It must be empha- 
sized that the phase conventions Ao = +Ag do not exhaust the freedom that 


20When 6 = 0, e = isin 0/(1 — cos) must originate in sin 0 Æ 0. 
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one has in rephasing the kaon kets; indeed, we may rephase both |K?) and |K°) 
at will, which means that there are two rephasing degrees of freedom, while 
only one rephasing is needed in order to achieve either Ag = Ao or Ap = — Ao. 
It must also be emphasized that these phase conventions have nothing to do 
with what is called ‘a phase convention for the CP transformation’, like fixing 
CP|K°) = |K?) or CP|K°) = —|K®). Indeed, such ‘conventions’ convey a wrong 
idea about the meaning of CP symmetry. The free phase £x in the CP transfor- 
mation CP|K°) = exp (ix) |K?) is not to be fixed by any convention, rather it 
is a phase that must be kept free in an effort to find a phenomenology which is 
CP invariant. CP invariance exists if there is any phase €x such that the phe- 
nomenology turns out to be invariant under that transformation; £x should not 
be restricted by assuming a priori that exp (ix) must be either +1 or —1. 


8.8.5 e andw 


For e’ and w we derive 


i669) PKA2 — IK A2 _ iða) A2 1- A2 
w= e ee — A, 8.88 
pK Ao — qK Ao Ao 1— ào One 
and 
es ils do) 22K IK (A2Ao — Aa Ao) = /A¢ei(52—-60) Az A2— Ao (8.89) 


V2 (pK Ao = ax Ao)” Ao (1- Ao)” 
Direct CP violation in ¢' lies in the difference between Az and Apo, cf. eqn (7.28). 


8.8.6 Approximations: € 


We now recall eqn (7.30). The main decay channel is |27, Z = 0). This is over- 
whelmingly dominant, therefore 


lio ~ Aj Ao. (8.90) 


This is the crucial approximation in the analysis of the two-pion decays of the 
neutral kaons. It leads to ¢ = 0. Indeed, one may show (Lavoura 1992a) that the 
present experimental data are already good enough to exclude |c| > 5 x 107°. 
This is important, because ¢ must be much smaller than 6 if we want to neglect 
the second term in the right-hand side of eqn (8.85). 

Equation (8.90) effectively reduces interference CP violation in the 27, J = 0 
channel to mixing CP violation. Indeed, when ç = 0, the phases of A Ag and 
of I'y2 are equal, and the only independent phase to cause CP violation is w = 
arg (M7f,Ti2). This is the reason why many authors talk about € representing 
mixing CP violation in the kaon system. In all rigour, € arises from both mixing 
CP violation and interference CP violation, but eqn (8.90) reduces the latter to 
the former. 

Let us then assume ¢ = 0. From eqn (8.85) we get the important prediction 
arge ~ sw, where 
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1 
dsw = arctan E ~ 43.49° (8.91) 
is the so-called ‘superweak phase’. Taking into account eqn (8.82), we find 
ô . 
AJ in /4 
EX err 8.92 
v2 a 


Equations (8.91) and (8.92) agree with the predictions of the superweak theory 
in eqns (7.40) and (7.38), respectively. 


Now, E 
wW = arg (M I12) x — arg(Mı2 A040), (8.93) 
because of eqn (8.90). Therefore, 
: Im(Mj_.Ao At) 
sin w x ———~———___—-, 8.94 
|M12A0Ao| oe) 
But, from eqn (8.15), we find . 
E ae (8.95) 
Therefore, E 
Im (My. 404% 
§ my T (Miro ds) (8.96) 
(Am) | Ao Ao| 
The value given by the Particle Data Group (1996) is 
€ = (2.280 + 0.013) x 1073e*/4. (8.97) 


this is a fit using eqns (8.32) and the first eqn (8.57). Comparing eqns (8.92) and 
(8.97), one has 


= Im (M12Ao AS) 


3.2924 +0:018) x 10-7 3S — 
l ) (Am) |AoAo| 


(8.98) 


Equation (8.98) is the starting point for the theoretical fits of |e| or, equivalently, 
of 0. 


8.8.7 Approzimations: € and w 


As |e| is very small, we may approximate 


Net. (8.99) 
Then, 7 
Ap Ay. Æ 
Ag = Ao = & l 
Ay A As? (S100) 


where we have used eqns (8.78). With these approximations, we get 


l A A 1 
me pilOo=0o) foe 2 oe aera 
= a (2 Ao v) Tr 
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x eil62—50) Re 82. (8.101) 
Ao 
A A 1 
é! = J 2et(52—40) (a = =e x ) eles 
Ao Ao (Doe) 
i i(62—50)] A2 

—e —., 8.102 
2 " Ao ( ) 


8.8.8 Conclusions 


The phenomenological scheme includes two important approximations: 

1. u = —AT/ (2Am) x 1; 

2p 12 ~ Aj Ao. 
Approximation 1 is an experimental fact which, from the point of view of present 
theoretical knowledge, is just a coincidence—although a very useful one. Approx- 
imation 2 basically follows from the |AJ| = 1/2 rule. In practice, its important 
consequence is that the phase ¢ in eqn (8.84) is extremely close to zero. 

Based on these approximations, the phenomenological scheme makes four 
predictions: 


1. The values of € and of 6 are related by eqn (8.82); 

2. The phase of € is equal to the superweak phase; 

3. Assuming Im (A2/Ao) > 0, the phase of e’ is 2 — 69 + 17/2 & 17/4; 

4. Assuming Re(A2/Ao) > 0, the phase of w is 62 — ĝo & —7/4. 
Predictions 1 and 2 are well verified experimentally. We do not yet have enough 
experimental information on the phases of e' and w, but there is no reason to 
suspect that predictions 3 and 4 do not hold, especially when we take into account 
the possible existence of AJ = 5/2 transitions. Deviations from the predictions 
1-4 might signal CPT violation (Barmin et al. 1984; Lavoura 1991). 
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HEAVY NEUTRAL-MESON SYSTEMS 


9.1 Introduction 


In this chapter we derive some theoretical formulas needed in the study of the 
heavy-neutral-meson systems D?-D?, B?-B?, and B?-B?. Their quark contents 
are D? = cti, B? = bd, and B? = bs. We denote a generic heavy neutral meson 
by P?. We denote by Q the heavy quark (or antiquark) and by q the light quark 
(or antiquark). 

Much of the interest in B decays had its origin in the seminal articles by 
Carter and Sanda (1980, 1981) and by Bigi and Sanda (1981, 1987). In writing 
some of the sections in this chapter we have also profited from the reviews by 
Fridman (1988), Dunietz (1994), and Xing (1996). 

The formulas that we shall be deriving can also be applied to the neutral-kaon 
system. However, in that case it is more convenient to write the decay rates in 
terms of the decay amplitudes of the mass eigenstates, (f|T|Ks) and (f|T|Kz), 
as we have done in the previous chapter. In the heavy-neutral-meson systems 
one uses the decay amplitudes of the flavour eigenstates, Ay = (f|T|P°) and 
Aş = (f|T|P°). o 

Many experiments on the heavy P°-—P® systems involve determining the 
flavour of a neutral meson at its production time and/or when it decays. The 
flavour of the meson at the time of decay may be found by looking for flavour- 
specific decays. Analogously to the kaon decays into m+I*1, these are decays 
into final states which can be reached either from P? but not from P°, or the 
other way round. For example, B9 has a probability of around 10% of decaying 
semileptonically into a positively charged lepton (It = et or ut), a neutrino 
vı and hadrons, through the quark subprocess b — a+. Similarly, B? may 
decay semileptonically, through b > cl~, yielding a negatively charged lepton. 
In general, the charge of the lepton in the final state has the same sign as the 
charge of the decaying heavy quark. This is the AB = AQ rule for semileptonic 
B decays, analogous to the AS = AQ rule of kaon decays in § 8.4. Just as in the 
kaon case, this rule is expected to be almost exact in the standard model (SM) 
and in most of its extensions, and it is assumed in most experimental analysis of 
B decays.?! 

The determination of the initial flavour of a neutral meson is usually called 
‘tagging’ and is done using the rule of associated production. The production 
of the mesons is dominated either by the strong interaction, as in pø collisions, 


21 The impact of possible AB = —AQ amplitudes has been extensively discussed by Dass 
and Sarma (1994, 1996a,)). 
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or by the electromagnetic interaction, as in the process ete” > ọ > K Ko 
and in the analogous process ete~ + Y(4S) —> BY B9. Both the strong and the 
electromagnetic interactions conserve flavour and, therefore, a quark Q is always 
produced in association with its antiquark Q. Thus, the reasoning behind the 
tagging strategy is: if we detect a quark Q in one side of the detector, we know 
that the quark in the opposite side must be Q. This strategy can only work when 
a charged meson containing the quark Q (or the antiquark Q) is observed in one 
side of the detector. We then know that the neutral meson in the opposite side 
had the corresponding antiquark Q (or quark Q) at production time. Indeed, 
while charged mesons do not oscillate, neutral mesons do. The tagging of the 
neutral meson is performed by identifying the flavour of the charged meson it 
was produced together with, through the decay of the latter. For instance, this 
is done at LEP when states such as BJB- Xt are produced, where X* is a 
collection of particles with total charge +1. An analogous strategy was followed 
by the CPLEAR Collaboration, who used the processes pp > K°K-nxt and 
pp — K? K+r- for kaon production, and tagged the neutral kaons by the charged 
kaon they were produced together with. 

On the other hand, when two neutral mesons are produced in the strong or 
electromagnetic process, both of them oscillate. Detecting a flavour-specific final 
state in one side of the detector informs us about the flavour of that meson at 
its decay time, but not about its flavour at production time. 

Therefore, one must consider four classes of initial conditions (Bigi and Sanda 
1981, 1987): 


A) When a charged meson is produced in association with its antimeson, there 
is no mixing. Then, all we can have is direct CP violation. 


B) When a charged meson is produced in association with a neutral meson, the 
decay of the charged meson tags the initial flavour of the neutral one. (One 
may also have the neutral meson produced in association with a baryon.) 
We then have a single tagged neutral meson. The decay-rate formulas rel- 
evant for this case are derived in § 9.2. Those formulas are applied in the 
ensuing sections to show how tagged decays can be used to extract infor- 
mation about mixing and CP violation. 


C) When two neutral mesons, P? and P°, are produced, identifying the flavour 
of one of them at decay time does not identify the initial flavour of the 
other one. Three different cases may then be considered: 


1. The two neutral mesons are produced through an intermediate QQ 
resonance with odd orbital angular momentum. The mesons then ap- 
pear in a correlated, antisymmetric wave function, cf. § 8.7. This is 
the case for the B9-B9 pair produced from the decay of the Y(4S). 
Antisymmetry of the wave function ensures that the dependence on 
the time difference t_ = tı — tə between the times tı and te of the 
decays of the two mesons, is the same as the time dependence of a 
single tagged neutral meson. (We show this explicitly in § 9.8.1.) This 
is the reason why one often disregards the correlated nature of the 
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meson production and discusses instead tagged, single-meson decay 
rates, in the context of B-physics experiments at the Y(4S). 

2. The two neutral mesons are produced through an intermediate QQ 
resonance with even angular momentum. The wave function is sym- 
metric. This is the case for the B°-B® pair produced from the decay 
of the Y(5S). The formulas relevant for this case are derived in § 9.7 
together with the ones relevant for case 1. 

3. The two neutral mesons are uncorrelated. This situation occurs, for 
instance, at LEP. Usually, one integrates over the time t of the tag- 
ging decay, obtaining a formula for the time evolution tı of the meson 
in the opposite side of the detector. The corresponding formulas are 
derived in § 9.9. 


Measurements of mixing and CP violation using the decays of two corre- 
lated or uncorrelated neutral mesons are discussed in § 9.10. 


D) The two heavy neutral mesons produced may not be each other’s antiparticle. 
For instance, we could produce B® together with B9 and a set of particles 


with total strangeness S = +1. Now, although B? and B® cannot interfere 
along their respective evolutions, they can mix with their corresponding 
antiparticles. As in the previous case, identifying the flavour of one meson 
at decay time does not identify the initial flavour of the other meson. 
We shall mention this case only briefly, in connection with uncorrelated 
neutral-meson production, as at LEP. We refer the reader to the work by 
Bigi and Sanda (1981, 1987). 


9.2 Tagged decays 


In this section we assume that the initial flavour of the meson has been tagged, 
for instance, by the decay of an associated charged meson. We consider the time- 
dependent decay rates of P° and P°. 

Suppose that a P? (P?) is created at time t = 0, and denote by P°(t) (P°(t)) 
the state that it evolves into after a time t, measured in its rest frame. To find 
out the time evolution we use eqns (6.56), (6.38), and (6.55) to obtain 


where 
GO) ae ee (9.2) 
Care must be exercised when comparing apparently similar formulas from differ- 


ent authors, since extra minus signs sometimes appear in the definition of g- (t), 
as well as in the definitions of AT and of q. 
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The following formulas are useful: 


l+ = i err +e Trt + del cos(Am t) | 
Tt 
e 


5 cost = + cos (Amt)| 


g3.(t)g_(t) = Ł á —e htt _ de" sin(Am t) 


sinh Ar +isin (Ami) : 


1 1 1 
= + —— 
or (= a): 


+00 
G5 of o-Wat 


o 1 ue. rae -ir 
-T (1-2? 1+r? 


(9.4) 


Therefore, 


= Se, 9.5 
G+ 2+ x? = y? ( ) 
From eqns (9.1), the probability that a particle initially identified as a P® 
is again identified as a P? at time t, _is equal to the probability that a particle 
which was P® at time t = 0 is again P? at time t: 


Prob[P°(t) = P?] = Prob[P°(t) = P?) = |g, (t)|?. (9.6) 


On the other hand, the probabilities that a particle identified as a P? at time 
t = 0 becomes P® at time t, and that a particle identified as a P? at time t = 0 
becomes P° at time t, are only equal if CP is conserved in the mixing: 


Prob[P®(t) = P?) = P| -()?, 
(9.7) 
Prob{P(t) = P?) = | af ol. 
In the CPT-violating case we have, instead of eqns (9.1), 
|P°(é)) = tt ) — 8g- (t)] |P°) + z. — 0)g- (t)|P°}, 
(9.8) 


|P°(t)) = - EL (1 — 8)g_(t)|P°) + +b (0) +09-(0)|P?). 
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Therefore, once CPT is violated it is not true any more that 
Prob[P° (t) = P°] = Prob[P® (t) = P°]. 
On the other hand, 
Prob[P° (t) = P°] = Prob[P® (t) = P°| 


means that there is T invariance in mixing, even when CPT is violated (Kabir 
1970). 
Using eqns (9.1), we find 


TIPE > fl = JAP {lor @P + lg? 19-0 + 2Re [Asg 0-0] }, 


TIPE) > Fl = JA E {19-01 + Arl? lox OP? + 2Re [Ap gt) (0) }, 


rPI > f= Ar IE] {lo + gl? los IP + Re [Asg t) 0], 
q 


P(PO(t) > A] = JA {100l + JA 9-0)? + 2Re [Apg Eg- 6) }. 
(9.9) 
These expressions give us the probability, divided by dt, that the state which 
initially was P? (or P’) decays to the final state f (or f) faving the time interval 
[t,t + dt]. 
Experimentally it may be impossible to measure the time dependence. In 
that case all we can measure are the total numbers of events. These numbers are 
proportional to 


TIP? > f] = |A;/ ade G_ + 2Re (AG )|, 


rP > f) = |A;|"|4 Je- + |Az|" Gy + 2Re (À ;G4 a 
P 
E (9.10) 
[PT + f) = dai |G- + Asl? Gy + 2Re (àyG3-)], 
T[ P? =} fI = |A;|" IG T dz] G- + 2Re (\7G4-)] 
To determine the inclusive rates one uses the unitarity relations 
D [Apl = lii = T 
/ 2 
2 2 q - 1 — ô 
nn" lAs" = 4 L22 = gh (9.11) 
_4p _Ytiðr ÔT 


f 
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We find 
TTP) > =P flor + FZ -OP + 2Re [EEEo g] |, 
f 


TTPO) > A =r flor? + Io (9) + 2Re [Y= Hr 10-0] 


(9.12) 
One may check the correctness of these expressions by integrating over time to 
show that o 
> Ta ey Pee (9.13) 
f f 


Indeed, the meson created at time t = 0 must have probability 1 of decaying to 
any final state f at any later time. 
Equations (9.9) may be written in the form 


et 
TIP > fl = A} (A +), 


(9.14) 
NP) ae || a-n, 
where we have used eqns (9.3) and defined 
H = (1 + As) cosh a 2ReA 7 sinh a 
2 2 (9.15) 


I= (1 — Asl?) cos (Amt) + 2Im\ș sin (Amt). 


The function H depends on exponentials and on AT; the function I is oscillatory 
and depends on Am. If f is a CP eigenstate, then H is CP-conserving, while I 
is CP-violating, because CP conservation then imposes Aş = +1. 


9.3 Flavour-specific decays 

Let us denote by o a final state to which only P? can decay, and by 6 its CP- 
conjugate state, to which only P? can decay. (Typically, o is a semileptonic state.) 
Thus, the decays of P? into 6 and of P® into o are forbidden. This corresponds 
to As = A, = 0, and therefore A, = Az = 0. Equations (9.9) become 


T[P? (t) > o] = |Aol” al 


[[P*(t) + o] = lg-()I’, 


(9.16) 
T[P9(t) > o] = |A,|? 


a lg-(t)|° 
P[P°(t) + a) = |A|" |9+(t))? 


Clearly, '[P°(t) + 6] and ['[P°(t) > o] vanish at t = 0, but they are non-zero 
for t Æ 0 due to the mixing of the neutral mesons. It is also due to mixing that 
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one can find two states o (or two states 0) as the result of the decay of a state 
which initially was a P?-P° pair. This effect will be discussed when we come to 
the associated production of two neutral mesons. 


9.3.1 Time-integrated probabilities 


Suppose that at t = 0 we start with No mesons P°. The number of final states 
o that we obtain in the time interval [t,t + dt] is then 


2 2 
No | Aol 19+ (t)| dt. 
The number of final states 6 obtained in the same time interval is 


2 
No Aa)? 2] 10-0 at 


If the typical decay time of the P mesons is very small we may be unable to 
observe the time dependence of the flavour transitions. In that case, all we have 
access to is the total number of events in a given final state. The total number 
of o and 6 decays obtained from No mesons P? is 


N[P° - o] = No|A.|? TIP[P® > P°, 


- a 9.17 
N[P° + a] = No |s|" TIP[P® > P9, ee 


respectively. Here we have introduced the time-integrated probabilities (TIP) 


TIP[P® + P?) = Gi, 


: (9.18) 


TIP[P? + P°] = É G 
p 


respectively. o 
Similarly, if we start out with No particles P®, we obtain 


N[P° > o) = No |40|" TIP[P® > P°), 
N[P° — a] = No |A|" TIP[P® + P 
final states o and 6, respectively. We have defined 
TIP[P° + P?) = G4, 


i (9.19) 


TIP[P® -+ P?} = f 6, 
q 


These TIP have time dimension and are not probabilities. They become prob- 
abilities only when multiplied by the square of the decay amplitude into the 
relevant final state, which has mass dimension. 
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The notation of the TIP may be a bit misleading. For instance, one might be 


surprised by the fact that 
xr +y 1 
-1 
awl (i-a 4 


The reason is simple: not all the P® mesons decay into flavour-specific final 
states. Many final states may be reached from both P® and P°. It is precisely 
these channels that contribute to |I 12|. If these common states did not exist, we 
would have [12 = 0, implying both |q/p| = 1 and y = 0. The sum of the TIPs 
would then be 1/T. 


TIP[P® > P°]+TIP[P°® > P®] = 


9.3.2 Pats—Tretman parameters 


It is usual to introduce the Pais—Treiman parameters (Pais and Treiman 1975) 
as measures of mixing: 


2 


_ TIPP? > P®] _ |q 
r= = |=! R, 
TIP[P° > P°] |p (9.20) 
p= EFI =ef 7 | 
~ TIPP => P da? 


where F' has been defined in eqn (9.5). CP violation in the mixing is probed by 
the difference between the Pais—Treiman parameters: 


ô = AA (9.21) 
VT+ yT 

The quantity F = vyrř measures the amount of mixing. Mixing is maximal 
if |y| = 1 (Fridman 1988), corresponding to very different lifetimes, as in the 
K°—-K® system: 


y=tl> FH=1. (9.22) 


This happens because, if |y| — 1, after an infinitesimally small time one of 
the eigenstates Py or Pr has completely decayed away and we have only the 
other eigenstate which, under the assumption of CP conservation, is an equal 
admixture of P® and P®. Mixing is also maximal in the limit of very large x 
(Fridman 1988), 


t= oo SF = 1 (9.23) 


This is due to the fact that, when the typical oscillation time 1/Am is much 
smaller than the typical decay time 1/I’, then the initial P? oscillates back and 
forth to and from P? many times before decaying, thus appearing to be an equal 
admixture of P? and P°. 
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9.3.3 CP-violating asymmetries 
One may test for CP violation through the asymmetry 
_ N[P° > o] — N[P° > o] 
N[P° > o} + N[P? > 6] 
2 2 217 (2 
_ p/a |Aol” — |a/pl" | Ao| 
7 2 2 2y 
Ip/al |Aol” + |a/pl" |Ao| 
This asymmetry, however, is unable to separate mixing CP violation from direct 
CP violation. One may get a clean measurement of direct CP violation from 


_ N[P° > o] — N[P® > ol 
N[P° > o] + N[P® > 4 
7 12 
_ lAo = |A| 

Aol” + |Aa| 
As we have seen in Chapter 5, there is direct CP violation when at least two 
amplitudes, having different strong and weak phases, contribute coherently to 
the decay; the asymmetry may be sizeable if the two amplitudes have comparable 
magnitudes. 

In some cases, the asymmetry in eqn (9.25) is expected to be small. As an ex- 
ample, consider the decay B9 + h~I+1, where h~ is a single negatively charged 
hadron. As there is a single hadron, there can be no final-state-interaction (FSI) 
CP-even phase due to the strong interaction. There could be an FSI phase shift 


due to electroweak scattering, but this is very small (Dass and Sarma 1996a,)). 
Then, CPT invariance itself implies 


\(h- 1+ |T|B9)| = (ht 1-H |T|B9)|, 


i.e., there is no direct CP violation. This is the same that happens in the neutral- 
kaon decays to t*/*1, as we have seen in eqn (8.19). 


Am 


(9.24) 


D 


(9.25) 


Let us assume this particular case of no direct CP violation. If |A,| = | Aol, 
one is able to measure the Pais—Treiman parameters: 
N[P° > 6] _ 3 
N|P? >00) ’ 
2 (9.26) 
N[P® > o] | ‘ 
NP >ọ 


The asymmetry Am then becomes a measure of CP violation in mixing: 
_ lp/a? -la/p? _ r-r _ 26 
p/a? +lg/p? Fr 1+8 
_ [R - |Ra[? _ _4Im (MP 12) 
\Riol + [Ral 4|Maol” + [Tal 


In the kaon system, this asymmetry is % 6.5 x 107°. 


(9.27) 
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9.4 The case of CP conservation in mixing 


In the case of heavy neutral mesons, it is usually assumed that mixing CP vi- 
olation |q/p| — 1 is small and can be neglected, at least when compared with 
interference CP violation. We shall soon discuss the experimental status of this 
assumption, and will later turn to its justification in a standard-model compu- 
tation of |q/p| — 1. In this section, we keep to standard practice and assume that 
lq/p| = 1. Then, using eqns (9.14) and (9.15), we find 


IPA + f -rP > Fl _ 


I 
|As|" exp (-Tt) 


= (1 — Wie cos (Amt) + 2Im); sin (Amt), 


(9.28) 
Pt) > +P) +f _ 
|A;|" exp (-It) 
i (el We As?) cosh a 2ReA + sinh ar 
2 2 
(9.29) 


9.4.1 No direct CP violation: CP eigenstates 


In the case of the decays of the neutral mesons to a CP eigenstate f, there are 


only two independent decay amplitudes and decay rates. Indeed, f = f implies 
A; = Aş and A; = Aș. Therefore 


— (9.30) 


and the interference-CP-violation parameter is argAy + argAz = 2argAy or 
Im, as stated in eqn (7.24). Moreover, as (CP)* =1, 


CP\f) = nsf), (9.31) 


with nz = 1 for a CP-even and ns = —1 for a CP-odd final state f. 
Equation (9.28) then exhibits two different sources of CP violation: 


Direct CP violation: (|As| # |As|) is probed by the first term in the right-hand 
side of eqn (9.28). 

Interference CP violation: (ImAy # 0) is probed by the second term in the 
right-hand side of eqn (9.28). 


The theoretical estimate of direct-CP-violating quantities is usually plagued by 
hadronic uncertainties. For this reason, finding situations in which that type of 
CP violation can be neglected is crucial. We will now show that this occurs in 
decays into CP eigenstates that are dominated by a single weak phase. In that 
case, the calculation of Af is also free of hadronic uncertainties. 
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In order to simplify our presentation, we keep only the CP-transformation 
properties of the CP eigenstate final state f through 7;. For all the other (spuri- 
ous) phases arising in the CP transformations of the kets and of the quark field 
operators of the underlying theory, we follow the usual practice and eliminate 
them from the game. Their impact is discussed in detail in Appendix A, where 
we show explicitly that our conclusions are not affected by this simplification.?” 
We take 


1 _ eim (9.32) 
p 


and 
Ay = Aeth eta 
7 ae (9.33) 
Af = np Ae iĝa eiða, 
The minus sign in eqn (9.32) is introduced to ease the comparison with the 
SM calculation to be performed in Chapter 33. The decay amplitude has been 
parameterized in terms of its modulus A, weak phase ¢,4, and strong phase 64. 
We obtain 


Ap = —npetlem ea), (9.34) 


The crucial feature of eqn (9.34) for the study of CP violation is the fact that 
both the moduli of the decay amplitudes Aş and A;, A, and the FSI effects 
that those amplitudes contain, 64, cancel out in Az. This effectively eliminates 
the hadronic uncertainties from the computation of the CP-violating parameter 
ImAy, and, thus, from the CP-violating asymmetry. This is the reason behind 
the importance of looking for decays into CP eigenstates, with decay amplitudes 
dominated by a single weak phase: one has a direct measurement of a weak phase 
in the Lagrangian. If there are several weak phases contributing to the decay, we 
also have direct CP violation, hindering the extraction of the individual weak 
phases 4 — oy. 

We may take the ratio of eqns (9.28) and (9.29) to form the time-dependent 
asymmetry 


_ TIP) > f- TIP) > Ff 
P[Po(t) > f]+T[P(t) > fl 

E Im. ¢ sin (Amt) 

~ cosh (ATt/2) — Red; sinh (ATt/2)’ 


Acp(t) 
(9.35) 


All hadronic uncertainties have cancelled out, since the result depends only on 
Ay. Only the phase 2(ġm — ġa) is important. 


22Tn this section we assume that there is no CP violation in the mixing. Therefore q/p = +e’, 
where € is the phase appearing in the CP transformation of the ket describing the neutral meson. 
This seems to be in contradiction with eqn (9.32). This problem is clarified and explained in 
detail in Appendix A. 
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One can also look for CP violation in the time-integrated rates. The relevant 
formulae are the same as in eqns (9.28) and (9.29), with |g(t)|? and g* (t)g_(t) 
substituted by G+ and G4_, respectively. One obtains 


a se a a 
TP > f+ rP > f] 

— 1=y?1- |p|? +2rImàş 

7 1+ 2714 |As]? — 2yRed; 
1—y* alm); 
1+2?1—yRer; 


(9.36) 


These time-integrated asymetries are useful only for systems in which g is not 
much larger than 1, and y? is not too close to unity; otherwise the suppression 
factor (1 — y”)/(1 + x?) becomes very small. This is not the case for the B?-B9 
system, forcing us to look for time-dependent rates, which are experimentally 
more challenging. 


9.4.2 Small direct CP violation: CP eigenstates 


We now want to learn what happens if, besides the dominant amplitude A, with 
weak phase $41, there is another interfering amplitude Az with a different weak 


phase ¢42. In this case 
Af = Aetb: et: + Age’? 2 e222 | 
Ay = ng (Are *P41e%1 + Ane tPaz eta) | (9.37) 


The weak phases ¢41, $42, and ¢y, and the strong phases 6, and dg are not 
rephasing-invariant, but the differences ¢; = $41 — dm, ¢2 = $a2 — bm, and 
A = ô — 6; can be measured. Indeed, 


1 + reo —$2) pid 


Seat —211 
AEE 1 + re—t(¢1—¢$2) eid’ (9.38) 
where r = A2/A,. Therefore, 
cos 2¢1 + 2r cos(¢; + ¢2) cos A + r° cos 2¢2 
Rev; = -Q¢ ————— > OOo? 
1 +r? + 2rcos(¢, — ¢2 — A) 
sin 2¢, + 2rsin(¢; + 2) cos A + r? sin 2¢2 
ney e 
1 +r? + 2rcos(¢ — ¢2 — A) (9.39) 
L+ pa A l 
pn 1 +r? + 2rcos(¢, — ¢2 — A) ’ 
pepe år sin(ġı — ¢2) sin A 


1+r? + 2rcos(¢, — d2 — A) 


Equations (9.39) exhibit the symmetry ¢; © ¢2, A © —A, and r 4 1/r, as 
they should. If Az is much smaller than A,, we may expand in powers of r to 
obtain 
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2I 
uae ~ np [Sin 2d, — 2r cos 2; sin (¢1 — ¢2) cos A], (9.40) 
1+ |A;| 

—2 
See =~ nz [cos 2d, + 2r sin 2¢; sin (¢1 — ¢2) cos A], (9.41) 
1+ |A¢| 
1 — Asl? : : 
———; 7 2rsin — sin A. 9.42 
ET (¢1 — ¢2) (9.42) 


The direct-CP-violation observable in eqn (9.42) vanishes when A = 0. However, 
as pointed out by Gronau (1993), even if the FSI are very small and A w& 0, 
the interference-CP-violation observable in eqn (9.40) does not provide a clean 
measurement of a single weak phase. The presence of a second amplitude with 
a different weak phase may ruin the measurement of sin 2¢,, even if it has the 
same strong phase. This occurs even for moderate values of r. 


9.4.3 No direct CP violation: CP non-eigenstates 


If the final states are not CP eigenstates, there is no relation between A; and 
Ay, and the FSI phases do not cancel in their ratio and in Ay. Let us take once 
more q/p = —e??™, Assuming the decays to be dominated by only one weak 
phase, one has one weak phase and one strong phase in the amplitudes Ay and 
A 7 and another weak phase and strong phase in the amplitudes A f and Aj: 


Af = Ae Pa etha, 
Ap = Ae haeta, as) 


and 
Ay = Beitt eið, 
i W (9.44) 
A; = Be ibo eto 
where we have discarded all the phases brought about by the CP transformation. 
A and B are real by definition. 
Interference CP violation is related to 


p= sois, 
(9.45) 


= B Suh a 
ÀF = Se te: 


where 2¢ = 2¢y + @b — Qa and A = dp — dq. There is no direct CP violation, 
as |A¢| = |Az|. Clearly, |A| = |Az| # 1. If f were a CP eigenstate, then Ay and 
Ay would be related by a CP transformation such that B = A, dy = ôa, and 
dp = —¢q. We would then have A = 0, ÀF = A*%, |Ays| = 1, thus recovering the 
case in § 9.4.1. 

Equations (9.9) reduce to 
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P[P%(t) > f] = A? {las@P + IAs? 19-0? + 2Re [Asg (09-0) }, 
DIP) > F] = A? {19-0 + As? loxP + 2Re [Xz 94920] }, 
LPE > f] = A? {lg + AvP? lon (#)? + 2Re [Ayo 00] }, A 
TPHA > F) = A? {l9+ (OP + Asl? 19-0)? + 2Re [Ag p 


Fitting for the time dependence of the various decay curves allows, in principle, 
for the extraction of |As], arg(—Ay) = 26+ A, and arg(—ÀF) = —2¢ + A. We 
may thus recover the weak phase 2¢ as well as the strong phase A (Aleksan et 
al. 1991). The limitations of this method lie in the need for high experimental 
precision in the measurement of the decay curves. Moreover, in some cases we 
may not really be able to determine arg A; and arg A 7 experimentally. Rather, 
we may only be able to determine some trigonometric functions thereof. Then, 
discrete ambiguities arise in the determination of 2¢ and of A. 

We may define CP asymmetries like the ones in eqns (9.35) and (9.36), but 
they are not very illuminating. For instance, the time-integrated asymmetry 


PP Sei as 

[[P° > f]+T[P° = fi] 

_ zDyim Os = AF) = yRe GY, = ÀF) 

7 (1+ Dmu)+(1- Dm) Apl? + zDyIm (As + AF) — yRe (Ag + Àz) í 
(9.47) 


CP = 


where Dm = (1 — y?)/(1 +27) is known as the dilution factor. 


9.5 Inclusive decays 

Thus far we have concentrated on exclusive decays, i.e., decays into specific, fully 
reconstructed final states. Let us now see whether something can be learned 
from the rates obtained by summing over all final states. Those rates have been 
given in eqns (9.12). One sees that the two inclusive rates I'[P°(t) > all] and 
T[P?(t) — all] are equal if and only if there is no CP violation in the mixing, i.e., 
if 6 = 0—tthis had already been seen, in the neutral-kaon case, in eqns (8.31). 
Therefore, the rate difference yields a measure of mixing CP violation. Indeed, 
the asymmetry 


T[P°(t) + all] — T[P°(t) > all] 
T[P°(t) > all] + P[P°(t) > all] 
a lg- (t)? + Re [(y — ix)g3 (t)g- (¢)] 
(1 — 6?) [g4 (t)? + (1 + 82) |g- (t)|? + 2Re [(y — 1522) g% (t)g_(1)] 


_ 6[—cosh (ATt/2) + ysinh (ATt/2) + cos (Amt) + z sin (Amt)] 
~ cosh (ATt/2) — y sinh (ATt/2) — 52 cos (Amt) — 622 sin (Amt) ` 


Aincl(¢) = 


(9.48) 
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Equation (9.13) guarantees that the time-integrated version of this quantity van- 
ishes, as required by CPT invariance. (Indeed, G_ + Re[(y —ixr)G4_] = 0.) If 
one assumes that y = 0 and 6 < 1, then 


Alnclit) x 6 [z sin (Amt) — 2sin* (Amt/2)] , (9.49) 


a result derived by Beneke et al. (1997). This inclusive asymmetry increases with 
x and may be important in the B?-B9 system. The time dependence in eqn (9.49) 
has two important implications. First, it allows a determination of Am without 
resorting to flavour-specific final states. Second, it provides an automatic discrim- 
ination between the B9-B9 and B°-B° systems. Of course, observing this time 
dependence has a cost in statistics. Also, if y turns out to be large, one should 
use the full expression in eqn (9.48) instead of the approximate eqn (9.49). 

One might also consider partially inclusive asymmetries, where one sums over 
all final states with a particular flavour content. These asymmetries depend on 
all sources of CP violation: direct, mixing, and interference. Beneke et al. (1997) 
have claimed that such asymmetries might be useful in B decays. Their analysis 
uses local quark—hadron duality, in which one assumes that the quark-diagram 
kinematics is not affected by hadronization. The advantage of working with par- 
tially inclusive rates is that they are much larger than exclusive rates. On the 
other hand, the sum over exclusive modes ‘dilutes’ possible CP-violating asym- 
metries. Within a given model, this dilution factor may be calculable, up to 
hadronic matrix elements. However, the correctness of the local duality assump- 
tion and the effect of specific experimental conditions on the calculation of the 
dilution factors may be hard to quantify. 


9.6 Untagged decays 


Experimentally, the tagging of a P? or P? inevitably implies a loss of statistics. 
This problem is worse when the experiments are performed in the dirty envi- 
ronment of hadron colliders. We want to discuss what can be learned from the 
decays of untagged mesons. This case is all the more important because one may 
design experiments with P°—P° pairs that reproduce this untagged condition 
(Yamamoto 1997a). 

The untagged decay rates are 


y(t) = TP. (t) > f] +TP) > f] 


ep Tt 2 2: 
= |A? — (1 )a+(.-P J 
B 5 ett 
= |As? — (H - 61). (9.50) 


H and I have been defined in eqns (9.15). 
Let us consider first untagged decays into flavour-specific final states o and 
o. Then, 
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-Tt 
To(t) = | Aol? — 5 cosh Arr — S cos(Ami) |, 


9.51) 
"E ATt ( 
[3(t) = | Aal EY: [cosh Š + Scos(Amt)]|. 
The corresponding time-integrated rates are 
T Hol” ( 1 ô ) 
° P- 6) -y 1422)’ 
ao een (9.52) 
Paa (A| t + ô 
”  T(14+6) -y 1+?) 
One can learn about mixing CP violation through the asymmetries 
Fo (t) — Ta(t) 
U p 
Am = Tay Tal) 
cosh (ATt/2) — cos (Amt) (9.53) 
cosh (ATt/2) — 62 cos (Amt) 
The time-integrated version is 
ro -Ts 
Ay, = = 
MT) +I 
Fen? 
Simaa (9.54) 


1 +z? —62(1-—y?) 


In writing eqns (9.53) and (9.54), we have assumed that there is no direct CP 
violation, i.e., that |A,| = | Aa]. If one abandons this assumption the expressions 
get considerably more complicated. For instance, AY, becomes 


y _ 2? +y?) +s [1+ 2? - 8? (1 —y?*)] 


AMET + z? — 8? (1 — y?) + Kd (a? + y?) ’ oe 
where ; =i 
Ao| — |o 
k= ieg (9.56) 
[Aol + | Aa] 


One should compare the measure of mixing CP violation, AY, in eqn (9.54), 
obtained from untagged data samples, with the observable Am in eqn (9.27), 
corresponding to tagged data samples. In eqn (9.54), the CP-conserving mixing 
parameters x and y are not disentangled from the CP-violating parameter 6. For 
example, if 6 is small, AY, is approximately equal to the product of ô and the 
CP-conserving quantity (x? + y*)/(1+ 27). The latter must be measured before 
ô may be extracted. In addition, this CP-conserving factor may suppress AY. 

Let us now return to eqn (9.50). In the rest of this section we assume that 
lq/p| = 1. Then, I and the oscillatory dependence on Amt drop out from the un- 
tagged decay rates, and the result is proportional to the function H in eqn (9.15). 
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We first consider the decay rate into a flavour-specific final state o, 


Aol” 


Po (t) = 9 


(E ern) (9.57) 
Fitting the data to this theoretical curve enables a measurement of AT (Dunietz 
1995). 

Now consider untagged decays into CP eigenstates. When the decay ampli- 
tudes into these CP eigenstates are dominated by a single weak phase, |As| = 1 
and the only CP violation appears in the difference of |ReA | from 1. However, 
ReAy appears multiplied by sinh (AT¢/2), and can only be measured if AT is 
large. Therefore, untagged decays are useful only when AT is sufficiently large. 
That is the case in the neutral-kaon system, and may also be the case in the B°- 
B? system (Beneke et al. 1996). The time-integrated rates are enhanced when |y| 
approaches 1. 

In § 9.4.1 we have shown that, when y vanishes, tagged decays into CP 
eigenstates dominated by a single weak phase provide a clean measurement of 
the sine of the CP-violating phase 2(¢4 — m). Here we measure exclusively the 
cosine of that angle. The use of untagged decays in the context of the B°-B® 
system has been extensively discussed by Dunietz (1995), who presents many 
candidate channels to search for CP violation. 


9.7 Correlated mesons 


In this and the following sections we consider the case in which a P°-P® pair 
is created. Depending on how that pair is produced, the two mesons may have 
either correlated or uncorrelated wave functions. The former case occurs, for 
instance, at the production threshold of QQ bound states such as J/~ or T, 
or at the production threshold of a pope pair, with its subsequent decay to 
P°-P°, Uncorrelated wave functions occur in pj collisions, in the decays of the 
Z boson, and when the production of the heavy mesons is done on the ete~ 
continuum. 

We first consider the case in which the P°—P° pair is produced in a state 0° 
with definite parity and C-parity ne = +1. This happens with the B9—B® pairs 
produced at the Y(4S) (as in the forthcoming Belle and BaBar experiments), in 
which case n- = —1, and with the B?-B9 pairs produced at the Y(5S), in which 
case ne = +1. The formalism is the same as for the K°—-K® pairs produced in 
the decay of the ¢, which was treated in the previous chapter, except that we 
now want to write all formulas in terms of Ay and Ay, and besides we want to 
consider the case ne = +1, instead of treating only the simpler case ne = —1. 

The relevant resonance is typically produced in ete~ collisions and has an- 
gular momentum l. It decays into a P°-P® pair, which must also have angu- 
lar momentum l. Therefore, both the parity and the C-parity of the pair are 
ne = (—1)!. The CP-parity is always +1. The initial pair is in a state 


2°) = , [|P°(H) © [PE + nPE) @ PB], (9.58) 
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where k and —k are the three-momenta of the left-moving and right-moving 
meson, respectively, in the resonance’s rest frame. 

The meson with momentum k decays at time tı into the final state f, and 
the meson with momentum —k decays at time te into the final state g. The 
amplitude for this process is 


(f,t13 9, t2|T|®°) = Je {ac [g9- (t1)g+ (t2) + neg + (t1)9- (t2)] 


+be [g+ (t1)g+ (t2) + neg- (tı1)g-(t2)]} , (9.59) 
where a j 
âc = o Ti + me ArAg 
= AyAg (Ay + NeAg) (9.60) 
b. = AfsA, + ncAfAg 
= AfsAg (1 E NAs Àg) . 
The decay rate is proportional to 
be k Cr be : 
IF, t1; 9, t2alT|8°)| = eT [Gc + bel” t | e byte 4 [Ge = Bel! 7 | el yte 
|b.|? = Jacl? Im (acb}) 


+ cos (Tte) + sin (Tzte)| , (9.61) 


2 


where te = ti + Nct2. The domain t, € [0, +00] and t2 € [0, +00] corresponds to 
t_ = tı — t2 € [—co, +00] and ty = tı + te € [|t- |, +00]. For ne = +1 the rate in 
eqn (9.61) depends only on t+. Given N P°-P® pairs, 


N |(f,t1;9, ta|T|®°) |" dtıdtz 


is the number of events characterized by a decay into the final state f during the 
time interval [tı,tı + dt,] and a decay into the final g during the time interval 
[t2, tə + dt]. 

The times tı and tz are measured in the respective meson’s rest frame. In the 
case of the T(4S), the resulting B? and B9 mesons move slowly in the resonance’s 
rest frame. It is then practically immaterial whether tı and t2 are measured in 
the meson’s rest frame or in the resonance’s rest frame. However, the difference 
between the times measured in the two frames must be taken into account in the 
case of the creation of K°-K°® pairs from the decay of the ¢ (Kayser 1996). 

In practice, unless the bunch dimensions are much smaller than the paths of 
the decaying mesons, the position of the resonance will not be determined with 
sufficient accuracy to measure the individual decay times. The situation is worse 
when the two mesons are produced nearly at rest, for then the decay vertices 
and the time difference may not be measurable in practice. This is the case with 
B'-B9 production at the T(4S). The solution is to build experiments with et 
and e~ beams of different energies, so that the mesons have a significant boost 
in the laboratory frame. The decay rates for experiments in which only the time 
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difference t_ between the two decays is measured are obtained by integrating 
eqn (9.61) over t+, 


(ti, t2) 


+00 
iges f di | totr, (9.62) 
lt] oft, t-) 
where the Jacobian factor is 
O(t1, te) 


For Ne = +1 one obtains (Bigi and Sanda 1981; Fridman 1988; Xing 1996) 


-T |t- | b 2 zb 2 
f; g;t-IT18+)? 2 [ee ih ero- 4 lay — b+ | Tult- | 


r |160+y) 16(1 — y) 
lb? — la+]? cos (Tzlļt-|) — z sin (T'2|t_|) 
+ |1 a E E a 
8 1+ 2? 
I b*_) si z = 
f: m (a;b%.) sin (Tz|t—|) + z cos (I'z|t_|) (9.64) 
4 1+ 2? 
For ne = —1 the result is (Bigi and Sanda 1981; Fridman 1988; Xing 1996) 
—T|t_| | b ? _— b}? 
—\j2 _ © kbl SO ETE 
-o:t_ITI® a Me et y ety 
b_ ae > 2 I ape 
+P- dei cos (Tzt_) + mti sin Pet.) (9.65) 


If we integrate over t_, we obtain the completely time-integrated rate, which 
may be written for 7, = +1 as 

| 2_ l 2 2) 1+ ney" : 

KF; gIT|®°) |" = AT2 A + |ac| ) (1 — y?)2 — 2Re (acb?) 

1 = nez? 

Co 


(1+ 1c)y 
(pages 


+ 2Im (a,b*) ees . (9.66) 


+ ([bel? — lael?) ee 


If we use the unitarity relations, 


2 2T? AE ee 
ODILA ay [1 FNY + (1 NcT ne 
f 9 


b 2 2? 2 — 8? = 2 
D D lel? = sy [1 + ney? - 6 (1 - ne”)], (9.67) 
f 9 


or | 
` Lae = Tape (lt ne) (y — iz). 


f 


we can show that, summing eqn (9.66) over f and g, one obtains 1 as one should. 
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9.8 Quantum-mechanical effects with correlated states 
9.8.1 Quantum mechanics of parity-odd P°-P° pairs 


We highlight here an important feature of correlated mesons in a parity-odd 
state, i.e., when 7, = —1, as occurs for the B9-B9 pairs formed from the T(4S). 

Let us assume that the meson decaying at time t2 decays into the flavour- 
specific final state o. The decay identifies the meson as being P® at that time. 
In general, this would not tell us anything about the flavour of the other meson. 
However, if the two mesons have started out in the parity-odd state #7, we have 


a, = ay 
q (9.68) 
b- = —AfzAp, 
and, from eqn (9.65) and the third eqn (9.9), we find that 
_ Ao * exp (—I'|t_ — 
(rotira = ELED repo) f (069) 


4r exp(-Tt_) 


Similarly, if the meson decaying at time t2 decays to 6, we learn that the 
flavour of that meson is P® at that time. Then, 


= 2A PAs, 
Dp” (9.70) 
b_ = AAs, 
and, from eqn (9.65) and the first eqn (9.9), 
m As ° exp (—['|t_ 
(f; 5; t_|T|® J = | | PEL ) rpP°(t_) > f]. (9.71) 


4r exp(-Tt_) 


How should we interpret the results in eqns (9.69) and (9.71)? When the 
initial P° meson evolves in time, it oscillates back and forth into and from P®. 
The same occurs with the initial Pe. But, the antisymmetry of the correlated 
wave function under the change k + —k is preserved by the linearity of the evo- 
lution. Hence, if at some instant t2 Æ 0 the right-moving meson is found—from 
its flavour-tagging decay—to be P®, then the left-moving meson at that instant 
is certainly P°. That left-moving meson will from that instant on evolve as a 
tagged P?. Thus, time-dependent experiments starting from the state ®~ and 
tagging the flavour of one meson automatically reproduce the situation discussed 
in § 9.2. 

However, it is important to note that what one usually calls ‘time-integrated 
measurements’ are not the same in the two situations. In § 9.2 we have considered 
the time evolution of a neutral meson whose flavour content was determined 
at time t = 0. To obtain time-integrated observables we have integrated over 
the time variable from t = 0 to t = +oo. In the case of a correlated initial 
state P7, we determine the flavour of the meson in one side of the detector 
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at time tə. At that instant the meson in the opposite side of the detector has 
opposite flavour, and evolves thereafter as a tagged initial state with time variable 
t_ = tı — tə. However, if we are unable to measure t_—this is the case when 
the two mesons move very slowly in the laboratory frame—we must integrate 
t_ from —oo to +oo. The problem, as we shall later show, is that the terms 
proportional to Im); in the time-integrated asymmetries of § 9.2 vanish when 
the time integration is performed over the domain t_ = |[—00, +00] instead of 
being performed over the domain t = [0, +00]. Hence, the usual time-integrated 
asymmetries—in which one tags one meson and looks for the decay of the other 
meson into a CP eigenstate—cannot be used to test for interference CP violation 
at symmetric colliders producing T(4S), because, in that case, we are unable to 
measure t_. 

Of course, if we can measure the time difference, and in particular its sign, 
we may select the events in the positive-t_ interval. Only then are we able to 
reproduce the time-integrated results of § 9.2. 

The tagging possibility described in this section does not occur for the ®t 
state. If the mesons arise from @*, tagging the flavour of the right-moving meson 
to be P? at some instant does not guarantee that the left-moving meson is P? 
at the same instant. 


9.8.2 Other quantum-mechanical effects 


Using eqns (6.56) we may rewrite |®*) and |®~) as 


1 -> > = “+ 
Pe Pn [Pa (E)) © [Pir(—B)) - [Pr (R)) 8 [Pr (—¥))] en 
85) = zzz (PLO) @ LPa (-6) — |Pur(B)) @ [Po (—®)]. 


Thus, if we have ®~, and if Py is found in one side of the detector, we are sure 
that there is Pr in the opposite side of the detector, and vice versa. On the other 
hand, with +, either we have Py in both sides of the detector, or Py in both 
sides. 

This is important because, as Py and Py are the eigenstates of evolution, 
after we have tagged them at some time, they remain the same for all other 
times. Thus, if at time tə the meson in one side of the detector is found to be 
Pr, then at any later time, the meson in the opposite side of the detector will 
be Py if the original state was ®*, or Py if the original state was ®-. 

This is all the more interesting in the CP-conserving case, when Py and Py 
are eigenstates of CP: Py = P+ and Pr = Py. It then means that tagging the 
CP quantum number of the meson in the right side of the detector at some time 
automatically fixes the CP quantum number of the meson in the left side of 
the detector at any other time. We shall consider an application of this fact in 
§ 9.10.4. 
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9.9 Uncorrelated mesons 


We turn to the case in which the P°-P° pair is produced in an incoherent state. 
This occurs in pp collisions, Z decays, and on the ete” continuum (for instance 
at LEP). In this case, there is an equal probability that at the initial instant 
the left-moving meson was a P® and the right-moving meson was a P®, or the 
opposite situation occurred; the two possibilities are incoherently superposed. 

Considering as before that the left-moving meson decays at proper time tı 
into a final state f, while the right-moving meson decays at proper time tz into 
the final state g, the density of probability for this process is 


Kee t159, to|T|&")|° 
T TIP’ (t1) + fIC[P? (t2) > 9) + T[P%(t1) > fIP[P®(t2) > g)} . (9.73) 


It may be checked that this is equal to 
2 i442 
3 (IG. t139,t2|T|@*)|° + |(f, t1; 9, talT|® )| ) (9.74) 


This must be the case since the uncorrelated state is equivalent to an incoherent 
superposition of even-parity and odd-parity correlated states. Equations (9.73) 
and (9.74) are two different algorithms to compute the decay rates of uncorrelated 
P?-P° pairs. 

Thus, for instance, in order to obtain the probability that a decay into f 
occurs in the left half of the detector and a decay into g occurs in the right half 


of the detector, we must average eqn (9.66) for ne = +1 and Nne = —1, obtaining 


: u\|2 _ 
fs g/T|®") = AT? (1 — y2)? 


(1 = [As[?) (1 = [Ag]?) + 422ImAsImX, 
e E ee 


(b-bae)? 
1 yRe (a4b4) — zim (a+b4) 
Yor Ta t Te | _— 


This is equal to 
KF IITE? = } {TIP > AP? > g) + T[PO > FILIP? > gl}, (9.76) 
as is easily checked from eqns (9.10). 


9.10 CP violation with neutral-meson pairs 


Earlier in this chapter we have discussed some of the mixing and CP-violation 
measurements which are possible when one tags the initial flavour of one neutral 
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meson. We now turn our attention to the case in which a P°-P° pair is produced, 
in either a coherent or incoherent state. The decay rates have been presented 
in the previous two sections. Again, we focus our attention on flavour-specific 
decays, and on decays into CP eigenstates. 


9.10.1 Decays into a single flavour-specific final state 


We have shown in § 9.8.1 that, for odd-parity correlated P?-P° pairs, the evolu- 
tion of the meson in one side of the apparatus, after the meson on the opposite 
side has been tagged through its decay into a flavour-specific final state, is the 
same as the evolution of a tagged initial meson. In other words, for odd-parity 
correlated initial states, tagging one of the mesons effectively tags the other me- 
son too, at that instant. Therefore, the analysis of mixing and CP is the same 
as the one in § 9.3 and 9.4. This is the reason why many authors disregard the 
correlated nature of the meson production and only discuss tagged, single-meson 
decay rates when discussing B-physics experiments at the Y (4S). As explained 
in § 9.8.1, one must only be careful in this comparison when considering time- 
integrated decays. 

The case of uncorrelated initial states is important, since it is the situation 
occuring at LEP, for both B9-B? and B°-B® pairs. Let us assume that the 
meson in the opposite side of the detector is found to be P? through its decay 
into o, at time to. If we integrate eqn (9.73) over tz we find 


2 
toT = EL [TPH > TPP + P 


+I(P°(t,) > fITIP[P? > ave (9.77) 


This is what one would expect. We know the meson in the opposite side of the 
detector to be a P®. In a number of times proportional to TIP[P® + P®°], that 
meson has evolved from an initial P?. In those cases, the meson in this side of 
the detector was originally a P®, and evolved as such, finally decaying into f 
at time tı. But, the meson detected in the opposite side as a P? might have 
been at the initial instant a P°. This occurs a number of times proportional to 
TIP[P°® — P°]. In that case the meson in this side was originally a P°. The two 
situations cannot be distinguished and must be incoherently averaged. In this 
context, experimentalists usually refer to TIP[P° > P®] and to TIP[P® > P?] 
as the ‘right’ and ‘wrong’ tags, respectively. 
Analogously, 


= 12 
tsarin? = EL (ppc) + fre > P 


+TP (ti) > fITIP[P? > pojk (9.78) 


If enough statistics is made available, these decays may be used to look for mixing 
and CP violation. At LEP1, the statistics was such that the mixing variables zg 
and x, could be probed—see Chapter 10. 
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Another interesting use of the detection of a single flavour-specific decay 
occurs when we sum over all decay channels and integrate over all decay times 
in one side of the detector. The result is the same for either uncorrelated or 
correlated (with 7, = +1 or 7, = —1) initial states: 


| E tig hirer 
0 
g 


1 {TP (t) — f]+T[P%(t1) > fy} . (9.79) 


[de Ss tsa.tIr ley? 
(8) 
g 


As for each event there was initially one P? and one P®, the decaying meson in 
the relevant side of the detector may have been initially either a P? or a P®, 
with equal probability. The result in eqn (9.79) still holds when CPT is violated 
(Yamamoto 1997a,)). 

Since the final state f may be found in either side of the detector, the prob- 
ability that one finds it gets an extra factor of 2, 


[([8(t:) > f] =T[P%(ti) > f] + TPt) > f], (9.80) 


which is precisely the probability density T (tı) discussed in § 9.6. Then, the 
analysis of mixing and CP violation follows the one presented in that section. In 
particular, we may look for CP violation in the mixing through the single-tag 
asymmetry, 

[[®(t) > o] —T[®(t) > d] 


MOST OET ENCORE] 


(9.81) 
The result is equal to the untagged asymmetry AY,(t) in eqn (9.53). Integrating 


over time one finds, from eqn (9.54), the time-integrated single-tag asymmetry 
(Hagelin 1979) 


_ NIS 2 2 
Ap fee N{d] T” +y 


= Nol + Nal Ta (2 


where we have assumed that 6 is small, and have used the notation N [f] = 
r [® > f]. We emphasize that this asymmetry does not depend on how the 
initial state is prepared: it is the same for correlated as well as for uncorrelated 
initial states. 

For odd-parity initial states, there is another experimental procedure that 
yields a result proportional to T ș(tı). Using eqns (9.69) and (9.71), we find 


(f; 0;t-|T187)? + |(f;9;t_|T]O7)? 
-JAF 


= [TIPE > f] + rP) > sl}, (9.83) 


for t_ > 0. We have assumed that there is no direct CP violation in the flavour- 
specific decays (|A,| = |.Az]). 
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9.10.2 Decays into two flavour-specific final states 


We now consider cases in which both mesons decay into flavour-specific final 
states. If there were no mixing, the initial P?°-P° pair would only be allowed to 
decay into oð. Using eqn (9.66), we obtain the totally time-integrated rate 


AAN 1+ny? 1- ner? 
arja = Aol [it+ney? , 1> nen? 84 
kaaran = AEL E a (9.84) 
The fact that P? and P® mix also allows for 
loomas = Hel’ |e] [LHn _ 1- nr? 
i Ar? |q -yP (+P) (9.85) 
= 4 Py 
(0; a|T|®°)|? = Aol |g lny? _ 1na? 
? 4r? |p| |(1—y?)? (+r? 


According to eqn (9.74), the numbers of events for uncorrelated initial pairs 
are obtained by averaging the above expressions for both signs of ne. This is 
equivalent to setting Ne to zero. 

Let us assume as before that |A,| = |Az|, and define N [fg] = fs gTa, 
for both correlated and uncorrelated initial states. We introduce the mixing 
parameters 


N [o0] + N [oo] 


o N [o0] + N [00] + N [00] + N [o0] ee) 
, _ N[66] + N[oo] 
= N[6o] + N[od]’ ee) 
which are related through 
R! 
R = ——. 9.88 
1+R ee) 


For uncorrelated and for odd-parity initial states, R’ is related to the Pais- 
Treiman parameters through (Fridman 1988) 


rr 


B (9.89) 
; PT 
Ryc == D ; (9.90) 


where we have used eqns (9.84) and (9.85). In contrast, for an even-parity initial 
state, 


° Ja 
i 
p 


3r? + a4 +y’ (3404 + 2?y? — y’) 
(9.91) 
In general, this expression cannot be written in terms of r and F. 
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We may probe CP violation in the mixing through the di-tag asymmetry 


4, — Nlool = loo] _ lp/al? - la/pl? _ _ 26 
ll 


~ Nloo] + N[oo] ~ |p/ql? + |q/p2 1+6? ee) 


This result is independent of the way in which the initial state was prepared, 
and it coincides with the asymmetry Am of eqn (9.27), which was defined for 
single tagged mesons. 

Thus, for any initial state, we may use either the single-lepton asymmetry 
in eqn (9.82) or the dilepton asymmetry in eqn (9.92) to look for mixing CP 
violation. Which asymmetry will prove more accurate will depend on the values 
of x? and y?; A; is better for large mixing. Since the two methods involve data 
sets that are, to a large extent, statistically independent, they may be combined 
to improve the sensitivity (Yamamoto 1997a). 

If there is direct CP violation in the decays tagging the neutral mesons, dis- 
entangling the different sources of CP violation should not be easy. In particular, 
for a given initial state, i.e., for some value of 7., we cannot have a clean measure- 
ment of direct CP violation with dilepton time-integrated measurements alone. 
This is contrary to what happens when the flavour of a single meson is tagged 
through the associated production of a charged meson. In that case, we were 
able to define the asymmetry Ap measuring direct CP violation. 

For uncorrelated initial states one may also consider a time-integrated tag on 
one side, and look for the time-dependence on the opposite side. Let us assume 


that |A,| = |A|, and define 


N[fgl(t1) = f, ti; g|T|®")/° . (9.93) 


Using eqns (9.77) and (9.78), we find 


N[66](t1) + N[oo](t1) oi lar. 1—y? cos(Amt;) 
N{6o](t1) + N[od](t1) + N[66](t1) + N[ool(ti) ? 1+ z? cosh (AT? /2) | ` 
(9.94) 


At LEP 1 this method has been used to observe an oscillatory time dependence in 
the BY-B9 system for the first time. Although the analyses of the LEP1 experi- 
ments have assumed y = 0, that assumption is not really needed. Indeed, y only 
appears in the prefactor (1 — y?)/(1+27)—which may be determined from time- 
integrated rates alone—and in the non-oscillatory denominator cosh (AT t/2). 

The prefactor (1—y*)/(1+27) is usually called ‘dilution factor due to mixing’ 
and denoted Dm by experimentalists. One might worry about the fact that the 
current bound z, > 9.5 for the B2-B® system imposes a huge dilution. However, 
at LEP, HERA-B, or LHC, one produces all the combinations described in the 
introduction as cases A), B), C), and D) together. Therefore, the dilution factor 
in those cases should be obtained by averaging over all B species contributing 
to the tag signal. The average is dominated by the large values of Dy. This 
comment is also applicable to the tagging dilution found in the CP-violating 
asymmetries to be discussed in the next section. 
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9.10.3 Decays into a flavour-specific state and a CP eigenstate 
Consider the case in which one neutral meson decays into a flavour-specific state, 
either o or 0, and the other meson decays into a CP eigenstate f. We shall assume 
that there is no direct CP violation in the tagging decays, |A,| = |Az|, and that 
there is no CP violation in the mixing, |q/p| = 1. 

We first look at uncorrelated initial states 6”. We integrate over the time of 
the flavour-tagging decay, and follow the time dependence of the decay into the 
CP eigenstate. Using eqns (9.77) and (9.78), we find?’ 


N{of](ti) — N[of](t1) 
N[6f](t1) + Nlof (tr) 


zs 5 Ace(t). (9.95) 


Thus, for uncorrelated initial states, the mixing produces ‘wrong tags’ that dilute 
the asymmetry Acp(t) defined in eqn (9.35) for the case of tagged initial mesons. 
Constructing the same asymmetry with time-integrated rates we find 


u — Nlof|-Nlof| 
cP N[øf] + N[of] 


Se Age, (9.96) 


Note that Acp, defined in eqn (9.36) for tagged initial mesons, already has a 
factor (1 — y?)/(1 + 27) in it. 

We next consider decays from correlated states PT or @*. In this case it is 
more convenient to define 


N°[f; g;t-] = (figs t_|T 18°)". (9.97) 


For ®~ the analysis of this case is very simple, due to the quantum-mechanical 
effects discussed in § 9.8.1. One obtains 


= _N (6; fit-] -— N7[o; fit-] 
Aor) = NEO; f;t-] + N-[o; f;t-] 
= Acp(t-), (9.98) 


reproducing the asymmetry Acp(t_) defined for tagged mesons—see eqn (9.35). 
However, we should stress that the time variable t_ lies in the interval [—00, +00], 
while the time variable for the tagged decays of § 9.4.1 must be positive. This 
has a dramatic impact on the time-integrated rates. Indeed, if we separately 


23The superscript u in A% p refers to an uncorrelated initial state. It should not be confused 
with AG p>» Which refers to untagged decays. 


132 HEAVY NEUTRAL-MESON SYSTEMS 


integrate each rate over t— and construct the asymmetry analogous to the one 
in eqn (9.98), we obtain 


(9.99) 


which vanishes whenever |A¢| = 1. This is responsible for the need to construct 
asymmetric B factories. With symmetric B factories of ®~, tagged decay rates 
can only be used to test direct CP violation (Deshpande and He 1996). 

The time dependence for ®* decays may be derived directly from eqn (9.64). 
The expressions are not as simple as in the previous case. Still, it is instructive 
to look at the dominant contributions to the asymmetry under the additional 
assumptions that y = 0 and xz > 1. We find 


At a(t) N* (6; f;t_] — N*[o; f;t-] 
oP" Nto; f;t-] + N+[o; f;t-] 
2 
ees 5 Ai l Tey ge) ene 
l+2 lAs +1 Ago +1 


le 


cos (Am|t_]|) | . (9.100) 


This result, which is relevant for B°-B° pairs from the Y(5S) resonance, exhibits 
an interesting feature: direct CP violation appears multiplied by sin (Am|t_]), 
while interference CP violation multiplies cos (Am|t_|). In particular, if there is 
no direct CP violation, we get 


T 
AP Si) = eae COS (Am|t_]), (9.101) 


rather than the usual dependence on sin (Amt) found in eqn (9.35). 
As for the asymmetry of time-integrated rates, we find the general expression 


p 1—y?\* (1-x?)(1 — |As?) + 4rImàs 
Acp = s) wea, (9.102) 
1+2) (1+y?)(1+|Az|") — 4yReàs 
For the particular case y = 0 and z > 1, 
r? (las? E 1) + 4rimàş 
5p E E (9.103) 


(IAs? +1) G +22)? 


9.10.4 Decays into two CP eigenstates 


We now turn our attention to the case in which both final states, f and g, are 
CP eigenstates (Bigi and Sanda 1987). Let us denote the CP-parities of f and 
g by nf and ng, respectively. We remind the reader that the initial state ®° has 
parity and C-parity equal to ne = (a1). where L is the spin of °. Hence, the 
CP-parity of ° is +1. We want to prove 
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Theorem 9.1 Jf, at any times tı and t2, decays occur to eigenstates f and g of 
CP such that nenfng = —1, then there is CP violation. 


Proof From eqn (7.28) we know that, if CP is conserved, 
Ag = FNAL. (9.104) 
Other necessary conditions for CP invariance are 
[Atl = 1 (9.105) 


and 
ImA> = 0. (9.106) 


Using eqns (9.104) and (9.105), the parameters a, and be in eqns (9.60) become 
de = Ag Ay (Af + engNgAF), 
b: = As Ag (1 + ens Ng). 


Clearly, if nengng = —1 then be = 0. Also, ag x ImAy vanishes because of 
eqn (9.106). Thus, ®° is forbidden by CP invariance from decaying to f and g. 
o 


Recall eqns (9.72). If one starts with a ®~, whenever we have a Py in one 
side of the detector, we must have a Py in the opposite side, and vice versa. On 
the other hand, with a @*, either we have Py in both sides of the detector, or 
we have Py in both of them. 

Now, if CP is conserved, Py and Py, coincide with the eigenstates of CP, and 
they have opposite CP-parities. Suppose that we start with a ®~, i.e., ne = —1, 
and that at some time tı we observe the decay of one of the mesons to a CP 
eigenstate f with CP-parity nf. We then learn that the meson in the opposite side 
of the detector must have the opposite CP-parity, and therefore it cannot decay, 
either at that time or at any other time, to a CP eigenstate g with CP-parity 
No = Nf- 

On the other hand, if we start with ®* and observe a CP eigenstate f in one 
side of the detector, we learn that the meson in the opposite side must have the 
same CP-parity ns, and it cannot decay to a CP eigenstate g if ng = np. 

Of course, the fact that there is CP violation whenever decays with nenfng = 
—1 occur, does not inform us where exactly the CP violation lies. We must have 
some extra information, or some assumptions, if we want to explicitly determine 
a CP-violating quantity from the experimental data. Moreover, the branching 
ratios into exclusive CP eigenstates will in general be small, in the case of heavy 
mesons. It is then advisable to look for time-integrated rates. 

As an example, let us assume that there is no CP violation in the mixing, 
lq/p| = 1, and that there is no direct CP violation in either of the decays. 
Then, |A¢| = |A,| = 1. Let us moreover assume that eqn (9.104) also holds, i.e., 
Ag = 1FNgAz- (This occurs if the decays into f and g are dominated by the same 
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diagram.) For instance, nfng = +1 when f = g, and nfn; = —1 for f = J/WKs 
and g = J/WK_,.** With these simplifications and n-nsny = —1, eqns (9.60) 
yield 


ac = 2i Ap A ImÀf, (9.107) 
bs = 0, (9.108) 


from which eqn (9.66) becomes (Xing 1996) 


o JAA Tity 1-102? 
KF; g/T|@°)|" = | sA (1 my E (1 ay Im* As. (9.109) 
The observation of this time-integrated quantity determines ImA¥ up to its sign. 

In particular, let us consider the decays of T (4S) into two identical CP eigen- 
states, such as (4S) > J/WKgs J/Y Ks (Wolfenstein 1984; Gavela et al. 19855; 
Bigi and Sanda 1987). If the decays are dominated by a single weak phase, one 
gets 
2 JA Ay” r? +y? 

OTS, AU) 
Thus, we may test for interference CP violation in time-integrated rates—and, 
therefore, even at symmetric B-factories. To do this, we must look for decays 
into two CP eigenstates rather than for decays into one CP eigenstate and one 
flavour-specific final state. Unfortunately, the corresponding rates are expected 
to be very small. 

The case of uncorrelated initial states is less favorable, since the CP-forbidden 
transitions should be overwhelmed by CP-allowed transitions. In that case, signs 
of CP violation can only be sought through rate differences involving large can- 
cellations. We shall not discuss them here. 


(fen; feplT1®)| Im’ Az. (9.110) 


24Strictly speaking, we should use the neutral-kaon CP eigenstates instead of Ks and Kz. 
The difference between the choices is equivalent to an effect of order 1073. We are implicitly 
assuming that this is negligible when compared to the intereference CP violation in the heavy- 
meson decays. 
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EXPERIMENTAL STATUS OF B°-B° MIXING 


10.1 Introduction 


In this chapter we discuss some experimental information on the B°-B° systems, 
where B° may be either BY or B®. The experimental results that we shall discuss 


are important for two reasons. First, rq (the mixing parameter x of the B9-B9 
system) provides a constraint on the standard model’s CKM matrix, as we shall 
discuss in Chapter 18. Second, mixing measurements fix the values of the dilution 
factors that time-integrated experiments on CP violation will be faced with. For 
more details the reader may wish to consult the reviews by Fridman (1988) 
and by Schröder (1994), and the original articles of the various experimental 
collaborations. 


10.2 Mixing variables in the B°—B° systems 


Several sets of variables are commonly used to describe mixing in the B°-B° 
systems. The Pais—Treiman parameters refer to the evolution of a single, tagged, 
neutral meson and have been defined in eqns (9.20). Four other variables referring 
to the properties of a tagged neutral meson are introduced in this context: 


2 2 
Bao (10.1) 
TIP[B° > B°] + TIP[B° > B?) 1- xo + |g/p|?°xo" 
asea ea a, 
TIP[B° > B°] + TIP[B° > B°] 1- xo + |p/q|?xo 
2 
x’ =T TIP[B? > B?) = H - (10.4) 


Notice that 0 < xo < 1/2, because 0 < |y| < 1. We want to emphasize once 
again that the time-integrated probabilities (TIP) that appear in eqns (10.2), 
(10.3), and (10.4) refer in practice to decays to flavour-tagging (semileptonic) 
modes, and not to real transitions. Also, they have dimensions of time; they are 
not probabilities. On the other hand, the parameter x may be interpreted as 
a probability. Consider an initial tagged B° meson and its decays into flavour- 
specific final states o and o. The parameter x is the probability that the tagged 
B? will decay as B°; 1 — y is the probability that it will be observed as a B®. A 
similar reasoning applies to x. 
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The Pais—Treiman parameters may be written in terms of yo as 


pee XO 
p| 1- xo’ 
; (10.5) 
7 = f Sue 
q| 1-xo 
Similarly, the dilution factor 
1—y? 
Du = —= = 1 — 2yo. 10. 
M= or a9 ae) 


The unitarity bound of eqn (6.54) becomes 
ô < Dy. (10.7) 


In the case of production of (either correlated or uncorrelated) B°-B° pairs, 
one may measure the total numbers of flavour-specific final states, integrated over 
all decay times. From these one may form the parameters R and R’, which have 
been defined in eqns (9.86) through (9.88), and are related to the Pais—Treiman 
parameters (or to x and y) by eqns (9.89)-(9.91). 

One should be aware of the fact that, often, several unstated assumptions are 
made when experimental results are quoted. Typically, it is assumed that CP 
violation in the mixing is small (|q| = |p| or r = 7), as predicted in the standard 
model for both the B$-B® and B°-B° systems. Henceforth we shall assume that 
|q| = |p|. Then, 

X = X = X0, 
Es (10.8) 
1 — y?’ 


and y < x’. Since x and ¥ coincide in this limit, we may write symbolically 


Prob[B® + B°] = Prob[B° > B®] = x, 


oe S; (10.9) 
Prob[ B° +> B®) = Prob[ B? > B®] =1- x. 
Also, 
R E X 
n:=—1 — — Ad 
| awe (10.10) 
A,.=-1 =? = t= 
and 5 
r 
uneore-= (1+r) = 2X (1 E x) ; 
or (10.11) 


uncorr — 14+r2 : 


initial B? decays as a B®. This result can be understood on physical grounds. 


That is, for C-odd initial states, R,,--1 = x measures the probability that an 
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The original B°-B° pair from an Y(4S) is in a p wave. Each neutral meson 
oscillates; if at a given instant one meson is detected as a B9, then the other 


meson must be BY at that instant. Therefore, detecting one meson as a B? tags 
the other one as a B9. The whole experiment can be reinterpreted?’ as if we had 
started with one tagged initial B9. This is the reason why Rp.=—1 must equal x. 

Of course, this does not hold when the initial mesons are uncorrelated. One 
then has Runcorr = 2x(1— x). This result for uncorrelated B°-B® pairs is easy to 
understand, too. Using eqns (10.9), the probability to find mixed events is given 
by 


Prob[B° + B°]Prob[B° > B®] + Prob[B° > B°]Prob[B° + B®] = 2x(1 — x). 
(10.12) 
Most often, results are quoted assuming also that y = 0, in addition to 
lq/p| = 1. In the SM, this is expected to hold to high precision in the B9-B9 
system. In the the B°-B® system, the theoretical estimate of Beneke et al. (1996) 
is 
Ys = 0,08" 5 oe (10.13) 


When |q| = |p| and y = 0 one has 


2 
/ T 


= pama Ea ns 10.14 
X=X=X = Xo = 97 gH) ( ) 
As a result, the four xs are often confused in the literature. We prefer to define 
them independently. The relation among them must be sought experimentally. 
In any case, if the measurements confirm that in the B°-B® system y is of the 
order of the upper limit in eqn (10.13), |y] ~ 0.14, then the correction to the 


equality x’ = x is very small: x’ = y/(1 — y2) 7% 1.02x. 


10.3 Experiments at the Y(4S) 


Experiments at the Y(4S) provide a rather clean source of b quarks, since the 
branching ratio of Y(4S) into non-bb states is measured to be less than 4%, at 
95% confidence level (Particle Data Group 1996). 

As mentioned before, in the SM, semileptonic decays respect the AB = AQ 
selection rule. As a consequence, a B? meson (with a b antiquark) decaying 
semileptonicaly will yield a positively charged lepton It, while a Bo (with a b 
quark) will yield a negatively charged lepton L~. The sign of the lepton’s charge 
is the same as the sign of the heavy-quark’s charge. 

Unfortunately, in a typical event there are many sources of charged leptons. 
The leptons from the semileptonic decays of a b quark are selected through 
some specific high-momentum cut. There is a further source of confusion: in 
a given experimental situation one usually produces several types of hadrons 
containing b quarks. These cannot be separated, and one must estimate the 


25See Kayser (1997) for a detailed, covariant explanation of this interpretation. 
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relative production rates in each experiment. In particular, the decays of the 
(4S) yield both B9- -B9 pairs and B*+-B pairs. Roughly speaking, half of the 
T(4S) decay into B0- -B9, while the other half decay into B+-B- pairs. The 
‘mixed’, same-sign-dilepton events may only come from a B3-Bù9 pair. But, the 
‘unmixed’, oposite-sign-dilepton events may come from either B9-B°? or Bt-B7 
pairs. 

For this reason, we must be careful and distinguish between the R and R’ of 
Chapter 9, and the quantities which are experimentally measured, which we shall 
denote Rmeas and Ri,.,,- Experimentalists use for the quantities of Chapter 9 a 
slightly different notation: 


N[B? B®] + N[BSB9) 
~ NBB?) + N[B° B®] + N[B° B®] + N[B? B9] 
pie N[B° B®] + N[B°BS] 
N[B°B°] + N[B?B?] 


(10.15) 


(10.16) 


This notation emphasizes the fact that we are interested in the numbers of 
flavour-tagging (semileptonic) decays originating in neutral BJ and B? mesons. 
On the other hand, the measured quantities involve semileptonic decays which 
may originate elsewhere.*© We shall therefore use for those quantities the nota- 


tion 


z N[I717] + Nt] 
Raes = NIP] N A N Ny OO 
NDI] + N[tI+] 
Rmeas = NI} NUI] (10.18) 


where Rmeas = Rmeas/(1 + Rmeas)- We further introduce the experimentalists’ 
parlance of ‘mixed’ and ‘unmixed’ events from B9-B9 pairs: 


Nọ = N[B} By] + N[B3B3], 


a: sees (10.19) 
= N[B9B3] + N[B9B9). 

In their practical application these are the numbers of same-sign and opposite- 
sign dilepton events, respectively: 


N@,, = NI-I-]+ N44), 


meas 
NY... = N(Iti-] + N[ItI-]. 


meas 


(10.20) 


Clearly, 


26 Actually, neutral B mesons may be identified by complete reconstruction of the event. 
However, this is extremely inefficient (see, for example, Schröder 1994), and one looks instead 
for semileptonic decays. 
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R= Do _ 

N™ u? 

a o (10.21) 
Riase 

Nọ 


Equations analogous to eqns (10.21) hold for the quantities having the subscript 
‘meas’. 
Now, 
N meas = No”, 


Ne oas = NE + NE. 


meas 


(10.22) 


The unmixed events N¥ from charged pairs are related to the events from neutral 
pairs through 

Ny _ ABR 
NY +N?  foBR2 
Here, f+} and fo are the probabilities, respectively, of charged and neutral pairs 


being produced at the Y (4S). By definition, fo + f+ = 1. The ratio of f+ and fo 
has been measured to be (Particle Data Group 1996, p. 478) 


A= 


(10.23) 


a = 1.13 + 0.14 + 0.13 + 0.06, (10.24) 
0 


where the errors are, respectively, statistical, systematic, and due to the un- 
certainties in the ratio of BS and Bt lifetimes. Often, experimental results are 
quoted assuming f+/fo to be one, which is consistent with the fact that B9 
and Bt have similar masses. The semileptonic branching ratios of charged- and 
neutral-mesons are denoted BR, and BRo, respectively. Some authors also as- 
sume these branching ratios to be equal. Other authors assume that the semilep- 
tonic decay widths are the same for both, and then they trade BR; /BRo by the 
ratio of lifetimes 7+ / Tgo, which has been measured to be 1.03 + 0.06 (Particle 
Data Group 1996). 

Therefore, the mixing parameters are related to the measured dilepton events 
through 

R= (1+A) Rmeas; 


R= (1 + A) R iea (10.25) 
bs AR meas 
Also, 
N” BRR 
meas | > JoBRo E P (10.26) 
Niens foBRo (1 — R) T f+BR4 


The error in the production fractions is the largest source of uncertainty in these 
parameters. This dependence on À may be reduced by reconstructing one of the 
B® mesons. 

The combined results from the CLEO and ARGUS meaurements at the Y (4S) 
are Xa = 0.156 +0.024, where |q| = |p| has been assumed. If one takes yg = 0, this 
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translates into a value for tg = \/2xa/(1 — 2Xa). One obtains rg = 0.67 + 0.08, 
meaning that a complete oscillation period 27/Amg takes about nine lifetimes. 


CLEO has also looked for CP violation in the mixing through the dilepton 
asymmetry of eqn (9.92). They found (CLEO Collaboration 1993c) 


2\da] _ | NGHI) — N(I-I-) 


Aul = Ta = [NUFF + NOT) 


< 0.18, (10.27) 


leading to |a| < 0.09. This bound is still quite far from standard-model expec- 
tations, but is anyway much better than the one extracted from the unitarity 
bound 62 < 1 — 2yq. A better bound should be attained once these results are 
combined with the single-lepton asymmetry of eqn (9.82), A; = 2dx0, as pro- 
posed by Yamamoto (1997a). The idea behind this asymmetry is to look for the 
time-integrated rates of T(4S) into a single semileptonic final state, summing 
over all channels from the other decay. 

Note that the B9 and B? move very slowly (v/c 0.06) in the rest frame of 
the Y(4S). Hence, for a Y(4S) at rest in the laboratory frame, the B9 mesons 
travel about 30 um in one lifetime. Present technology precludes measurements 
of distances shorter than 50-100 pm. For this reason, with symmetric machines 
running on the Y(4S) resonance, we can only perform time-integrated measure- 
ments. This is the reason why asymmetric colliders are built, so that the T(4S) 
moves in the laboratory frame. The difference between the beam energies makes 
the B? mesons travel around 200 um in the laboratory frame. This allows the 
time difference between the decays, t_, to be be measured. 


10.4 Time-integrated experiments at high energy 


In ete” collisions at high energy, as at LEP, and in pø colliders, the situation 
is complicated by the fact that several gq pairs may arise from the colour field, 
allowing the 6 antiquark from the original bb pair to hadronize into bg—with 
a probability f,—or into A, and other b-baryons—with a probability fa. One 
usually assumes that fe = 0, and, then, fa + fu + fs + fa = 1. Under several 
assumptions, in particular fg = fu, the Particle Data Group (1996) finds the 
values 


fa = fu = 0.378 + 0.022, (10.28) 
fs = 0.11240-018, (10.29) 
fa = 0.132 + 0.041. (10.30) 


Assuming |q| = |p|, what is measured is a mixing parameter 


[[b > B? > B? + I+ X] 


T[b > b-hadron > 1#X]’ (10.31) 


XB = 


in which one cannot disentangle the oscillations of B9 from those of B®. Hence, 
the time-integrated mixing parameter measures 
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BR, 
spout (B j iyi (B j Fay AS (10.32) 
where 
(B) = fa BRa + fu BRu + fs BRs + fa BRA. (10.33) 


Here, BR4a, BRy, BRs, and BR, are the branching ratios for B°, BŁ, B9, and 
b-barions decaying into the observed mode, respectively. It is also possible to 
tag the flavour of each meson with decays other than the semileptonic ones. A 
common method uses the jet charge. The combined results of LEP 1, pp collisions 
at 630 GeV, and pp collisions at 1.8 TeV, is yg = 0.126 + 0.008 (Particle Data 
Group 1996). 

These experiments are much more involved than those performed at the 
Y(4S). This is in part due to the existence of more states with b-quark con- 
tent, such as B? and b-baryons. Moreover, identifying the flavour of one jet does 
not tag the flavour of the other b at that instant. The tagging possibility exists 
for B9-B pairs produced at the T(4S) due to the antisymmetry of the orig- 
inal wave function. At high energy, because of uncorrelated initial states, this 
possibility does not exist any more. 


10.5 Time-dependent experiments at LEP1 


At LEP one can measure the distance d between the primary vertex and the 
point where the B? meson decays. This is related to the meson’s proper time 
t by t = dmg/pg; the momentum ppg of the B® meson is estimated from the 
momentum of its decay products. As we have seen before, the probabilities that 
a particle initially tagged as B® is still B°, or is B®, at proper time t, are 


-Tt 


Prob[B°(t) = B°] = Prob[B?(t) = B°] = f 


ATt 
cosh oe + cos (Ams) ) 


Prob[B?(t) = B9] = Prob[B°(t) = B°] = = 


cosh Alr — cos (Amt) 

(10.34) 
respectively. (In the second equation we have assumed that there is no CP viola- 
tion in the mixing, as is always done in the experimental analysis.) Furthermore, 
it is customary to assume that AT < T. Since both B9 and B? mesons are 
produced, the measurements are sensitive to both Amg and Am,. Extracting 
both parameters involves searching for two separate frequency components in 
the decay-time distributions. 

These measurements are very complicated, and we shall only point out a 
few difficulties. Any given experiment measures the time evolution of only one 
meson. Its initial flavour may be tagged by the charged lepton in the opposite 
side of the detector.” This tagging has a probability x of being incorrect, as 


27 At LEP, other tagging strategies were also used, such as the opposite jet charge, the same 
side jet charge, and the kaon tag. They are usually combined into a complicated multivariable 
analysis. The overall effect is to replace x by the ratio of the wrong tags to the total number 
of events tagged (Moser, private communication). 
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we have seen before. Even if there were no complications due to the possible 
presence of several b hadrons, this would yield a ratio of dileptonic events given 
by (assuming AT = 0 as usual) 


Ne 1 — cos (Amt 1+ cos (Amt 
meas + meas 2 
ee (1 — 2x) cos (Amt) (10.35) 
Er aera i 
The same reasoning leads to the expression for y Æ 0, 
Na i cos (Amt) 
Ss — = 5 |1- (1 - 2y¥) ——~ 10. 
N™,,+N%.o, 7 ( x) cosh (ATt/2) } ’ 028) 


which has been derived in eqn (9.94). The oscillatory term is not changed. Indeed, 
AT only shows up in cosh (AT't/2) and implicitly in x = (x+y?) /(2+2z7). Since 
the experiments do observe an oscillation, removing the constraint yg = 0 should 
not have a large impact on the central value and error bars of the zg found in this 
way.?8 Hence, one can place a limit on yg by combining these time-dependent 
determinations of Ama with the time-integrated bounds on xq. 

In addition to the complication introduced by the mixing (i.e., by x Æ 0), 
one must deal with all the 6 hadrons, mixing mistags and backgrounds, some 
of which also depend on the amount of mixing (such as events with one lepton 
from a direct decay b — l, and another from a chain b => c — 1). When all 
this is taken into account, the time-dependent dileptonic fractions show a clear 
frequency component, consistent with the estimate of xg from time-integrated 
measurements. The Particle Data Group (1996) finds Amg = (0.50 + 0.04) ps~?. 
One may combine this with the information on the B9 lifetime to find z4. As- 
suming yg = 0 and combining all the time-independent and time-dependent 
determinations of xg, the Particle Data Group (1996) finds zg = 0.73 + 0.05. 

In addition, the Particle Data Group (1996) gives Am, > 5.6ps~! (which 
corresponds to x, > 9.5), where the assumptions f, = 11.2% and y, = 0 have 
been used in the fit. This results in xs > 0.49, which is close to the upper bound 
x < 0.5. In this case there is also a bound on ys coming from the comparison of 
the average B9 and B? lifetimes. Assuming that yg = 0, Tg, =Tg,, and that 
there is no bias in the experiments, the combined LEP and CDF data yields 
ys < 0.3 (Moser, personal communication). 


28Recent Monte Carlo experiments confirm this expectation (Moser, personal communica- 
tion). Still, it would be nice to see it confirmed by the data. 
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CP violation in the standard model 
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GAUGE STRUCTURE OF THE STANDARD MODEL 


11.1 Introduction 


In this chapter we make an overview of the gauge structure of the standard model 
(SM), with the purpose of establishing notation and writing down the Feynman 
rules for all vertices and propagators in a general °t Hooft gauge. The part of the 
SM Lagrangian involving the fermions will be studied in the next chapter. 

This chapter does not intend to be either pedagogical or self-contained. For a 
thorough derivation of the SM Lagrangian, the reader is advised to consult one 
of the texts existent on the subject—for instance Abers and Lee (1973); Fritzsch 
and Minkowski (1981); Leader and Predazzi (1982); Cheng and Li (1994). Some 
readers may prefer to skip this chapter altogether. 


11.2 SU(2) 


The Glashow—Weinberg-Salam (Glashow 1961; Weinberg 1967; Salam 1968) 
model for the electroweak interactions, termed the standard model, has gauge 
group SU(2)@U(1). The generators of SU(2) are denoted Ti, T2, and T3. They 
are Hermitian and obey the commutation relations 


[Tk, Ti] = 1€kIml mi (11.1) 
One defines T 
Teo Dy 11.2 
4 A (11.2) 
Then, T_ = T if and the commutation relations are 
ATN Gad (aad Be 
T+, T-] =T; n 
ea a ee ol 


In the doublet representation, the Tę are represented by the Pauli matrices 
Tk divided by 2, i.e., 


(2) 01 Oj 0 —i (2) 1 0 
i =3(14). I; Ia T; a . (11.4) 
Then, 
(2) 41/01 2) 1 [00 
Ty Att T =} (i0 (11.5) 


In the triplet representation, 
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3 010 a 0-2 0 2 10 0 
T =v 101], T =v i O —i , Tg’ ={000 |. (11.6) 
010 02 0 00-1 
Then, 
010 000 
T® =(o001}], T?=[ 100]. (11.7) 
000 010 
11.3 Covariant derivative 
The covariant derivative is 
OY — ig (WT, + WET. + WËT;) — ig’ BYY. (11.8) 


Here, g denotes the SU(2) coupling constant and g’ is the U(1) coupling con- 
stant. The U(1) charge Y is termed (weak) hypercharge; it is, for each irreducible 
representation of SU(2)@U(1), a real multiple of the unit matrix. In our normal- 
ization, the electric charge Q is given by Q = T3+Y. The three W,’ are the gauge 
fields of SU(2), while B“ is the U(1) gauge field. We shall often omit the Lorentz 
indices on the gauge fields and on the derivatives, in order not to overload the 
notation. 
One defines 
W, +iWe 
o 


Instead of g and g’ it is useful to introduce e (the electric-charge unit) and the 
angle @,, defined through 


w+ = (11.9) 


(11.10) 
eee ——— 
oS a 
where Sw = sin9,, and cy = cos@,,. We also define the gauge fields A and Z to 
be the result of an orthogonal rotation of B and W3: 


B Coy Sui A 
OREO 
The covariant derivative in eqn (11.8) may then be written 


3 + ieAQ — ig (WtT, +W-T_) — i=Z (Ts — Qs?) . (11.12) 


w 


11.4 Self-interactions of the gauge bosons 


Interactions among the gauge bosons are typical of a non-abelian gauge theory. 
In the SM, they arise because of the presence of the non-abelian SU(2) in the 
gauge group. If we denote 
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= ig’ (Q9aB9 pv — JapJBv — Jav 96 u) 


Agi Zi An 
Wg 


= ig? (JaugBv T Jav9Bu — 29a89uv) Coe ae ~SyCw) 


Ay; Zyl 


= ig [gag (p+ — p-),, + Gua (4 — P+)a + Ipa (p- — Da| 


X (Sw; Cu) 


Fic. 11.1. Self-interactions of the gauge bosons. 


FRY = 04WY — ow” + 9 (Wy Wy — Ws WY), 
PSY = o WY — OWY + g (WS WY — Wwe), 
F?” = 0”Wy — O'W3' + g (WËWy7 — W; Wr), 
F% = 0" BY — 0” BY, 


(11.13) 


then, the gauge-kinetic Lagrangian can be written 


+non-quadratic terms. (11.14) 


The non-quadratic terms in the last line of eqn (11.14) yield the vertices in 
Fig. 11.1. 


11.5 Gauge interactions of the scalars 


The scalar sector of the SM consists of only one doublet, ¢, which has Y = 1/2. 
If one chooses a negative sign for the coefficient p in the quadratic term uoto of 
the Higgs potential—see eqn (11.30)—then the SU(2)®U(1) gauge symmetry is 
broken into U(1), which is identified with the gauge group of the electromagnetic 
interaction. Without loss of generality, one can make an SU(2) rotation so that it 
is the lower component of ¢@ which acquires a vacuum expectation value (VEV) 
v, which is a c-number, constant over the whole of Minkowski space. We write 
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s= (g) = Catara) aa 


Here, H and x are Hermitian Klein—Gordon fields, y+ are the Goldstone bosons 
to be absorbed in the longitudinal components of WF, x is the Goldstone boson 
to be absorbed in the longitudinal component of Z, and the physical Higgs 
particle is H. One introduces the conjugate SU(2) doublet 


z ot eg 
jams” = (#1) =H), rag 
SY ah 
which has Y = —1/2. 
From eqns (11.12), (11.4), and (11.5) it follows that the gauge-kinetic La- 
grangian of ¢ is 


|a- —ieAp” + iw" + is, 2 (e2, — s*,) | 


x aot +ieAyt — i- Wto? ee, (e, - s? ) o+ 


V2 2Cw 


ni (a! tiS W i 29") 
w 


x (ap -iW O +i ze) ; (11.17) 


We use the relationship between v and the masses of the W and Z, 


V2 V2cw 


v = — Mw = 
g g 


mz, (11.18) 
and find that the expression in eqn (11.17) is 


(Ap-) (dp) +4 [(OH)’ + (0x)?| + miyW-Wt + imz? 
+imw (W-dp* —-W*dp7) + mzZOdx 
+non-quadratic terms. (11.19) 


The terms in the second line of eqn (11.19) are cancelled out by the gauge-fixing 
Lagrangian, as we shall see next. The non-quadratic terms in the third line of 
eqn (11.19) give rise to the vertices in Fig. 11.2. 


11.6 Gauge-fixing Lagrangian 


A gauge fixing is required in order to define the propagators of the gauge bosons 
and of the Goldstone bosons. Here we shall consider only ’t Hooft gauges. Let 
us first study the case of the gauge boson Z and the Goldstone boson x. The 
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Wasla wr 4 
H . MZ : 2 
---=- = 199ag | MW; —— -€-- = —igag (emw; gs*,mz) 
w 
Wł; Zg Ag; Ze 
Pié wF r H , 
Por g PH\ g 
° ~ = = (py — p), (+i; 1) pom = -— (py — DH), 
pd 2 Pry eu, 
4H: x Ax 
‘u P+ 
ps Aa} Za ; g (s2, -— c) 
p- ONONE = i (p_ — pr), €; 7 
Ap” i 
Wa ; Za Wai Za 
C E ey ene eee R ee 
EN 9g 
we We 
+ . + . 2.2 
H: —27€e j H; —? S . 
Tase e — Jag (1; Fi). (cepa = "gap (1; Fi) 
Cw 
Ag; Za; Aa, Wa 
=e 2 
orb ig foe, PUSH A)”, E 
an 22, i Cw © 2 
Ap; Ze; Zo; W3 


Fic. 11.2. Gauge interactions of the scalars. 


quadratic terms in the Lagrangian containing Z and x are—see eqns (11.19) and 
(11.14)— 


3 (3u Zv) (O"2") + 3 (OuZv) ("Z") + zmz Z, Z" + 3 (04X) (O"x) + mz Z,0"x. 


(11.20) 
One uses the gauge-fixing Lagrangian 
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sts = BE + (1 — ba) 
k igw tkyky (1 1 

rina ae ae Tas m? (a - Beat) 
k —19 uv ikuku 


1 1 
en O — ma, my (gor p a) 
Fic. 11.3. Propagators of the gauge bosons. 


= (0, 2" = ézmzx)” = =e (3 2") (3 Z”) + mzxô, Z" = EZ m22, 
2&2 22 2 

(11.21) 
where £z is an arbitrary real non-negative number, whose value is £z = 0 in the 
Landau gauge, éz = 1 in the Feynman gauge, and éz = œ in the unitary gauge. 
Physically meaningful quantities are independent of z. Adding eqns (11.20) and 
(11.21) we find that x has the usual propagator for a scalar boson, with squared 
mass zm. Also, after an integration by parts, the Z-x mixing terms mzZ,,0"y 
and mzx0,Z" cancel out. The remaining terms yield, after some integration by 
parts, the Z propagator. This propagator has two parts—see Fig. 11.3. The first 
part has its pole on the physical squared mass m2,. The second part has its pole 
on the unphysical squared mass £zm?,. The effects of this second part of the 
Z propagator must cancel out with the effects of the propagation of y—and of 
the Z ghost, as we shall see in the next section—which have the same fictitious 
squared mass £zm%. 

The gauge-fixing term for the W*-y*= sector reads 


1 
-gp Wa — wwe") (W; + gwmwy) 
1 ae ee oe 
eo ae) Oa) na er OE 07) 
Lomo o. (11.22) 


From eqns (11.19) and (11.22) we see that y* has the usual propagator for a 
charged scalar, with unphysical squared mass £wm%,. The W+-y* mixing terms 
cancel out. The gauge boson W= has a propagator with two parts, one with pole 
on the physical squared mass m%,,, the other one with pole on the unphysical 
squared mass ym?,. Any physical quantity must be independent of the real 
non-negative number éw. Note that éw does not need to be equal to €z; we may 
choose different ’t Hooft gauges for the Z—y sector and for the W+-y= sector. 
The gauge-fixing term for the photon is 


1 ‘i 3 
-gg (O"An) (0"4,). (11.23) 
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Fic. 11.4. Propagators of the scalars. 


Once again, the unphysical gauge parameter €,4 does not have to be equal to 
either éw or £z. From eqns (11.14) and (11.23) it follows that the photon propa- 
gator is as given in Fig. 11.3. It hasak,k, part with gauge-dependent coefficient 
1 — €4; that part of the propagator must give a vanishing contribution to any 
physical quantity. 

The propagators of the scalars are collected in Fig. 11.4. The mass my of H 
originates in the scalar potential, to be treated in § 11.8. 


11.7 Ghosts 


The ghost Lagrangian depends on the gauge-fixing conditions and on the gauge 
transformations. An infinitesimal gauge transformation of the scalar doublet 
reads 


iB 
2 


~, 
56 = i | gaT P ~ 96 d, 


6b =i gaT” +g 
(11.24) 


where the a, are the three infinitesimal parameters of the SU(2) gauge transfor- 
mation, and ĝ is the infinitesimal parameter of the U(1) gauge transformation. 
Writing l 

at Qi F102 


N 7 (11.25) 
(8 Rote | ood 


—cf. eqns (11.9) and (11.11)—we find 


2 2 
Spt =imwat +i || -eaa + gta \ pt + 2 (H +ix)jat], 
2Cw 2 
l g g , 
6p = -imwa — i |(-ea4 +g T az) yp + 5 (H — ix) a- , (11.26) 
ÔX = -—mMzaz — Hee + J (p-at + pta) : 
2C 2 


The same infinitesimal transformation of the gauge fields reads 
ÔA, = O,a4 t+ie(a Wt -atW_), 
bZy, = paz — igcy (a Wi -atW), (11.27) 
ÔW + = ð at + igW $ (—SwOA + Cwaz) F ig (—SwAy + CwZ,) a. 
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Fic. 11.5. Propagators of the ghosts. 


The Fadeev—Popov ghost Lagrangian for a general ’t Hooft gauge reads, from 
eqns (11.21), (11.22), and (11.23), 


(0,24 — ô (0, A” 
Crp =- Y) [teen paua 
as (31W t aa iêwmwyt) 


ô (W7 +itwmwy) | 
0Q; i 


0a; 


Ci (11.28) 
The notation of the sum over 7 is the following: c; denotes cz, ca, ct, and c7, and 
the corresponding a; are az, a4, a*, and a`, respectively. Notice that there are 
two distinct charged ghosts, ct and c7, together with their distinct antighost 
fields, Gt and Z~, respectively. We easily find 


Lrp = —Gz (0,0" + Ezmz) Cz — TAOLO" CA sgr (0,,0" + tw miy ) ct 
T (0,0" + wm) c7 + non-quadratic terms. (11.29) 
From eqn (11.29) we find the ghost propagators in Fig. 11.5. The non-quadratic 


terms yield the vertices in Fig. 11.6. Note that some of those vertices are pro- 
portional to the gauge parameters éw and éz. 


11.8 Self-interactions of the scalars 


The self-interactions of the scalars originate in the scalar potential—which ap- 
pears in the Lagrangian density £ with an overall minus sign, L =---— V: 


V =potot roto)”, (11.30) 


where m : 
p'o =v? + VH + an +p yt. (11.31) 
The vacuum stability condition is equivalent to the condition that the terms 
linear in H vanish: u = —2Av?. We trade » by the Higgs mass my through 


4\v? = m%,, and use the W mass mw instead of v by having recourse to 
eqn (11.18). We obtain 

coy aa gm2, (H? +x? 

Van Wi —H H2? H =a H 
a a ToN a ee 
252 2 2 2 
g MH H +x ae © 
—— 11. 
T, ( Pee (11.32) 


We find that, besides the mass term for H and the vacuum energy density 
—mi%,,m2, /(2g7), the potential V contains cubic and quartic terms which yield 
the vertices in Fig. 11.7. 
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FIG. 11.7. Self-interactions of the scalars. 
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THE FERMIONS IN THE STANDARD MODEL 


12.1 Introduction 


We proceed in our overview of the SM, now considering the part of the La- 
grangian involving fermions. In the first two sections of this chapter we assume 
the existence of only one generation of fermions, and in the following sections we 
study the modifications introduced by the presence of n > 1 generations. 

In this part of the book we shall mainly discuss quarks and their interactions, 
only occasionally commenting on leptons. This is because, in the SM, the leptonic 
sector is a simplified version of the quark sector: the absence of right-handed 
neutrinos and of Majorana masses leads to the absence of lepton mixing. In 
particular, the phenomenon that interests us most, CP violation, does not occur 
in the leptonic sector of the SM. 


12.2 Gauge interactions of the fermions 
The quarks of chirality —1 form SU(2) doublets with hypercharge 1/6: 


QL = ta (12.1) 


nL 
The quarks with chirality +1 are the singlets pr, with Q = Y = 2/3, and np, 
with Q = Y = —1/3. 
The charged- and neutral-current interactions of the quarks are derived from 
the general gauge-kinetic Lagrangian for a fermion multiplet f, 


fry" (ið, — eA Q +g (WIT, +W,T_) + 2z, (Ts -Qs?,)| f. 2.2) 


This yields the electromagnetic-interaction terms 


LO = -eA, JH, (12.3) 
where 
Jin = = (PLPL + Pry'pr) — 5 iry’ny + nRY”nR). (12.4) 
The neutral-current interaction with the Z is given by 
co = mae (Dry PL —nyy'ny — 282, J6) F (12.5) 


and the charged-current interaction with the W* is 
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g — Soe 
L9 = Va (Wipry' nt + W, my" pr) : (12.6) 
For the leptons we have similar arrangements. A typical doublet of left- 
handed?’ leptons is 
L; = a f (12.7) 
lL 


It has hypercharge Y = —1/2. The right-handed charged lepton lr is an SU(2) 
singlet with Q = Y = —1. There are no right-handed neutrinos in the SM. 
The charged-current interaction of the leptons is given by 


cM) = = (Wrory' lt +W; ly” vL), (12.8) 


5 


and the neutral-current interactions, mediated by the Z and by the photon, are 


oes s2 = Z= 
L E a Zu (Ory, — Iryl) + (22, + eA, ) (iny“lt +Iry"ln) . 
(12.9) 


12.3 The Yukawa Lagrangian 


There are SU(2)&U(1)-invariant Yukawa couplings involving the left-handed 
doublets of fermions, the right-handed singlets, and the Higgs doublet: 


Dre (Qir onp + QLAĝpr + Izllġin) CHE (12.10) 
+ i 
= - [Pzr mr) r (2) an+ (Pr TL) A (| pn 
+ (vp l,) 0 (0 ) In +H.c., (12.11) 


where [’, A, and II are arbitrary complex numbers. The notation ‘+H.c.’ means 
‘plus the Hermitian conjugate’. 

If we substitute y? by its vacuum expectation value v, we obtain the mass 
terms 


Lmass = —NLMnnrR — DLMppR — lL Mılr + H.c., (12.12) 


with Mn = vl’, Mp = vA, and M, = vII. The remaining terms in Ly are the 
Yukawa interactions: 


Mnp 
Ly Lash F (H + ix) NES pL a ? (H = ix) PR 


— M, M 
—l, — (H + ix) lr — pr —ọytn 
l x) R PL m p R 
M M 
+L P PR — 0r- tla + H.c.. (12.13) 


29From now on we adopt the standard use of terming fields with chirality —1 ‘left-handed’ 
and fields with chirality +1 ‘right-handed’. 
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12.4 Generations 


One of the striking features of the spectrum of elementary fermions is the fact 
that there is in Nature a replication of the fermion multiplets. In the SM, the 
number ng of fermion ‘families’ or ‘generations’ is not fixed by any symmetry 
principle. Experimentally, there is strong evidence that there are only three gen- 
erations: ng = 3. The couplings IL, A, and II in eqn (12.11) then become ng X ng 
matrices in generation space. Gauge invariance does not constrain the flavour 
structure of the Yukawa interactions and, as a result, T, A, and II are com- 
pletely arbitrary. This arbitrariness is actually responsible for most of the free 
parameters in the SM. This is the so-called flavour problem, one of the funda- 
mental open questions in particle physics. 

The Yukawa-coupling matrices are not necessarily Hermitian. They may be 
diagonalized by bi-unitary transformations 


PL = UP ut, 
= Uun, 
nA RAR (12.14) 
nr, = Ur dt, 
nR = Updo, 


where uz r and dz,r denote the n, x 1 column matrices with the chiral compo- 
nents of the quark mass eigenstates—of the physical quarks. The ng x ng unitary 
matrices U? and U® are chosen such as to bi-diagonalize Mp (or, equivalently, 
A), while U? and U} bi-diagonalize M,, (or, equivalently, T): 


UPÍ M,U? = M, = diag (Mu, Me, m,...), 


(12.15) 
U?'M,UB = Ma = diag (M4, Ms, Ma,- .) . 


The matrices M, and Mg are, by definition, diagonal; their diagonal matrix 
elements are real and non-negative. 
If we define the Hermitian matrices 


H, = MM}, 


may: (12.16) 


then we realize that the unitary matrices U? and Uf diagonalize H, and Hn: 


U?' H,U? = M2, 


12.17 
UUH U = M?. Cen) 


The charged-current interaction in eqn (12.6), written in terms of the quark 
mass eigenstates, is 


co = 5 (Wary Vdr + WrdpyVtut), (12.18) 


where 
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V =u?'Ur (12.19) 


is the Cabibbo—Kobayashi-Maskawa (CKM) matrix (Cabibbo 1963; Kobayashi 
and Maskawa 1973). It is written 


Vud Vus Vub PAR 
Ved Ves Veb Hi 
VSP a Ve Preek (12.20) 


The appearance of a non-trivial CKM matrix in the charged current reflects 
the fact that the Hermitian matrices H, and H,, are in general diagonalized by 
different unitary matrices. 

In general, we will designate up-type (Q = 2/3) quarks by Greek letters 
a, ß,..., which may assume the values u, c, t, and so on (if there are more than 
three generations). Down-type (Q = —1/3) quarks will be designated by Latin 
letters i, j,..., which represent d, s, b, and so on. A general matrix element of V 
will be denoted Vxi. 

The neutral-current Lagrangian preserves the form in eqns (12.3)-(12.5), with 
the weak eigenstates pr r and ny Rr substituted by the mass eigenstates uz, pr and 
dr r, respectively. This means that no mixing matrix analogous to V arises in 
the current which couples to the Z. In the SM there are no flavour-changing 
neutral currents (FCNC) at tree level. This is a consequence of the fact that 
all fermions of a given charge and helicity have the same value of 73, the third 
component of weak isospin (Glashow and Weinberg 1977; Paschos 1977). 

In the leptonic sector, we bi-diagonalize Mı by performing unitary transfor- 
mations of the fields, analogously to what is done in the quark sector. However, 
as the neutrinos are massless in the SM, we are free to transform them in such 
a way that a mixing matrix does not arise in the leptonic sector: 


UL = Uh vz, 
l, = Uler, (12.21) 
lR = Uber, 


where e and v denote the mass eigenstates of the leptons. Notice that the same 
matrix Uj}, is used to transform both lz and vz. The unitary matrices U} and 
Uj, are chosen such that 


ut' MUL = Me = diag (me,m,,mz,...). (12.22) 


In terms of the lepton mass eigenstates, both the charged-current interaction in 
eqn (12.8) and the neutral-current interactions in eqn (12.9) preserve their form, 
with the weak eigenstates lz r and vz substituted by the mass eigenstates ez R 
and vz, respectively. In the SM there is no mixing matrix in the leptonic sector 
due to the fact that there is no mass matrix for the neutrinos. The absence of 
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Fic. 12.1. Propagator of a fermion f with mass mp. 


such a mass matrix allows one to transform vz into vz by using the same unitary 
matrix U} which is used to transform ly, into ez. In the SM, neutrinos have zero 
Dirac mass due to the fact that no right-handed neutrinos are introduced. Since 
neutrinos have zero electric charge, one could in principle have Majorana mass 
terms (see Chapter 25) of the type v],C~1vz,;. In the SM, tree-level Majorana 
mass terms do not arise due to the absence of Higgs triplets. Majorana mass 
terms might be induced by higher-order diagrams or by non-perturbative effects. 
However, in the SM the quantum number B — L is exactly conserved—B is the 
baryon number and L is the lepton number. As Majorana mass terms violate 
B — L, we are sure that they do not arise. 

The Feynman rules for the fermion propagators are displayed in Fig. 12.1. 
The rules for the fermion gauge vertices are in Fig. 12.2. 


12.5 Yukawa interactions 


Let us return to the Yukawa interactions in eqn (12.13) and rewrite them in 
terms of the physical-fermion fields. One obtains 


Ma 
Ly wn Lmass = = -dr 


Me 
a 


oM. M 
+d,V'—“p" ur — DL- eR + H.c. 


(H +ix)dr — UL 


we (H — 1x) u 


Ma 
(H + ix) er - ULV —“~* dr 


= ee (dMad +UMyut+ éM-e) (12.23) 
Va (dMaysd — TMu ysu + €Meys€) (12.24) 
r [u (M«aV yr — V Mayr) d — Meyre] (12.25) 


+e (d(VtMuyr — MaVty,)u—@Meyzv]. (12.26) 
Here we have introduced the quark fields d = dz + dpr and u = uz + up, and 
similarly for the leptons, e = ey + er and v = vz. Equations (12.23)—(12.26) 
yield the Feynman rules for the Yukawa interactions of the fermions with the 
physical and unphysical scalars, shown in Fig. 12.3. 
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FIG. 12.2. Gauge interactions of the fermions. 
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Fic. 12.3. Yukawa interactions. 


13 


FUNDAMENTAL PROPERTIES OF THE CKM MATRIX 


13.1 Rephasing-invariance 


The CKM matrix V is complex, but some of the phases in it do not have physical 
meaning. Indeed, one has the freedom to rephase the quark fields, 


Ua = Peu’ , 
ao E (13.1) 
dk = e dy, 
with n, arbitrary phases Ya and ng arbitrary phases Y. Under eqn (13.1), V 
transforms as 
Vap e AEAN ak: (13.2) 


One may thus arbitrarily change, and in particular altogether eliminate, the 
phases of 2n} — 1 matrix elements of V. (One cannot eliminate 2n, phases be- 
cause, if all Ya and all Yg are equal, no Va, changes—a common rephasing of 
all quark fields has no effect on V.) In particular, we may choose an arbitrary 
row and an arbitrary column of V to be real non-negative; this is true for any 
number of families. 

Physically meaningful quantities must be invariant under a rephasing of the 
fields; only functions of V which are rephasing-invariant may be measurable. The 
simplest invariants are the moduli of the matrix elements. We denote 


O ai = Vail" ; (13.3) 
The next-simplest invariants are the ‘quartets’ 
Q aif; = Vai Voi Vaj Vi (13.4) 


We require a # 8 and i Æ j, lest the quartet reduces to the product of two 
squared moduli. Clearly, Qaig; = QBjai = Qo i Bi = Q bias: We denote 


Waißj = arg Q) wip; (13.5) 


The phases wig; are invariant under eqn (13.2). 
Invariants of higher order may in general be written as functions of the quar- 
tets and of the moduli. For instance, 


Vai Voj Vyk Vaj Van Vi = Taigi taht, (13.6) 
(A 


The procedure may fail in singular cases in which some CKM matrix elements 
are zero. We shall not consider such singular cases here. 
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13.2 CP violation 


A pure gauge Lagrangian is necessarily CP-invariant (Grimus and Rebelo 1997); 
as an instance of this, we have shown in § 3.7 that the Lagrangian of QCD is 
CP-invariant.2° The scalar potential of the SM, in which only one Higgs doublet 
exists, automatically conserves CP. As a result, CP violation can only arise from 
the simultaneous presence of Yukawa interactions and gauge interactions. 

We have seen in Chapter 3 that, under CP, ô” — 0, and 


(CP) A” (t,7) (CP)! = —Ay, (t, =F). (13.7) 
Also, from eqns (3.12) and (3.20), 


(CP) yt (t, F) (CP)! = ew p5 (t, -7), 


13.8 
(CP) p= (t, F) (CP) = etw yt (t,-F), = 


where €w is an arbitrary phase. Analysing the interactions in eqn (11.17) we 
find that, in order to obtain CP invariance of that part of the Lagrangian, one 
must postulate 


(CP) Wt (t, F) (CP)! = -ew W7 (t, -7), 


i (13.9) 
(CP) W (t, F) (CP)! = -ew WE (t, -F), 
together with 
(CP) Z” (t, P) (CP)! = —Z,, (t,-7), (13.10) 
(CP) H H(LA(CP) =H H (t,-7), (13.11) 
(CP) x (t,7) (CP)? = -x(t,-F). (13.12) 


One finds that all interactions in Chapter 11 are invariant under this CP trans- 
formation, which must be extended to the ghosts: 


(CP) ct (t,#) (CP)' = teen (t,-F), 

(CP) cm (t, P) (CP)! = te~* ct (t, -7), 

(CP) at (t,#) (CP)! = +e-*we- (t, =P), 

(CP) e ee, ae rp Aas 
(CP) cz (t,7) (CP)! = ez (t, -7 , 

(CP) ēz (t,7) (CP)! = ez (t, =’) , 

(CP) ca (t, 7) (CP)! = tea (t, =?) , 

(CP) éa (t,F) (CP)' = tex (t, -F). 


30We forget for the moment the possibility of strong CP violation, which will be studied in 
Chapter 27. 
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From Chapter 3 we know that 


(CP) ua (t, P) (CP)! = efa y0 CTT (t, -7), 

(CP) Ta (t, P) (CP)! = -e-a uT (t, —7) C799, 

(CP) di (t, P (CP)t = et Cd,” (t, 71), (13.14) 
(CP) dy (t, P) (CP)t = -e78 dT (t, =F) C-1 49. 


Now consider the interactions in eqn (12.25). We derive 
(CP) p ūaMaVakYLdk (cP) = etw tEn ba) 07 dima Vak YRUa, (13.15) 


and compare this result with the term yp dk V* MA YRU in eqn (12.26). We 
conclude that, in order for the sum of eqns (12.25) and (12.26) to be CP-invariant, 
one must have 

Vi, = lwt -Ea) V g. (13.16) 


We would have arrived at this same condition if, instead of imposing CP in- 
variance on the interactions in eqns (12.25) and (12.26), we had imposed CP 
invariance on the interactions in eqn (12.18). 

Equation (13.16) can always be made to hold if one considers a single matrix 
element of V, because the CP-transformation phases Ew, Ea, and €, are arbitrary. 
However, if one simultaneously considers many matrix elements of V, one realizes 
that eqn (13.16) forces the quartets, and all other rephasing-invariant functions 
of V, to be real. In general, there 1s CP violation in the SM if and only if any of 
the rephasing-invariant functions of the CKM matriz is not real. 

Because of the absence of a mixing matrix, the interactions of the leptons in 
the SM are always CP-invariant. 


13.3 Parameter counting 


In the SM with ng generations the CKM matrix is ng x ng unitary. It would 
therefore, in general, be parametrized by n parameters. However, 2ng — 1 phases 
may be absorbed or changed at will by rephasing the quark fields. Therefore, the 
number of physical parameters in V is 


Nparam = n? — (2ng — 1) = (ng - 1)”. (13.17) 


An ng X ng orthogonal matrix is parametrized by n, (Nng — 1) /2 rotation an- 
gles, which are sometimes called Euler angles. An unitary matrix is a complex 
extension of an orthogonal matrix. Therefore, out of the Nparam parameters of 
V, 


should be identified with rotation angles. The remaining 
N phase = !Vparam — /Vangle = L (Ng = 1) (Ng = 2) (13.19) 


parameters of V are physical phases. 
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Thus, in the two-generation SM there is no physical phase—no phase which 
cannot be eliminated by a quark-field rephasing. CP violation is therefore absent 
when ng = 2. One may confirm this in another way. When n, = 2 there is only 
one potentially complex quartet, Qudcs. However, the orthogonality relation 


VaV t Vu VASO (13.20) 


implies, when we multiply it by Vč Ves, that Qudes = —UusUcs, which is real. 
The quartet being real, there is no CP violation. 

According to eqn (13.19), there is one physical phase in V when n, = 3. 
That phase generates CP violation, as was first pointed out by Kobayashi and 
Maskawa (1973). Let us confirm in a different way the uniqueness of the origin 
of CP violation when n, = 3. The orthogonality relation for the first two rows 
of V reads 


Vud Veq + Vus Ves + Vab Va = O. (13.21) 
Multiplying it by Vž;Vcs and taking the imaginary part, one obtains 
Im aes = —Im (baz: (13.22) 


Thus, the two quartets Quacs and Qubcs have symmetrical imaginary parts. Pro- 
ceeding in the same way, one easily shows that, because of the orthogonality of 
any pair of different rows or columns of V, the imaginary parts of all quartets are 
equal up to their sign (Jarlskog 1985a,b; Dunietz et al. 1985). One may therefore 
define 

J = Im Quscp = Im (Vus Veo Vab Ves) - (13.23) 


The imaginary parts of all quartets are equal to J up to their sign. This is a 
counterpart of Nphase = 1. 


13.4 Unitarity conditions on the moduli 


The SM prediction that the CKM matrix is unitary must be experimentally 
tested. Non-fulfilment of the unitarity constraints would signal physics beyond 
the SM. (It must however be kept in mind that the unitarity conditions depend 
on the number of families. Therefore, it may happen that the physics beyond the 
SM simply consists of extra generations, without any change in the structure of 
the model.) 

The rows and columns of V are normalized: 


D Uai = > Usi = 1, (13.24) 
a=1 i=1 


and therefore only (n, — 1)? moduli are independent. Thus, the number of pa- 
rameters Nparam is equal to the number of independent moduli. This is a special 
feature of the SM which does not hold in some other models. It suggests the pos- 
sibility of parametrizing the CKM matrix by the moduli of its matrix elements 
(Branco and Lavoura 19884; Lavoura 1989a,b). 
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For ng = 3, let us take Uys, Uub, Ucs, and Ucp as the independent squared 
moduli. The other Ux; are easily found from these: 


Uua = 1 — Uus — Uub, 

Uca = 1 — Ues — Uren, 

Ua = L= U Ue (13.25) 
Uto = 1 — Uw — Vos, 

Ura = Uus + Uw + Ves + Ucy — 1. 


The four independent squared moduli must of course be non-negative. They must 
also be such that their linear combinations in the right-hand-sides of eqns (13.25) 
are non-negative. — 

Now consider the orthogonality condition in eqn (13.21). From it we derive 


2Re Quscb = UudUed — UusUes — Une oo. (13.26) 
Using eqns (13.25) for Uyq and for Uea, one obtains 
2Re Qusch = 1 — Uus — Uub — Ucs — Ven + UusUco + Gunes. (13.27) 
Therefore, 


4UusUcbUubUcs > (1 re Uus z Uub B Ucs a Ueb + UusUcb F Unu . (13.28) 
Thus, if we take the squared moduli Uus, Uub, Ucs, and Ucp as independent, we 
must check not only that they are non-negative and that their linear combina- 
tions in eqns (13.25) are non-negative, but also that eqn (13.28) holds. As a 
matter of fact, it may be shown (Branco and Lavoura 1988a) that, if the four 
independent moduli are non-negative and if eqn (13.28) holds, then the linear 
combinations in eqns (13.25) automatically are non-negative. 
One may write |J| as a function of the moduli: 


4J? = 4 (Im Quse) (13.29) 
= 4UusUcbUubUcs —4 (Re Ouse) 
= 4UusUcbUubUes i= (1 = Uis ~ Uub — Ucs — Uc + uses T UnbUes) ° 


One sees that J? is a quadratic function of the Uai. For instance, if one keeps Uus, 
Uy», and U,, fixed, and computes J? as a function of U.s by using eqn (13.29), one 
finds the following. There are two values of U.s for which J? = 0 vanishes; call 
them U™" and U™*, For Ues < U™" and for Ues > U™* the inequality (13.28) 
is violated, and there is no unitary matrix corresponding to the assumed values 
of the Uai. For Ues = ym and for Ues = U@**, V is an orthogonal matrix, with 
J = 0. For me < Uss < U™**, J? first increases and then decreases, forming a 
parabola as a function of Ues, and the matrix V is unitary non-real. 
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. Via Vib 
Vud Vub 


Via Vab 


Fic. 13.1. Representation of eqn (13.30) as a triangle in the complex plane. 


13.5 The unitarity triangle 
Consider the orthogonality condition between the first and third columns of V: 
Vua Vab + Ved Veb + Vta Væ = 9. (13.30) 


This equation may be interpreted as representing a triangle in the complex plane. 
That triangle is depicted in Fig. 13.1. It is rotated as a whole when the CKM 
matrix is rephased as in eqn (13.2): 

Vaa E E eV i Vai 


However, the shape of the triangle remains unchanged, because both its inner 
angles and the length of its sides are rephasing-invariant. In drawing Fig. 13.1 
we have adopted a phase convention in which Vea Vœ is real and negative. 

The inner angles of the triangle, a, 8, and y, are defined by 


ViaV2 
a= arg (i) = arg (—Qubta) , 
ud "ub 


eae) = arg (—Qtbea) ; (13.31) 
VuaV 
y = arg (-72) = = arg (—Qebua) - 


They satisfy, by definition, 
a+ bB +y= arg(—1) =r mod 2r. (13.32) 


It should be emphasized that eqn (13.32) holds even if eqn (13.30) is not valid— 
i.e., even if there are deviations from 3 x 3 unitarity—provided that one sticks 
to the definitions in eqns (13.31). 

It is useful to rescale the triangle by defining 


Via Vi 
Ri = ae ) 
rece (13.33) 
R, = Vea Vw 
° = | Voa Va | 


One then obtains a triangle with sides of length 1, R, and R,, which is de- 
picted in Fig. 13.2. In that figure we have marked the complex coordinates of 
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(p, n) 


R, Ri 


(0, 0) l (1, 0) 
Fic. 13.2. The triangle of Fig. 13.1 after division of its sides by |VeqVeo]. 


the vertices of the triangle as (0,0), (1,0), and (p,7), after we have made the 
phase convention that the side with length 1 is real. Clearly, Rp = \/p? + n? 
and R = ,/(1— p)? +72. This phase convention and parametrization will be 
explained in Chapter 16. 

Trigonometry yields 


OR Rp 
1+ Ri -R 
= —— 13.34 
cos 3 JA ( ) 
ee 1— R? + R? 
Y ams 2R; 3 
and 
sina = ve 
= ORR,’ 
VÈ 
in 8 = — 13.35 
sinB = yao (13.35) 
sin ve 
l =a 
T= 5 By’ 
where 
= —1 — Rý — Rý + 2 (R? + R? + RR?) (13.36) 


must be non-negative. The condition © > 0 is equivalent to eqn (13.28). This is 
an instance of the theorem which states that it is possible to build a triangle with 
sides of length a, b, and c if and only if those three numbers are non-negative 
and satisfy 


À (a,b,c) = —a* — b — ct +2 (a?b* +a? + b*e?) > 0. (13.37) 
The law of sines reads 
sinea : sin 8 : siny = 1: Ry: Re. (13.38) 


Other useful relations are 
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sin y 
p=]. 
t sin (y + B)’ 
sin 3 
R; = ——— 


_ sin(y— p) 
Rt Be = ny +B)’ 


13.6 Geometrical interpretation of J 


Consider again the triangle in Fig. 13.1. Its height is h = |VuaVu» sin y| and the 
area is |V.qVcp| h/2. Therefore, the area of the triangle is (1/2) |Quacs sin ql, i.e., 


[Im Quacbl = [J| 


Area = ' 
rea 5 7 


(13.40) 
Thus, |J| may be geometrically interpreted as twice the area of the unitarity 
triangle. 

Similar considerations apply to the other orthogonality relations and to the 
corresponding unitarity triangles. The six orthogonality relations for the three- 
generation CKM matrix, 


Vud Vus + VeaVes + VtaVis = 0, ( 
Vud Vuo + Vea Veb + Vta Vip = 0, ( 

Vus Vub + Ves Vab + Vis Vib = 0, (13.43) 
Vua Veq + Vus Vos + Vub Vap = O, ( 

Vua Via + Vus Vts + Vub Ve = 0, ( 

Vea Via + Ves Vis + Veo Vie = 0, ( 


may be represented by six triangles in the complex plane. All these triangles 
have the same area |J| /2. 

At this stage, one should note that, as we shall see in Chapter 15, the orders 
of magnitude of the moduli |V,;| may be given as powers of a small parameter 
A = 0.22 in the following way: 


1 23 
Vi~ A122]. (13.47) 
A3 A2 1 


If we do this, we see that the sides of the triangles corresponding to eqns (13.42) 
and (13.45) are all of comparable size A3. Those are ‘normal’ triangles. On the 
other hand, the other four unitarity triangles are all very flat, in each case one of 
their sides being much smaller than the other two—the triangles in eqns (13.43) 
and (13.46) have two sides ~ à? and one side ~ å¢; the triangles in eqns (13.41) 
and (13.44) have two sides ~ À and one side ~ A5. In spite of the very different 
shapes, all six triangles end up having the same area. This follows from the unique 
character of |J| as the imaginary part of all quartets in the three-generation SM. 
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All imaginary parts of rephasing-invariant products of CKM matrix elements 
are proportional to |J|. Hence, |J| is a measure of the strength of CP violation. 
Its order of magnitude is 


[J| = |Vad Vab Ved Væ sin y| ~ AÊ |sin y| S 1074. (13.48) 


It is clear from eqn (13.48) that, in the framework of the three-generation SM, 
the smallness of |J| is due to the smallness of the moduli of the off-diagonal 
matrix elements of V, and not to the fact that any phase is particularly small. It 
is also interesting to note that, if we did not have any experimental knowledge 
about the moduli of the CKM matrix elements, the maximum possible value of 
|J| would be 1/ (6v3) ~ 0.096, which is attained for 


1 1 1 
Va 1 exp(2im/3) exp(—2i7/3) |. (13.49) 
1 exp(—2i7/3) exp(2iz/3) 


13.7 The parameters A, 


In the standard-model discussion of the neutral-meson systems, certain combi- 
nations of CKM matrix elements will be useful. Those combinations are different 
for the K°-K®, B9-B®, and B°-B° systems; however, it is customary to use the 
same notation A, in all three cases. We define 


No = VŽ, Vxa for the K°-K® system, (13.50) 
Aa = Vi5Vaa for the B?-B? system, (13.51) 
Na = Vč Vas for the B?-B? system. (13.52) 


In all three cases, a may be either u, c, or t. Unitarity of the 3 x 3 CKM matrix 
implies 


Au + Àc + rz = 0. (13.53) 
The basic CP-violating quantity J is 


J =Im(A,A*) = Im (Au Aà) (13.54) 


in the K°-K° and in the B°-B® cases; in the B?-B° case, we have to invert the 
sign of J given by eqn (13.54). 


13.8 Main conclusions 


e As the quark fields may be freely rephased, there are phases in the CKM 
matrix which have no physical significance. 

e The simplest non-real rephasing-invariant functions of the CKM matrix 
are the quartets Vai Vgj Vaj Bi 

e CP is conserved in the SM if and only if all rephasing-invariant functions 


of the CKM matrix are real. 
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Unitarity of the CKM matrix implies that there can be no CP violation in 
the SM for n, = 2. 

Unitarity of the CKM matrix implies that there is only one basic CP- 
violating quantity for ng = 3. That quantity is called J. 

For n, = 3, the orthogonality relation between any pair of rows or columns 
of the CKM matrix may be represented as a triangle in the complex plane. 
All triangles have the same area 2|J|, in spite of their very different shapes. 
The triangle with sides |Vua V5 l, |VeaV4|, and |ViaV,5| is usually called ‘the 
unitarity triangle’ and is particularly important. Its three sides have the 
same order of magnitude. Its inner angles are called a, 8, and y. 

The physical CKM matrix can be parametrized by $n, (ng — 1) Euler an- 
gles and 4 (ny — 1) (ng — 2) physical phases. 


14 


WEAK-BASIS INVARIANTS AND CP VIOLATION 


14.1 Introduction 


In the previous two chapters we have taken the usual path to CP violation 
in the SM. We have bi-diagonalized the quark mass matrices and noticed the 
appearance of a mixing matrix V in the charged-current interaction. We saw 
that, for three or more fermion generations, some of the phases in V cannot 
be removed by rephasing the quark fields; in general, some rephasing-invariant 
combinations of CKM matrix elements are not real. We have considered the 
CP transformations of the physical quark fields and have concluded that all 
rephasing-invariant combinations of CKM matrix elements must be real in order 
for CP symmetry to hold. 

In this chapter, we shall describe what we believe to be the most natural path 
to the study of the CP properties of any gauge theory. We have seen in § 2.2 
that the CP-transformation properties of the fields in a given Lagrangian are 
defined by the part of that Lagrangian which conserves CP. Thus, the complete 
Lagrangian is written as 


[= Lop + Lremaining, (14.1) 


where Lop is CP-conserving. Typically, it is the part of the Lagrangian which 
involves the gauge interactions of the various fields—in particular, their electro- 
magnetic interaction. In order to analyse whether the whole Lagrangian violates 
CP, one has to check whether the CP transformation under which Cop is invari- 
ant implies non-trivial restrictions—i.e., restrictions which are not automatically 
satisfied—on the rest of the Lagrangian, Cremaining. The Lagrangian leads to CP 
violation if and only if such restrictions exist and are not satisfied. 

We have also seen that one should allow for the most general CP transfor- 
mation. Typically, Ccp leaves a large freedom of choice in the definition of the 
CP transformation. This is due to the existence of internal symmetries. CP is 
violated only when there is no possible choice of CP transformation which leaves 
Lremaining invariant. 

We find this approach (Bernabéu et al. 1986a) aesthetically more appealing 
than the previous one, since it gives new insight into the nature of CP violation 
in the SM, and allows for interesting generalizations to other models. 


14.2 Conditions for CP invariance 


Let us consider the Lagrangian of the SM with one Higgs doublet and an arbitrary 
number n, of fermion generations. The original SU(2)@U(1) gauge symmetry 
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has been spontaneously broken into the U(1) of electromagnetism. We know 
how the gauge fields, the scalar fields, and the ghost fields transform under 
CP—-see eqns (13.7)—(13.13). The gauge interactions of the quarks are given by 
eqns (12.3)-(12.6). 

One starts by choosing that part of the Lagrangian which will be used to de- 
fine CP. This will be the part of the Lagrangian involving the gauge interactions. 
One should consider the CP transformations of the eigenstates of the electroweak 
interaction, i.e., the fields p and n. The most general CP transformation of the 
quarks which leaves the gauge interactions invariant is 


(CP) pr (t, F) (CP)! = ew K,yCpz! (t, 7), 
(CP) nz (t, 7) (CP)! = Kry°Crz! (t,-7), 
ee ee, (14.2) 
(CP) pr (t, F) (CP)! = KRy°Cor? (t, -7), 
(CP) nr (t, F) (CP)! = K8y°Cip? (t, -7), 


where Kz, Kp, and KR are ng x ng unitary matrices acting in family space. It 
follows that 


(CP) pz (t, P) (CP)! = —e—*w pT (t, —7) CPK}, 

(CP) AT (t, 7) (CP)! = -n7 (t, -7) CY KY, 

(CP) PR (t, T) (cP)! = —p} (t,-7)C7} ogri (14.3) 
(CP) TR (t, F) (CP)! = -n7 (t, =F) C71 Kg 


The appearance in the CP transformation of unitary matrices mixing the families 
should not surprise us—remember § 2.2.2. Before one introduces the Yukawa 
couplings, all fermion generations have identical weak interaction and the flavours 
are indistinguishable. As a result, the generations may in general mix under 
CP. This is the reason for the appearance of matrices Kz, Kh, and Kf in 
the CP transformation. Those matrices are unitary because we must preserve 
the normalization of the Lagrangian, in particular of the fermion kinetic terms. 
Furthermore, the presence of the left-handed charged current pry"ny in ce 
constrains pr and nz to transform with the same unitary matrix Kz. On the 
other hand, since there is no right-handed charged current, pr and np may 
transform differently. 

We next consider the Yukawa Lagrangian of eqn (12.11) and test it for invari- 
ance under the CP transformation in eqns (14.2) and (14.3). One readily finds 
that, in order to obtain CP invariance, the Yukawa-coupling matrices [ and A 


should satisfy 
PAKN, (14.4) 
KITKS =I". 


It is convenient to work with the mass matrices Mp = vA and Mn = aF instead 
of working with A and T: 
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Ki M,K?, = Mž, 


(14.5) 
Kt M„K} = M*. 


One may thus state 


Theorem 14.1 The Lagrangian of the SM is CP-invariant if and only if the 
quark mass matrices M, and Mn are such that unitary matrices Kr, Kẹ, and 
2? exist, which satisfy eqns (14.5). 

The non-trivial point is the simultaneous appearance of the matrix K,z in both 
eqns (14.5). This is a consequence of the existence of a charged current connecting 
the left-handed up-type and down-type quarks. We shall see that, for three or 
more generations, in general one cannot find an unitary matrix Kz satisfying 
both eqns (14.5), and therefore CP can be violated. In contrast, the lepton sector 
is CP-invariant because unitary matrices K} and K} can always be found such 
that 

Ki'M, Kb = M?. (14.6) 


Indeed, from eqn (12.22) one has 
M, = ULM.U4", (14.7) 


where Me is a real diagonal matrix; therefore, the matrices K} = ULUL" and 
ki = ULUL" satisfy eqn (14.6). 

Remembering the Hermitian matrices H, and H,, defined in eqns (12.16), 
one sees that eqns (14.5) imply 


K! H K; = H*, 

S (14.8) 

K, HnKz = Hz. 

Conversely, one may prove that eqns (14.8) imply eqns (14.5). If eqns (14.8) hold, 
then the matrices 

KRF M;*K.M;3, 


14.9 
K} = M; 'K, M? ae 


are unitary and satisfy eqns (14.5). One has thus proved 


Theorem 14.2 The Lagrangian of the SM is CP-invariant if and only if the 
matrices Hy = M,M} and Ha = MnM} are such that a unitary matriz Kç 
exists which satisfies eqns (14.8). 


14.3 Weak-basis transformations 


Since Mp and Mn are complex ng x ng matrices, they contain a total of 4n? real 
numbers. However, there is a lot of unphysical information in those matrices, 
due to the freedom that one has to make weak-basis transformations (WBT). 
When a theory has several fields with the same quantum numbers—e.g. the 
ng multiplets Qr—one is free to rewrite the Lagrangian in terms of new fields, 


obtained from the original ones by means of a unitary transformation which 
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mixes them. Such changes of weak basis (WB) are an extension of the freedom 
that one generally has to rephase a field. A WBT is a transformation of the 
fermion fields which leaves invariant the kinetic-energy terms as well as the gauge 
interactions. The WBT depend on the gauge theory that one is considering 
because, if there are more gauge interactions then, in principle, there will be less 
freedom to make WBT. In the SM a WBT is defined by 


QL = WLQG, 
pr = WẸph, (14.10) 
nr = WRNnhR, 


where Wz, Wp, and Wf are ng X ng unitary matrices acting in family space. 
Under this WBT, the matrices M, and Mn in eqn (12.10) transform as 


! _ yyt p 

Mp = oN R (14.11) 
M! = WÌ M,WẸ. 
The transformed mass matrices M„ and M, have the same physical content as 
the original matrices M, and Mp. One may use the freedom of making WBT 
to put Mn and/or M, in a special form. For example, in the SM, through a 
WBT one can make M,, Hermitian and, simultaneously, M, diagonal with real 
non-negative diagonal elements. In particular, there is a WB in which 


_ a: 2 2 m2 
H, = diag (m2, m?,m?,...), 


14.12 
H,, = H! = Vdiag (m2, m2, m?2,...) Vİ. l ) 

Alternatively, one may consider another WB, in which 
H, = H; = V'diag (m2, m2,m?,...) V, (14.13) 


— di E ditge 
H,, = diag (m3, m2, mĝ,...). 


In a WBT one just rewrites the Lagrangian in terms of new fields. Physics 
must be invariant under such a change. The result of any physical process can 
only depend on WB-invariant quantities. Those quantities are especially useful 
in the analysis of CP violation. Indeed, the possibility of rephasing each field 
means that there are spurious phases in the Lagrangian. Those phases must be 
carefully distinguished from the physical phases that are the hallmark of CP 
violation. 

Suppose that, in a particular WB, matrices Kz, Kh, and Kf exist which 
satisfy eqns (14.5). In another WB the Yukawa-coupling matrices are given by 
eqns (14.11). Then the unitary matrices 


K; = WLKLW;, 
K?' = WEKWE’, (14.14) 


KR’ = WAKRWR , 
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satisfy 
K! TMI Ke! = M'*, 
i oe ei ee (14.15) 
K; M ,KR = Mp, 
analogously to eqns (14.5). Thus, Theorem 14.1 is invariant under a change of 
WB, as it should. 


14.4 Weak-basis invariants 


Physically meaningful quantities must be invariant under the transformation in 
eqns (14.11). In order to find such quantities one must get rid of the arbitrary 
unitary matrices Wz, Wp, and Wz. We do this by first considering the matrices 
H, and Hn, which allow us to eliminate the unitary matrices WR and WR. 
Indeed, 


H! = WiH,WL, 


A (14.16) 
H! = WH, W3. 


Then, traces of arbitrary polynomials of H, and H, are WB-invariant. For in- 
stance, tr Hp, tr (H2 Hp), and tr (HnHpH? H2) are invariant under a WBT and, 
therefore, they are in principle physically meaningful quantities. Considering any 
of the weak bases in eqns (14.12) and (14.13), one sees that 


tr HS = m? +m? +m +, 


14.17 
tr H? = m24 + m? +m? +. ( ) 

are physically meaningful quantities. In the same way, 
tr (HzHi)= X) XO mm Us (14.18) 


a=u,c,t,... i=d,s,b,... 


is measurable too. Thus, WB-invariant quantities in general are physical, i.e., 
measurable. 


14.5 Weak-basis-invariant conditions for CP invariance 


We next want to derive necessary conditions for CP invariance, expressed in 
terms of weak-basis invariants. As the matrices Kz, KR, and K} are WB- 
dependent, see eqns (14.14), this is in practice equivalent to eliminating those 
matrices from the CP-invariance conditions. 

We start from eqns (14.8), in which KẸ and KẸ are already absent. As 
H* = H} and H} = H} , we obtain 


K} [Hp, Hn] Kt = [H; H3] 
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= —(H,, Hy)’ . (14.19) 
We multiply eqn (14.19) by itself an odd number of times to obtain 
Kt [Hp, Hn)” Kı = —[Hp, Hn]"" for r odd. (14.20) 
Taking the trace, one has 
tr [Hp, Hn] = 0 for r odd. (14.21) 


Equation (14.21) is non-trivial if r > 3. For r = 1 it is trivial, since the trace of 
a commutator is identically zero. 

Equation (14.21) is a necessary condition for CP invariance, valid for an 
arbitrary number of generations. Indeed, in its derivation we have not specified 
Ng. 

One easily finds 


tr [Hp, Hn)’ = 6i Im tr (H2H2H,Hn) . (14.22) 
= ĝi 5 `^ mmm; m?Im Qaigj. (14.23) 


a,B=u,c,t,...i,j=d,s,b,... 


14.6 Two and three generations 
14.6.1 ng =2 


The conditions in eqn (14.21) should be automatically satisfied in the two-gene- 
ration case, because there can be no CP violation in the SM when n, = 2, as seen 
in § 13.3. Indeed, for arbitrary 2 x 2 Hermitian matrices Hı and H3, [H 1, H2}? is 
a multiple of the unit matrix. As a consequence, eqn (14.21) is trivially satisfied 
when ng = 2. 


146.2 n,=3 


Starting from eqn (14.23) and taking into account that, when n, = 3, all quartets 
have identical imaginary parts, up to the sign, one finds 


tr [Hp, Hn]? = 61 (m? — m2) (m? — m2) (m2 - m2) 
(mf — m2) (m3 m3) (m2—m3) J. (14.24) 


One concludes that, in order for there to be CP violation, all three up-type quarks 
must be non-degenerate, all three down-type quarks must be non-degenerate, and 
J cannot vanish. 

The fact that the quark masses should not be degenerate has to do with the 
definition of J. Let us suppose, for instance, that mẹ was equal to ms. Then, we 
would be free to mix the quarks s and b by means of a 2 x 2 unitary matrix U2. 
This would correspond to a change of the CKM matrix, 


1 0 
VeV ( 0 À ; 
It is easily seen that, by manipulating U2, one may arbitrarily change the value of 
J, and in particular set J = 0. Thus, J becomes arbitrary when any two quarks 
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of equal charge are mass-degenerate. That is the reason why CP is conserved in 
that limit. 


14.6.2.1 Sufficient condition for CP conservation We have seen that the con- 
dition 
tr[Hp, Hn]? = 0 (14.25) 


is necessary for CP invariance in the SM, for an arbitrary number of generations. 
We shall next show that, for ng = 3, eqn (14.25) is not only a necessary condition 
for CP invariance, it is also a sufficient condition. 

For that purpose, it is advantageous to consider the WB of eqns (14.12). One 
has 


tr [Hp, Hp] ax (m; — me) (m; — my) (me — my) Im (Hai Hnos Hn). (14-26) 


Let us consider first the case where the up-type quarks are not mass-degenerate. 
In that case eqn (14.25) implies 


Im (Hn 12Hn23Hnsi) = 0, (14.27) 
from which it follows that there exist three phases a,, a2, and a3, such that 
arg Hy, 4, = Qj — ak mod T. (14.28) 


In this case, a unitary matrix Ky, satisfying eqns (14.8) can easily be found. 
Remembering that H, is diagonal, we have 


Kr jr = jk exp (2ia;) i (14.29) 


Let us now consider the case in which two up-type-quark masses, say Mma and 
mg, are equal. We may then use a WBT to obtain Hpag = 0. The condition of 
eqn (14.27) is then trivially satisfied, and the unitary matrix Kz of eqn (14.29) 
will once again satisfy eqns (14.8). 

We have thus shown that, in the SM with three families, eqn (14.25) implies 
eqns (14.8), and therefore CP conservation.’ 


31 For ng = 3, as [Hp, Hn] is a 3 x 3 traceless matrix, 
tr [Hp, Hn]? = 3 det [Hp, Hn], (14.30) 
and therefore the necessary and sufficient condition for CP invaraince may be written 
det [Hp, Hn] = 0. (14.31) 


As a matter of fact, the condition in eqn (14.31) (Jarlskog 1985a,b) anticipated historically the 
one in eqn (14.25) (Bernabéu et al. 1986a). However, it must be stressed that eqn (14.25) is a 
necessary condition for CP invariance for an arbitrary number of families, while the condition 
in eqn (14.31) is only valid for ng odd—as one easily sees from eqn (14.19). Thus, eqn (14.25) 
is more general than eqn (14.31). 
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14.7 More than three generations 
14.7.1 CP restrictions in a special weak basis 


It is useful to analyse the form of the CP restrictions, for an arbitrary num- 
ber of generations, in a special WB, namely the WB where one of the quark 
mass matrices is diagonal and real. For definiteness, let us consider the WB in 
eqns (14.12). From our analysis of the CP-violating phases in the CKM matrix, 
one expects to obtain (n, — 1) (ng — 2) /2 independent CP restrictions. The first 
eqn (14.8), in that WB, constrains the matrix Kz to be of the form 


Ky, = diag (e ee etna) : (14.32) 


In deriving eqn (14.32) we have assumed that there is no mass-degeneracy in 
the up-quark sector. The phases 6; are arbitrary. Substituting eqn (14.32) in the 
second eqn (14.8) one obtains the constraint 


arg H, = t- 2 mod 7. (14.33) 


nij ~ 


The meaning of eqn (14.33) is clear: in the SM and for an arbitrary number 
of generations, a necessary and sufficient condition for CP invariance is that 
Hy, has cyclic phases in a WB where H, is diagonal.*? Since H’, is an ng x ng 
Hermitian matrix, it has in general n, (ng — 1) /2 independent phases. There- 
fore, eqn (14.33) implies the existence of (ng — 1) (ng — 2) /2 independent CP 
restrictions, as expected. 


14.7.2 Sufficient conditions for CP invariance 


The question of finding a minimal set of WB-invariant conditions which are 
necessary and sufficient for CP invariance becomes quite involved for n, > 3. 
For ng = 4, this problem has been solved by Gronau et al. (1986). 

One can also derive WB-invariant conditions relevant to CP violation using 
the following argument (Roldán, unpublished thesis). Comparing eqns (14.5) 
and (14.11), one observes that CP transformations do exactly the same thing as 
weak-basis transformations, except for the fact that they transform c-numbers 
into their complex conjugates. One concludes that WB invariants are transformed 
into their complex conjugates by a CP transformation.3? It follows that a non- 
zero imaginary part of any WB invariant signals CP violation. However, many 
invariants are real independently of CP being violated or not. For instance, 
tr H; is real because the diagonal elements of an Hermitian matrix are real; 
and tr (H? HS) is real because it is the trace of the product of two Hermitian 
matrices. The simplest invariant which may have a non-zero imaginary part is 
tr (H?H?2H,H,) = —tr (HZH? H„ Hp), cf. eqn (14.23). 


32 Conversely, Hp should have cyclic phases in a WB in which Hn is diagonal. 

33 One excludes the case in which phases are introduced by hand into the weak-basis invariant 
quantities. For instance, the imaginary part of (1 + i) tr (HpHn) is non-vanishing and invariant 
under a WBT, yet it does not signal CP violation. 
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It is important to stress that it is only when a quantity is WB invariant that 
its imaginary part signals CP violation. Non-invariant quantities may in general 
be rephased at will, and their phases have no significance whatsoever. 


14.8 Conclusions 


CP violation arises when the kinetic-gauge part of the Lagrangian implies CP- 
transformation properties of the fields which are not satisfied by some other 
part of the Lagrangian. In the SM, this happens because of a clash between 
the Yukawa couplings and the CP-transformation properties required by the 
charged-current weak interaction. 

It is often said in the literature that, in the SM, CP violation arises from com- 
plex Yukawa couplings. This is a misleading statement, since complex Yukawa 
couplings by themselves do not lead to CP breaking. It is the simultaneous pres- 
ence of the charged weak interaction and of complex Yukawa couplings which 
leads to CP violation in the SM. Moreover, complex Yukawa couplings do not 
necessarily lead to CP violation; rather, it is the weak-basis-invariant quantities 
which must be non-real in order for CP violation to arise. 

The main conclusions of this chapter are the following: 


e CP is conserved if and only if there is a unitary matrix Kz such that 
eqns (14.8) hold. | 

e For three generations, CP is conserved if and only if the Hermitian mass 
matrices satisfy tr |[H,, H,)° = 0. This happens either when there are two 
mass-degenerate quarks in the same charge sector, or when J = 0. 


The WB-invariant conditions that we have derived may be useful in model- 
building. In the SM, the Yukawa couplings are completely arbitrary, and there is 
no relationship between the quark masses and the elements of the CKM mixing 
matrix. However, additional ‘horizontal’ symmetries may be introduced, either 
in the SM or in extensions thereof, with the aim of restricting the number of free 
parameters and obtaining relations among the quark masses and CKM matrix 
elements. The presence of these extra horizontal symmetries can have an impact 
on CP violation. For example, it may be interesting to find the strength of CP 
violation in the presence of horizontal symmetries. The CP invariants that we 
have derived enable one to do this without having to diagonalize the Yukawa- 
coupling matrices. 
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MODULI OF THE CKM MATRIX ELEMENTS 


15.1 Introduction 


Experimentally, the rephasing-invariant functions of the CKM matrix to which 
one has most direct access are the moduli of its matrix elements. The relevant 
processes are semileptonic production and decay rates which are, under very 
broad assumptions about possible physics beyond the SM, dominated by tree- 
level amplitudes with a W+ as intermediate state. New particles are more likely 
to contribute to loop processes. The information on the CKM matrix that we may 
gather from the analysis of the mass difference and of CP violation in neutral- 
meson systems—as we shall be doing in Chapter 18—is much more sensitive to 
the possible presence of new heavy particles in the theory. 

In this chapter we make an overview of the methods used to determine the 
Uai- We follow the reviews by Rosner (1994) and by the Particle Data Group 
(1996). Readers may want to skip this chapter. 


15.2 |Vual 


The matrix element V„a only involves the first-generation quarks, and is for this 
reason the one which can be determined with best precision. Three different 
methods have been used in its determination. 

The first method is the most exact one to date. It makes use of superallowed 
Fermi transitions, which are beta decays connecting two J’ = 0* nuclides in the 
same isospin multiplet. In these transitions only the vector current is involved. 
Denoting the lifetime of the decaying nucleus by t, the Coulomb correction factor 
by f, the nuclear-dependent (‘outer’) radiative corrections by Aouter, and the 
universal (‘inner’) radiative corrections by Ajnner, one has 


nm In 2 E 2984.4 + 0.1s 
Gimi ft (1 T Aouter) (1 T Ainner) ft (1 T Aouter ) (1 T G. 1) 
The value of Gp used in eqn (15.1) is computed from muon decay (one must be 
careful to take into account the radiative corrections to that process). The uni- 
versal radiative corrections have been computed (Marciano 1991; Marciano and 
Sirlin 1986) to be Ainner = 0.0234 + 0.0012. The values of Ft = ft (1+ Aouter) 
differ among the various nuclides undergoing superallowed Fermi transitions: 
10G, 140, 26m A], 34C], 38™K, 42Sc, 46V, 50Mn, and °*Co. New and more com- 
prehensive analyses of the radiative corrections regularly appear in the literature 
(Marciano and Sirlin 1986; Sirlin and Zucchini 1986; Jaus and Rasche 1987; Sir- 
lin 1987; Brown and Ormand 1989; Hardy et al. 1990; Barker 1992; Towner 1992; 


Vaal” = 


[Va 181 


Barker 1994; Towner and Hardy 1998). Taking into account the results of a re- 
cent experiment at Chalk River Laboratory (Hagberg et al. 1997), Towner and 
Hardy (1998) have obtained 


|Vua| = 0.9740 + 0.0005. (15.2) 
The value given by the Particle Data Group (1996) is 
\Vua| = 0.9736 + 0.0010. (15.3) 


The second method relates |V,4| to the free-neutron lifetime Tn. On the one 
hand, the beta decay of the free neutron has the advantage that one does not have 
to deal with nuclear-structure-dependent corrections; on the other hand, there is 
the disadvantage that neutron decay also receives a contribution from the axial- 
vector current. Moreover, the experimental input needed is more challenging to 
obtain. One equates the vector coupling in neutron decay with the one in muon 
decay. Denoting by g4 the ratio of the axial-vector and vector effective couplings, 
one has (Wilkinson 1982; Marciano 1991) 


_ 4904.0 + 5.0s 


TA cece 
Vaud Tn (1+ 39%) 


(15.4) 


Using (Mampe et al. 1989; Alfimenkov et al. 1990; Byrne et al. 1990) 7, = 888.9+ 
1.9s and, from the decay asymmetries (Bopp et al. 1986; Klemt et al. 1988; Ero- 
zolimskii et al. 1991), gą = 1.257 + 0.003, one finds |Vua| = 0.9804 + 0.0005 + 
0.0010 + 0.0020. The first source of uncertainty is radiative corrections; the sec- 
ond one is Tn; the third one is g4. Notice that the error bar on the result from 
free-neutron decay is some four times larger than the error bar on the result from 
superallowed nuclear decays. 

The value of |V,,g]| obtained from neutron decay is higher than the one ob- 
tained from superallowed Fermi transitions. This is of interest, because the former 
value yields the correct normalization for the first row of the CKM matrix, 


Vaal” + Vasl? + |V| = 1 (15.5) 


while the latter one does not. The value of |Vu,| is so low that it does not 
contribute effectively to eqn (15.5). 

The third method relies on an analysis of the rate of the decay tt — net 1. 
This is a purely vector transition between two hadronic states with J? = 07. 
The major disadvantage is the extremely small branching ratio (~ 1078) for 
this particular decay of the charged pion. One obtains (McFarlane et al. 1985; 
Marciano and Parsa 1986; Towner and Hardy 1998) |Vua| = 0.9670 + 0.0161. 
The uncertainty is substantially larger than in the other two methods, and is 
overwhelmingly dominated by the experimental error in the branching ratio. 
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15.3 |Vuel 


This matrix element is obtained from semileptonic decays of strange particles. 
Consider first Ke3 decays. The hadronic matrix element is a function of two form 
factors. For instance, 


(x*(p')|Ju|K°(p)) = f4(7)(p + Py + f-(@) au, (15.6) 


where qu = Pp — Du: The form factor f_ gives a contribution to the decay rate 
proportional to the square of the mass of the electron, which may be neglected. 
One has 


d (K? + 1te-v.) Gm% 
dE, — 19273 


2 OE (9 m2 \3/? 
Vises lf+(q )| (a - 427) ) (15.7) 


where x, = 2E,/mx. One makes a fit to the Dalitz-plot distribution using a 
model for f,(q7) based on a K*-pole approximation, 


2 f+.(0) 
= —— -~ 15.8 
f+) 1 — g/m}. (15 ) 
with f,(0) calculated from the quark model; this calculation is the main source 
of theoretical error. From both charged- and neutral-K j3 decays one obtains 
(Shrock and Wang 1978; Leutwyler and Roos 1984; Barker 1992) 


|Vus| = 0.2196 + 0.0023. (15.9) 


A different starting point is furnished by semileptonic hyperon decays, which 
include A + pXe, EDT > nXe, E7 > AX., and E- > D°X., where X. = 
e ie. In order to extract information on |V,,,;| one compares those decays, using 
flavour-SU(3) symmetry, with the strangeness-conserving processes n > pXe 
and )~ — AX,. While only the vector current contributes to Kı transitions, for 
which therefore SU(3) violation only arises at second order (Ademollo and Gatto 
1964), that violation is first order and much larger in hyperon decays, which 
receive contributions from both vector and axial-vector currents. The analysis 
(Donoghue et al. 1987) of the data of the WA2 Collaboration (1983) gave 


|Vus| = 0.220 + 0.001 + 0.003, (15.10) 


in good agreement with eqn (15.9).°%4 
The Particle Data Group (1996) recommends the value 


|Vus| = 0.2205 + 0.0018. (15.11) 


34Garcia et al. (1992) have used different SU(3)-breaking corrections and obtained higher 
|Vus]. 


15.4 |Veg| and |Vi,| 


The direct determination of |V.q| and |Ves| is both poor and fraught with theo- 
retical uncertainties. The first source of information on these matrix elements is 
deep inelastic neutrino excitation of charm, in reactions such as v,d — yc for 
[Vea] and vys — p` c for |Ves| (the latter process involves strange quarks in the 
parton sea, the modelling of which is somewhat uncertain). The experimental 
signature is a dimuon event, because the semileptonic decay of the charm quark 
yields a second muon. The method has been followed by the CDHS Collabora- 
tion (1982) and later by the CCFR Collaboration (1993, 1995a). A reanalysis of 
their results (Particle Data Group 1996) lead to 


\Vea| = 0.224 + 0.016, 


15.12 
Veg] > 0.59. ere) 


The second source of information are semileptonic decays of charmed parti- 
cles. These include D? > m~ X, for |Veq|, and D? + K~X, and Dt + K®°X, 
for |Ves| (where Xe = etve). The theoretical framework is the same as in the 
previous section; one uses models for the form factors with poles on the masses 
of the vector mesons—D* and Dž, respectively—and one computes the values 
of f7(0) and f¥ (0). For instance, from the experimental data by the Mark-III 
Collaboration (1989, 1991) and CLEO Collaboration (19936) one obtains 


| FE (0) Ves] = 0.495 + 0.036; (15.13) 


using (Aliev et al. 1984; Bauer et al. 1985; Grinstein et al. 1986, 1989) f (0) = 
0.7+0.1, one finds 
\Ves| = 1.01 + 0.18. (15.14) 


Notice that the central value |V.,| = 1.01 is above what unitarity of the CKM 
matrix allows. 
15.5 |Voo| 


The bottom quark decays predominantly to the charm quark. The CKM-matrix 
element |V.,| may be obtained by using a spectator approximation for B-meson 
decays: 


BR (B = Xl) 
TB 


T (B > Xlv) = xT (b > d7), (15.15) 
where B is any bottom-flavoured meson and X, is any charmed set of particles. 
One only has to compute I (b > cl~ij). 

The decay b > u,l~ (where ua may be either the up or the charm quark) 
has, if one takes m, = 0, a differential decay rate 


2 
a? (HESY (s-2ere+ 2) 
Leng [=g 


(15.16) 


dI (b — Ual Di) _ Gam? 
dx 19273 


[Vao]? 
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where Ç = m?2/m? and x = 2E;/mp, with E; the lepton’s energy in the b rest 

frame. The maximum allowed value for x is 1 — ¢. Integrating over x one gets 
_ Gem; 
19273 


Vasl? Z(O = (7-14 x 107" Gev) (EY) Wa AO, (15.17) 


where 
f(O =1- 8+8? — c* — 12¢7 In¢ (15.18) 


is related to the reduction in phase space due to Mma not being zero. 

Equation (15.17) displays a dependence of the decay rate on the fifth power 
of the bottom mass. This makes the determination of |V.,| very sensitive to the 
value that one uses for that mass. An analysis (Ball et al. 1995) of the inclusive 
decays yields 


|Veo| = 0.041 + 0.002. (15.19) 


For the average lifetime one may use a 1995) Te = 1.55 + 0.06 ps. 

Another way to extract |V.| is from exclusive decays B + Dly, (ARGUS Col- 
laboration 1993; CCFR Collaboration 1995); Scott et al. 1995), using corrections 
based on heavy-quark effective theory. One obtains (Neubert 1995) 


[Veo] = 0.041 + 0.003 + 0.002. (15.20) 
The Particle Data Group (1996) recommends 
|Veo| = 0.041 + 0.003. (15.21) 


Continuous progress is being made on the determination of |V.»|, and the uncer- 
tainty bar can be expected to become smaller in the next few years. 


15.6 |Vuol /|Voo| 
From eqn (15.17) it follows that 


2 


I (b> ul~hH) = _ f (mals) 2 /m2) 2 í 


T(b=>cd-n) f f (m?/m?) |V. 


1 
~ 0.41-0.54 


Vub 


= 15.22 
Va (15.22) 


From the observation of the endpoint of the lepton-energy spectrum in semilep- 
tonic B decays one may conclude that |V,,| 4 0. That endpoint is given, as 
seen in the previous section, by E™®* = (mp/2)(1 — m2./m?). As mu is smaller 
than me, the leptons from b > ul” may attain a higher energy than those 
from b — cl. Studying the electron spectrum the ARGUS Collaboration 
(1990, 1991) and the CLEO Collaboration (1993a) have observed electrons with 
higher energies than allowed for b > ce~ De, and concluded that the quantity in 
eqn (15.22) is 0.01-0.02. 

Still, the determination of |Vi.| / |Veæ| is plagued with theoretical uncertain- 
ties. The highest energy attainable by the leptons is determined by the low-mass 
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states formed from the final u quark and the spectator quark g in B = bq. The 
decay B — rly should be the dominant source of high-energy leptons, yet the 
various models (Altarelli et al. 1982; Bauer et al. 1985; Grinstein et al. 1986, 1989) 
differ in their predictions for this decay, and in general in the modelling of the 
lepton-energy spectrum. The Particle Data Group (1996) suggests using 


Vub 
cb 


= 0.08 + 0.02, (15.23) 


but the theoretical uncertainty quoted is probably somewhat optimistic (Peéne, 
personal communication). 

The theoretical models agree better on the exclusive modes B — plv; and 
B > wln. The CLEO Collaboration (1996) has measured BR (B° > m~tr) 
and BR (B° — plv), which are at the level of 1074. The experimental un- 
certainties are still relatively large, but this has already allowed the derivation 
of 


\Vub| = 0.0033 + 0.0008, (15.24) 


which agrees with eqns (15.23) and (15.21). 
Another method to measure |V,,5| would be using the decay Bt > ptv,, 
which proceeds with rate 


2 

G2. f2mp_m? m 

T (Bt > u*vp) = e ae ba Vas (15.25) 
B 


cf. eqn (C.41). However, this would require a good estimate of fg, which is at 
present unavailable. 


15.7 Consequences of unitarity 


The assumption of 3 x 3 unitarity of the CKM matrix allows one to further con- 
strain the Uai, starting from the results in the previous sections of this chapter. 
Let us use the 90%-confidence-level values 


0.219 < |Vus| < 0.224, 
0.036 < |V| < 0.046, (15.26) 
0.002 < |Vus| < 0.005. 


We want to investigate the consequences of the assumption that V is 3x3 unitary 
for the moduli of the other matrix elements. As the direct determination of |Vea! 
and |V.,| is poor, we expect unitarity to produce better constraints on them 
than the experimental ones. We also want to have a prediction for the matrix 
elements of the third row of V— for the couplings of the top quark—to which 
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direct experimental access is not yet possible (see however Swain and Taylor 


1997, 1998). We use 
Vua| = 1 — |Vus _ Vu 
Vaal = V1 Waf = Mal ma 
[Viol = y 1- [Vel — |Vusl", 


and eqns (15.26) to obtain 


0.9745 < |Vua| < 0.9757, 


15.28 
0.9989 < |V| < 0.9993. ate) 


From eqns (15.28) we infer the following. Firstly, |Vis| is the best known of all nine 
moduli, in spite of not being directly measured. Secondly, in order to have the first 
row of V duly normalized, |V.,a| should be at least one standard deviation higher 
than the central value in eqn (15.3). The simplest alternative is allowing for the 
existence of extra generations of quarks, in which case |Vua|"+|Vus|>+|Vuol” < 1. 
This has been suggested by Marciano and Sirlin (1986). 

In order to constrain the remaining four Ug; one uses the unitarity condition 
in eqn (13.28), which yields a lower and an upper limit on |V,,|. From this it is 
easy to obtain bounds on |Vcq|, |Viag|, and |Vis|, by using the normalization of 
the rows and columns of V. The result is summarized in the following matrix of 
moduli: 


0.9745-0.9757  0.219-0.224 0.002-0.005 
IV| = | 0.218-0.224 0.9736-0.9751 0.036-0.046 |. (15.29) 
0.003-0.015 0.034-0.046 0.9989-0.9993 


This is the consequence of the assumption of eqns (15.26) and of 3 x 3 unitarity. 

Let us make a few comments: 

e The ranges for the |Vq,;| in eqn (15.29) are correlated among themselves. 
One is in general not allowed to choose any value for the modulus of any 
one matrix element independently of the values chosen for the moduli of 
other matrix elements. 

e Equation (15.29) displays the approximate pattern of moduli anticipated 
in eqn (13.47). As a matter of fact, |V,5| is smaller than A3, and |V,,,| ~ A4 
might be closer to reality. The same is true for |V;al. 

e In the limit Va = 0 unitarity implies |Vig| = |Vus||Veo| ~ à’. Similarly, if 
Via happened to vanish one would have |Vuo| = |Vea| |Vis| ~ A3. 

e Normalization of the rows and columns of V implies 


Uas — Ucd = Uce a Uis = Uta a Uid (15.30) 


It is likely that the difference of squared moduli in eqn (15.30) is positive. 
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PARAMETRIZATIONS OF THE CKM MATRIX 


16.1 Introduction 


The CKM matrix is usually parametrized in some specific way. The purpose of 
the parametrizations is to incorporate the constraints of 3 x 3 unitarity. Some 
parametrizations also incorporate experimental information, in particular the 
pattern of moduli in eqn (13.47); this is the case of the Wolfenstein parametriza- 
tion and of related parametrizations, which in practice are the ones most often 
used. 

Rephasing-invariance is the possibility of changing the overall phase of any 
row, or of any column, of the CKM matrix, without changing the physics con- 
tained in that matrix. We may use this freedom to constrain five matrix elements 
to be real, or else to fix their phase in any other desirable way. It follows that the 
3 x 3 unitary CKM matrix should in principle be parametrized by three rotation 
angles and one phase.*° 

Even if five matrix elements may have their phases fixed, it is important to 
notice that those five matrix elements cannot be chosen at will. This is because 
the quartets are rephasing-invariant. One must be careful not to implicitly fix 
the phase of any quartet when choosing a phase convention for the CKM matrix. 

All phase conventions used in practice have one thing in common: the matrix 
elements Vua and Vus are chosen real and positive. The reason for this choice is 
the central role played by Au = Vua Vč, in the physics of the neutral-kaon system. 
If A, is real and spurious phases are neglected, then [12 % Ag Ao is real at tree 
level, as will be shown in Chapter 17. This is an advantageous simplification. 
Still, this phase convention is in no way necessary, because physics is rephasing- 
invariant.°° 


16.2 Parametrizations with Euler angles 


It seems natural to parametrize V by means of three Euler angles—the angles of 
three successive rotations about different axes—and one phase. The phase must 
be introduced in such a way that it cannot be eliminated by means of a rephasing 
of the quark fields. 


35There are parametrizations in which none of the four parameters can be interpreted as a 
rotation angle. 

361t is important to keep in mind that many of the formulae for the neutral-kaon system 
found in the literature are not rephasing-invariant. Those formulae should not be used together 
with a phase convention in which A, is not real. 
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16.2.1 Kobayashi-Maskawa parametrization 


The first parametrization of the CKM matrix was put forward by Kobayashi and 
Maskawa (1973). They wrote 


10 0 Cc; —s, 0 10 0 


V= 0 C2 — S? §1 Ci 0 0 C3 83 
0 S2 C2 0 0 e 0 s3 —C3 
C1 — 8103 — 8183 
= | S12 C1C2C3 — 8283€ C1C283 + Soc3e" | . (16.1) 


S182 C18S2C3 + C983e C1S283 — C2C3e” 
Here, c; and s; are shorthands for cosĝ; and sin ĝ;, respectively, where 01, 02, 
and 63 are Euler angles. One of the rotations is on the zy plane, and the other 
two rotations are on the yz plane. The phase 6 appears as a rephasing of the 
third generation; as the rephasing occurs in between two rotations involving that 
generation, it is impossible to identify 6 with a rephasing of the quark fields. 

The first row and the first column of V have implicitly been chosen to be real, 
by use of the rephasing freedom of the CKM matrix. Without loss of generality 
1, 02, and 83 may be constrained to lie in the first quadrant, provided one allows 
ô to be free, 0 < 6 < 27. Indeed, putting one of the Euler angles in any other 
quadrant is equivalent to a physically meaningless rephasing of V, sometimes 
coupled with the transformation 6 + ô + 7. For instance, if 6; was chosen to lie 
in the second quadrant, then we might bring it into the first quadrant by means 
of the transformation cı  —c,. This transformation is equivalent to e + —e* 
together with 

V > diag (—1,1,1) V diag (1, —1, —1), 


which is a change of the sign of the fields u, s, and b. 
In the Kobayashi—Maskawa parametrization 


J = €187C282C383 sin ô. (16.2) 


From this it is easy to derive that the maximum possible value of J is 1/ (6/3), 
which is obtained when 6 = 1/2, 02 = 63 = 7/4, and cı = 1/¥V3, i.e., when all 
matrix elements of V have modulus 371/2, cf. eqn (13.49). 


16.2.2 Chau-—Keung parametrization 


Chau and Keung (1984) have introduced a different parametrization, the use of 
which has been advocated by the Particle Data Group (1996): 


1 0 0 C13 0 $13e7 2912 C12 $12 0 
Vs 0 C23 823 0 1 0 — S12 C12 0 
0 — S23 C23 — gjg 0n 0 C13 0 0 1 
ee 
C12C13 $12C13 Sige." 


ô 5 
—812C23 — C12823813e'° C12C23 — 812823813"! S23C13 | . (16.3) 
iô 6 
812823 — C12C23813e"° 13 =—C 2823 — $12C23813e"°!8§ C23C13 
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Here, cj; and s;; are shorthands for cos6;; and sin 6,;, respectively. The three 

rotation angles 02, 013, and 923 may be restricted to lie in the first quadrant 

provided one allows the phase 6,3 to be free. Only four matrix elements are 

chosen to be real; still, only one physical phase appears in the parametrization. 
The s;; are simply related to directly measurable quantities: 


s13 = |Vasl, 
|Vus| 
S12 = —= A Y” |Vusl, 16.4 
2 = Ao | Vus! (16.4) 
|Voæl 
$93 = a — 2 NV, 
23 U [Vel 


because experimentally |V,,5| is very small. On the other hand, 


J = C12812C74813C23 $23 sin 013, (16.5) 
and therefore 
; (1 = Uub) J 
13 = —— 16.6 
poe | Vud Vus Vub Veb Vib | ( 


is related in a complicated way to rephasing-invariant quantities. 


16.3 Rephasing-invariant parametrizations 


We call a parametrization ‘rephasing-invariant’ when its parameters are defined 
to be rephasing-invariant quantities, for instance the moduli of some matrix 
elements, or the phases of some quartets. In contrast, the rotation angles in 
the previous section can be related to measurable quantities—see for instance 
eqns (16.4)—but they are not directly defined to be rephasing-invariant quanti- 
ties. 

We shall next present three rephasing-invariant parametrizations. As they 
are not used very often, some readers may prefer to skip this section. 


16.3.1 Branco—Lavoura parametrization 


Branco and Lavoura (1988a) have suggested parametrizing the CKM matrix by 
means of four linearly independent Uai. This is a convenient choice, because 
the moduli constitute the most reliable information on the CKM matrix. A 
convenient set of four squared moduli is 


Uss Uit Uc, and Uid. (16.7) 


Indeed, |Vus|, |Vub|, and |Vcb| are small and relatively well measured, while |Vig| 
is crucial in B9-B9 mixing. In order to reconstruct the full CKM matrix from 
the parameters in eqn (16.7), one first uses the normalization of the rows and 
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columns of V, which allows one to compute the values of the remaining five 
moduli. One then uses the relation 


2Re Q aif; = 1 — Uxi — Ua; = Uaj — Ugi F UaxiUgi T UaU pis (16.8) 


which is derived in an analogous way as for eqn (13.27). One can thus find the 
real part of each quartet. The imaginary part of the quartets, J, is given, as in 
eqn (13.29), by 

EE E AA (2ReQoias)’ , (16.9) 
together with eqn (16.8). The sign of J cannot be found from the moduli alone. 
This is because the transformation V — V* leaves the moduli invariant but 
changes the sign of J. As a consequence, the parametrization of Branco and 
Lavoura requires that sign J be given together with the parameters in eqn (16.7). 
16.3.2 Bjorken-Dunietz parametrization 


Bjorken and Dunietz (1987) were the first authors to put forward a rephasing- 
invariant parametrization. They chose the following phase convention: 


Vud, Vus, Ves, Veb, and Væ real and positive. (16.10) 
They used as parameters the rephasing-invariant quantities 
Uis Uub U ok and P = Wuscb- (16.11) 
It follows from the definition of ¢ and from the phase convention in eqn (16.10) 
that Vus = VU up exp (—i¢), while Vus = VUus and Vey = VU cp. 
The full CKM matrix may be reconstructed in the following way. Firstly, as 


Vua and V are real and positive by convention, 


Vua == L= Uis — Uns, 


(16.12) 
Vio =vl- Uco z Uy . 
Then, 


2Re usch = 2 Dusen up cs cos @ 
=1- Uis —~ Uchb — Uub = Ucs T UusUct i Vues (16.13) 


constitutes a quadratic equation for |V.,|, which gives (remember eqn 16.10) 


1 
Ves = wee oe |- CRE us)? cos @ as (1 = Uis = Uco + Uus TY 2U ub 
— Uub 
UU E IE = UU O) | (16.14) 


The orthogonality conditions yield the remaining three matrix elements of V: 
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O Ves Vis + Va Vi 


Ved = mi z , 
VV. Pud, V 
us i + Ves ol 
Vigne ee (16.15) 

Vi 

y, VaV + VaV 

td = = V* s 
ud 


16.3.3 Aleksan-Kayser-London parametrization 


In the SM with n, generations, one may eliminate 2n, — 1 phases from the initial 
n? phases of the matrix elements of V through a rephasing of the quark fields. 
The number of rephasing-invariant phases is thus 


Nphases = n? = (2ng a 1) = (Ng = 1)” . (16.16) 


At this stage we are not yet imposing unitarity. It is remarkable that nphases 
equals the number of parameters necessary to parametrize the ng X ng unitary 
matrix V: Nphases = Nparam: 

The idea of Aleksan et al. (1994) was to parametrize V by four waig;. We 
already know that weigj = WBjai = —Wajßi = —Weiaj. Therefore, for three 
generations one needs to consider only nine phases: Wtbud, Wtbed) Webud, Wtbus> 
Wtbes, Webuss Wtsud, Wtsced, aNd Wesyq. From these nine phases only four are linearly 
independent. We may choose as parameters 


Wtbed, Webud) Wtbcs, ANd Wesud- (16.17) 
The first two phases are related to @ and y in eqns (13.31) by 


Wtbed = Ê — (sign 8) 7, 


l (16.18) 
Webud = Y — (sign y) T, 


where we have taken the argument of a complex number to lie between -r and 
+r. Similarly, Wtbes and Wesyq can be related to the two phases 


€ = arg (- ae) (16.19) 
€ = arg (F) ; (16.20) 
cs Vod 
through?’ | 
cyan Aa asa 


In the SM, these four angles obey a strong hierarchy (Aleksan et al. 1994): al- 
though 8 and y may be large, € and e’ must be small: e < 0.05 and €’ < 0.0025. 


37 Aleksan et al. (1994) used a, 8, €, and e’ as parameters. We prefer to use y instead of a, 
for reasons that will become apparent in § 16.4.2. 
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The four phases 8, y, €, and e’—or, equivalently, Wtbed, Webud, Wtbes, and 
Wesud——can be used to parametrize the 3 x 3 unitary CKM matrix. The other 
five waigj can be readily obtained from 


Wthud = Wtbed + Webud> 

Wtbus = Webud + Wtbes — Wesuds 

Webus = Webud — Wesud) (16.22) 
Wtsud = Wtbed — Wtbes + Wesuds 


Wtsed = Wtbcd — Wtbcs:- 


Equations (16.22) follow from the algebra of complex numbers. Unitarity is only 
needed in order to compute the moduli of the matrix elements from the phases 
of the quartets. It follows from the normalization of the it? column of V that 


Gees ee 
aa 1 F (Uci/Uui) a5 (Uri Uui) 
(Uci Uui) 
Uci = — L, 16.23 
14 (Ua/ Uui) + (Un/Ua) oo 
ER Z (Uti /Uui) 


1+ (Gei/Uui) + (Uti /Uui) 


We therefore need to know the ratios Uz;/Uy; and Uci/Uui. They are found by 
applying the law of sines to the unitarity triangles. Let (i,j,k) be a permuta- 
tion of the indices (d, s,b) and consider the unitarity triangles arising from the 
orthogonality of the columns of the CKM matrix. Then, 


Uci _ | VeiVeg | |VugVae | | Vek Va 
Uui Vui Vij “| Vo; Vi IVak V 

B SİN Wtiuj | | SINWejck | | SIN Wtkui 

SİN Wticj | | SIN Wtjuk | | SİN Wtkci (16.24) 

Uii Vii Vo Vuj Vik Vik Vi 
Oui Vui V j l Vij Vik Vuk Vii 

__ {Sin Wein; SIN Wejck SIN Wekui 

© [SIN Wticj | | sinwejur | | Sin Were: 


By using eqns (16.23) and (16.24) one obtains the moduli of all matrix elements 
as functions of the sines of linear combinations of the parameters in eqn (16.17). 
Of course, since the elements of the CKM matrix are not rephasing-invariant, one 
must choose a specific phase convention before the matrix elements themselves 
can be written in terms of the manifestly rephasing-invariant moduli and waig;. 
Clearly, once one knows the moduli of all matrix elements and the phases of all 
quartets, we are in possession of all the physical information in the CKM matrix. 
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16.4 Wolfenstein parametrization 


In 1983 it was realized that the bottom quark decays predominantly to the charm 
quark: |Vep| >> |Vus|. Wolfenstein (1983) then noticed that |Vey| ~ |Vus|” and 
introduced an approximate parametrization of V—a parametrization in which 
unitarity only holds approximately—which has since become very popular. He 
wrote 


1 — à? /2 à AX (p — in) 
V= — 1-7/2 AX +0 (A$). (16.25) 
AX (1—p—in) -AX 1 


The parameter À ~ 0.22 is small and serves as an expansion parameter. On 
the other hand, A ~ 1 because |Vaæ| ~ |Vus|*. Finally, |Vuel / |Væ| ~ A/2 and 
therefore p and 7 should be smaller than one. Thus, one may estimate the order 
of magnitude of any function of the matrix elements of V by considering the 
leading term of its expansion in .°° 

One easily checks that the unitarity relations—normalization of each row and 
column of V, and orthogonality of each pair of different rows or columns—are 
satisfied up to order A? by the matrix in eqn (16.25). An expansion of V up toa 
higher power of À must be made if one wants to obtain a better approximation 
to unitarity. 

The Wolfenstein parametrization is original for two main reasons. Firstly, it 
incorporates as ingredients not only unitarity, but also experimental information: 
Vas] < 1, |Veo] ~ |Vusl’, and |Vas| K |Vos|. Secondly, it is only approximately 
unitary, with the approximation to exact unitarity being achieved in a series 
expansion. 

In the Wolfenstein parametrization, to leading order, 


Vudu -pi 
Paval A 
Vea Vs 

ee 16.26 
[Vea Veo | ( ) 
Vta Vib 


= ] — p— in. 
Weave ne 


This is the justification for the coordinates of the vertices of the unitarity triangle 
in Fig. 13.2. 

While A = 0.2205 + 0.0018 and A = 0.824 + 0.075 are relatively well known, 
the parameters p and 7—or, equivalently, the angles a, 6, and y—are much 
more uncertain. The main goal of CP-violation experiments is to over-constrain 
these parameters and, possibly, to find inconsistencies suggesting the existence 
of physics beyond the SM. 


38 One should keep in mind the possibility of additional suppressions because p and/or n may 
be very small. 
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16.4.1 Exact version of the parametrization 


Sometimes the expansion up to order à in eqn (16.25) is not sufficient and one 
may want to use terms of higher order in À. One knows for instance that the imag- 
inary parts of all quartets should be equal in absolute value. This is however not 
true when using eqn (16.25): Quacs and Qestp are real, while Im Qracyp = A?A®7 
and Im Quse = A?A®n (1 — \?/2). Such imprecisions may become misleading 
and/or constitute a source of error when using eqn (16.25). 

Expanding the Wolfenstein parametrization to a higher order in A is easier 
and more systematic when one is guided by an exact parametrization, i.e., by an 
exactly unitary matrix V. Indeed, one needs a definition of the way in which the 
series expansion in À is to be carried out to higher orders. A way to do this has 
been suggested by Branco and Lavoura (1988b). They have used as a guide the 
Bjorken—Dunietz parametrization. They have defined the parameters by means 
of the equations 


Vus = À, 
Væ = AX, (16.27) 
Vap = Au et’, 


together with the phase convention in eqn (16.10). In this way, A = |V,,.|, A = 
[Vev / Val u = |Vub/ (Vus Veb), and @ = Wusco are directly related to measurable 
quantities. It is important to stress that eqns (16.27) are exact by definition: the 
expressions for Vus, Ve», and Vy») are not corrected by terms of higher order in A. 

We may reconstruct the full CKM matrix just as was done in the Bjorken- 
Dunietz parametrization. Thus, 


Vrei- XAN, 

Vip = V1 — AM — ApS, 

Ves = {-4A° uà’ cos + [1 — X? — A?A4 + A? (1 — 2p?) AS + A? p? 
+A*p?r?? + Atp? (p? — sin” $) A1?] an / (1 — A2y?r8) . 


(16.28) 


Together with eqns (16.15) this fixes the CKM matrix. We may now perform the 
expansion as a series in À up to any desired order.*? We present here the result 
of the expansion up to order \°. For ease of comparison with eqn (16.25), we 
substitute u and ¢ by p = ucos¢ and n = using. We obtain 


3°It should be noted that, for each individual matrix element, the expansion parameter is 
not really A but rather A? ~ 1/20. The series expansion is thus, as a matter of fact, much more 
precise when one considers individual functions of the matrix elements of V. 


WOLFENSTEIN PARAMETRIZATION 195 


Vua = 1-47 — $M +0 (°), 
ej Cape OO 
Ves = 1 — 4)? — $ (1 +44?) àt +0 (8), 
(16.29) 
Via = A(1—p—in) à? +44 (p+in)à5 +0 (A7), 
Vis = -AX +A (4 -p-in) àt +0 (3°), 
Vea =1— T25 +0 (°) : 
Equations (16.27) and (16.29) coincide with eqn (16.25) up to order A3. 
Buras et al. (1994) have used the Chau-Keung parametrization as the basis 


for a different exact version of the Wolfenstein parametrization. They defined 
the parameters by means of the equations 


$12 = À, 
§23 = Ad?, (16.30) 
$13e7 718 = AA’ (p —in). 


Then, 
C12 = V l= XR; 
C23 = Vv1— A2 M4, (16.31) 
C13 = /1 — A? (p? + n). 


Substituting these expressions in eqn (16.3) one obtains an exact parametrization 
of the CKM matrix, which one may then proceed to expand as a power series in 
A. In practice, the differences between the parametrizations of Buras et al. (1994) 
and of Branco and Lavoura (19886) first arise only at order Af: eqns (16.29) are 
valid in both parametrizations. 

In the parametrization of Branco and Lavoura (1988b) 


J = APAN Vos œ A? Nn (1 — $A”). (16.32) 
The parameters A, for the K°-K® system, defined in eqn (13.50), are 
Au =A(1—- $47) +O (0°), 
Ae = -A(1- $47) +0 (0°), (16.33) 
Nz = —A*d? [1 — p—in— £X? + 2d p— r? (p? +77)] + O (9). 
For the B°-B® system, 
Au = AX? (P + iñ) +O (A), 
àc = —AN +0 (3°), (16.34) 
à = AN (1-p-iñ) +O (A), 
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where 


(16.35) 


For the B°—B° system, 
Au = Ad* (p + in), 
c = AN (1- $17) + O (2°), (16.36) 
àt = AN [-14 A? (4 — p—in)] +0 (0°). 


16.4.2 Parametrization with R; and R» 


It is useful to introduce a Wolfenstein-type parametrization of the CKM ma- 
trix with the following four parameters: À = |Vys|, A = |Veol/|Vusl*, Ri = 
(Via Vol / |VeaVes|, and Rp = |VuaVuel /|VeaVer|. As usual, we make the phase 
convention that V,q and Vus are real and positive; we also choose Vq negative 
and Vo positive, so that the product Vea V% is real and negative as in the unitar- 
ity triangle in Fig. 13.1. Finally, we choose V; positive. In this phase convention, 
the phase of Vu» is —y and the phase of Vig is — 8 (remember eqns 13.31). 

Working out this parametrization, and making the usual series expansion in 
A, one obtains 


Vua = 1-202 -1M + O (2°), 

Vus = [AR A? + LAR,A® + O (A7)] e7, 

Vea = —À + 4A? (R? — R?) à5 + 0 (à), 

Vos = 1-4-2 (1444? + 4iA? VI) àt +O (35), (16.37) 
Via = [ARX + O (A7)] e-#, 

Vis = -AX + }A (R? - Rẹ — iVE) àt + O (à$), 

Vip = 1- 44°) +0 (3°). 


If one uses for exp (iß) and for exp (iy) the expressions in eqns (13.34)-(13.36), 
one has a parametrization of the CKM matrix in terms of å, A, Ri, and Rọ. All 
matrix elements have been given up to order °. 

Using this parametrization only up to order à’, one has the simple result 
(Buras and Fleischer 1998) 


1—- X72 À AR,A%e7*7 
V = =A 1-7/2 Ad? +0 (3$), (16.38) 
ARX e78 sAN 1 


which will be extensively used in Part IV. 
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16.5 Main results 


One may parametrize the 3x3 unitary CKM matrix by means of three rota- 
tion angles and one phase. Examples are the Kobayashi-Maskawa parame- 
trization in eqn (16.1) and the Chau-Keung parametrization in eqn (16.3). 
The most commonly used parametrization nowadays is the Wolfenstein 
parametrization in eqn (16.25). This is a series expansion in a parameter 
A = 0.22, and takes into account the experimental data. The parameter A 
is of order unity, while p and 7 are probably smaller than 0.5. 

Sometimes one may need to use a version of the Wolfenstein parametriza- 
tion in which the expansion in A is taken to higher order than à. One 
possibility is given in eqns (16.27) and (16.29). 


17 


17.1 Introduction 


We study in this chapter the standard-model computation of the CP-violating 
parameters € and ô. These are the only non-zero CP-violating parameters mea- 
sured to date, but they are equivalent, as seen in eqn (8.92). Their fit constitutes 
a crucial test for any model of CP violation. 

In the Kobayashi-Maskawa model € provides a constraint on the CKM ma- 
trix. That constraint depends on the assumption of the inexistence of sources of 
CP violation beyond the complexity of the 3 x 3 CKM matrix. 

In the SM all the CP-violating quantities are proportional to J. Their sign 
is fixed by the sign of J. The experimentally measured sign of e€ fixes the sign 
of J, which in turn fixes the sign of any other CP-violating quantity. Thus, the 
prediction of the signs of the CP-violating asymmetries in the B9-B9 system 
hinges on the fit of e. 


17.2 Tiz and qx /pK 


We first consider the decay amplitudes of K? and K° to 27, I = 0. These ampli- 
tudes, after the final-state-interaction phase ôo has been factored out, have been 
denoted Ap and Ao, respectively, in eqns (8.73). They are given, at tree level, 
by the diagrams in Fig. 17.1. If we define the parameters Ag = Vi,Vaa as in 
eqn (13.50), and the Dirac-matrix combination 


TH = yy, (17.1) 
then it follows from Fig. 17.1 that 
Ao _ Au(2a,I = 0| (8P"u) (urd) |K°) 
Ao Ax (2m, I = 0| (a's) (du) [K) 


The matrix elements in eqn (17.2) are determined by the hadronization mecha- 
nism of the strong interactions, and they are difficult to compute. They may be 


(17.2) 


u d 


d u 
S u S u 
(a) (b) 
Fic. 17.1. Diagrams responsible for the decays (a) K° — 2z7,I = 0, and (b) 
K? — 2x, I = 0, at tree level. 
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related to each other by means of CP, which is a good symmetry of the strong 
interactions. As we know, 


CP|K°) = e EO) 


17.3 
CPl2a,f =0) = |22,F = 0) are) 

(the two-pion state is CP-even); also, 
(CP) q (CP)! = 81y CT, (17.4) 


for any quark field q. Most authors assume either £x = 0 or ég = 7, while 
the CP-transformation phases é of the quark fields are usually neglected. We 
display all these phases explicitly so that independence of the final results from 
them becomes evident. CP-invariance of the strong interactions thus implies 


(27, I = 0| (8T“u) (GP d) |K?) = etlx +84-§*) (27, T = 0| (~ar 8) (—dI“u) |K°). 


Hence, 


Ag _ Au pile +éa—Es). (17.5) 


Ag  àž 
It then follows from eqn (8.90) that 
arg Ty, = Ex + ĉa — Es + Qarg Ay. (17.6) 


Remembering eqn (6.70), one obtains 


IK = _ Au pilex téa Es) 1-6 utd 
PK rN V1i+6 Veter 


_ Au pilex tga é) 


aires (17.7) 
because 6 ~ 3.3 x 107° is very small, while u = —AT/ (2Am) x 1. 
17.3 Master formula for e 
Using eqns (8.98) and (17.5), 
Im M etl EK +a — Es) \2 
3.224 x 107? x A e (17.8) 


Am |Ay|° 


The computation of e thus reduces to the computation of M12. 

Equation (17.8) holds whenever Ag and Ap are dominated by the diagrams 
in Fig. 17.1. This is true in most extensions of the standard model. A more 
precise formula for e should include the loop contributions (notably from penguin 
diagrams) to Ag and Ap. Some of those contributions are proportional to Xz, 
which has a phase different from that of Au. One should then return to eqn (8.98) 
and compute the ensuing corrections to e. However, that exercise is at present 
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S1 W+ do 
k 
OAR kYB 
dj wt S2 


S1 wt dy 
k 
QA k kÝB 
də wt S2 


FIG. 17.3. Another box diagram effecting the transition K? > K°. 


rather futile, because we know from the experimental value of e'/e that the loop 
contributions to the phases of Ag and Ao are very small. Besides, the theoretical 
uncertainties in the computation of Mj are sufficiently large that it does not 
really make sense to be worrying about a small deviation of the phase of Ag A} 
from its tree-level value. 


17.4 The box diagram 


We want to compute Mj. in the SM. One first performs the weak-interaction, 
perturbative part of the computation, which is done in terms of quarks. The 
matrix element M12 corresponds to the transition K? + K®. One interprets K? 
as sd and K? and sd. Then, Mj. arises from the box diagrams in Figs. 17.2 and 
17.3. Those diagrams are computed in Appendix B. They are gauge-independent 
and translate into an effective Hamiltonian 


Gm? 
Her = ae (sId) (30 d) Fo + H.c., (17.9) 
where 
Fo = X2So (£e) + A? So (Lt) + 2cAtSo (Le, Lt) - (17.10) 


Equation (13.53) has been used to eliminate \,, in favour of A, and 44; moreover, 
we have made the approximation of taking the up-quark mass to be zero. The 
functions So (x,y) and So (x) = lim,_,z So (z, y) are given in eqns (B.15) and 
(B.16), respectively. They are functions of the up-type-quark masses through 
Ta =m? /mi,. 
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Then, Mı2 is given by 


2,2 
GiM 
4r? 


Miz = (K°| (dls) (dT 8) |KO F3. (17.11) 
The computation of the hadronic matrix element (K°| (dls) (dT „s) |K®) in- 
volves the strong interaction and the corresponding hadronization process. This 
is one of the awkward steps in the computation of Mj: the matrix element 
cannot be reliably computed. 

Still, an order-of-magnitude estimate may be obtained by using the vacuum- 
insertion approximation (VIA), which consists in the insertion of the vacuum 
state in all possible ways in between bilinear quark operators. With the VIA 
one reduces the problem of calculating the matrix element of a quartic operator 
into the problem of calculating the matrix elements of two bilinear operators. 
These may be calculated in some model or, sometimes, directly determined from 
experiment. One uses the fact that the strong interactions enjoy P, CP, and 
isospin symmetries, in order to simplify and relate among themselves various 
matrix elements. This is illustrated in Appendix C. One obtains there the result 


(K°| (dls) (drus) |K°)via = —tetls 84-88) fem, (17.12) 


The true matrix element is usually parametrized as the product of its VIA esti- 
mate and a corrective factor Br, 


(K°| (dI“s) (dT 8) |K°) = —detSs~84 8) f? my Br, (17.13) 


in the hope that Bx does not differ too much from unity. Of course, computing 
Bx is the same as computing the original matrix element. The ‘bag parameter’ 
Br must be real because of CP conservation by the strong interactions, but 
it may be either positive or negative. If it is negative, then the VIA has failed 
badly in approximating the matrix element. Most authors now agree that Br 
is positive. This is good, because the sign of € and the sign predicted for all CP 
asymmetries in the B°-B° systems hinge on sign Bx. 
From eqns (17.11) and (17.13) we obtain 


2,2 
Grmy 


Hypa ll, 
= 127? 


femgBge ltir) Fe (17.14) 
It is important to note the proportionality of M12 to exp (—i£x). Comparing the 
first eqn (6.11) and the first eqn (6.20), one sees that they agree in the way that 
Mj. transforms under a rephasing of |K°) and |K®). Notice that My2 is also 
proportional to the difference of the CP-transformation phases of the s and d 
quarks. 


17.5 QCD corrections to the |AS| = 2 effective Hamiltonian 


When QCD corrections are taken into account, the |AS| = 2 effective Hamilto- 
nian in eqn (17.9) becomes 


202 € 


GhMiy (anu rs -2/9 | a$ (u) 
Ha = p2 (ST”d) (Tyd) F [a (u) 1+ I Ja) | +H.c., (17.15) 
where 
F = MAZ So (£e) + N2AZSo (we) + 2N3AcAt So (Le, £t) - (17.16) 


Several features are worth notice: 


e There are three QCD correction factors m, n2, and n3 in F, which were 
absent in Fo—cf. eqns (17.10) and (17.16). 

e The gluonic corrections do not lead to the appearance of any operators 
beyond the one that was already present, (5T”d) (3I',,d).*° 

e The effective Hamiltonian depends on a renormalization scale u. The scale 
dependence is brought in by a,(y). The scale u should be taken below the 
charm-quark threshold, u < me; there, only the three light quarks u, d, 
and s are dynamic degrees of freedom—thence the notation af (u). 

e There is also a quantity J(3) which depends, through the beta function and 
the anomalous dimension of the operator, on the renormalization scheme. 


Since physical amplitudes cannot depend on an arbitrary renormalization scale, 
the p-dependence must be cancelled out by a p-dependence of the hadronic 
matrix element of the operator. Thus, the coefficient Bx , describing the deviation 
of the true value of the matrix element from its VIA value, is now a scale- 
dependent quantity: 


(K°| (dls) (dT p8) |K°) = —LetlSs-84-8) f2 me Bee (y). (17.17) 


The renormalization-scheme-dependence must also be cancelled out by that 
of Bg(u). One may hide the p-dependence and the renormalization-scheme- 
dependence of the matrix element by defining a p-independent parameter Bg: 


Br = Bx(u) [P] f ZW Jo) | (17.18) 


Its value can be found from lattice calculations, 1/N expansion, and a number 
of other methods. A conservative estimate is 1/3 < Bx < 1, but we shall use 
the value Bg = 0.75 + 0.15 suggested by Buras and Fleischer (1998), which is 
warranted by recent lattice computations (Gupta 1998). 

As a result, 


GEmMiy 
127? 


The interpretation of Bx is refined, but the final formula is the same as in 
eqn (17.14), only with the QCD-corrected function F instead of Fo. 


M2 = fèemgBgel iai) F (17.19) 


40 This nice feature is somewhat illusory, since the computation of the coefficients ni involves 
the |AS| = 1 effective Hamiltonian, which includes many operators. 
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Fic. 17.4. Double-penguin diagram for K°-K° mixing. 


The computation of the coefficients 7 in eqn (17.16) is presented in the review 
article by Buchalla et al. (1996), who quote 


m = 1.38 + 0.20, 
no = 0.57 £0.01, (17.20) 
ng = 0.47 + 0.04. 


17.6 Other contributions to Mı2 


In the standard model there are other important contributions to M12, beyond 
the one given by the box diagrams. 

First, there is another type of diagram which may contribute to Mj2, the 
so-called double-penguin diagram (see Fig. 17.4), which is a two-loop diagram 
with a gluon connecting the two weak-interaction pieces. They are estimated 
to be negligible in the case of neutral-kaon mixing (Donoghue et al. 1986d; Eeg 
and Picek 1987, 1988), but they may give sizeable contributions to M12 in other 
neutral-meson systems, in particular in the D°-D® system (Petrov 1997). 

Second, there are long-distance contributions to M12, in which the interme- 
diate states in the transition K° + K? are mesons instead of up-type quarks 
and W gauge bosons. The intermediate states may for instance be off-shell 
two-pion or three-pion states, or a 7°, 7, 7’, and so on. The corresponding con- 
tribution to Mj. has been estimated using flavour-SU(3) symmetry by Donoghue 
et al. (1986a). In any case, the dominant intermediate meson states are analo- 
gous, in quark terms, to a state uu; hence, the long-distance contribution to Mj2 
should have a phase given by arg \** + ĉ, — ĉa — &x,*! and then it does not 
modify e. However, M,3"% distance is expected to contribute significantly to |M12| 
or, equivalently, to Am. This is the reason why we are unable to compute Am 
in the neutral-kaon system; as a consequence, in the denominator of eqn (17.8) 
one uses the experimental value of Am instead of 2|M,2| computed from the 
box diagram. 


411 is sometimes stated that there are long-distance contributions to Re M12, but not to 
Im Mj2. This is not a rephasing-invariant statement. The phase conventions involved are the 
following: firstly, Au is taken to be real, as in the usual parametrizations of the CKM matrix; 
secondly, the phases €s and q are assumed to be equal; thirdly, g is chosen to be either 0 or 
m. It is within these assumptions that the long-distance contribution to M12 is real. 
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17.7 Fit of « 
From eqns (17.8) and (17.19), 


Gam Im (F *AZ) 
3.224 x 1073 a rai mB 17.21 
1272 fi Km Ani | Na ? ( ) 
The phase x + ĉa — £s has cancelled out, marking the invariance of the compu- 
tation under a change of the spurious CP-transformation phases. 


Using eqns (17.16) and (13.54), one gets 


Re (Ae Au) [n So (Ze) — n3 So (Le, Le) + Re (Ag Au) [n3 So (£e, £t) — N2So (x+)] 
6r? Am |Au|* 


ss 094A 10 = 
x GùmyfèmgBgJ 


= 5.949 x 19-8 Aul (17.22) 
BgJ 
We shall treat in detail the uncertainty introduced by the parameter Bg = 
0.75 + 0.15, and only illustrate the main other sources of uncertainty. We have 
used the following values: Am = 3.491 x10715 GeV, Gr = 1.16639 x 1075 GeV ~?, 
mw = 80.4 GeV, fx = 0.160 GeV, and mg = 0.497672 GeV. 
We use the Wolfenstein parametrization. From eqns (16.32) and (16.33), to- 
gether with \ = |V,,| and Ad? = |Vælļ, we obtain J x |Vus|7 |Væl* n, while 
[Au]? œ —Re(AtA,) & |Vus|? and Re (Až Au) & — |Vus|? |V| (1 — p). Thus, 


Bgn |Vusl" f [Va]? [ns So (£e, Xt) — Mm So (ze)] 
+|Ves|* (1 — p) [n2S0 (xz) — n3So (ze, z)]} = 5.949 x 1078. (17.23) 


Up to now, there is no substantial source of uncertainty in the computation; all 
the values used are relatively well known, with small associated errors. 
With me = 1.25 + 0.25 GeV and m = 175.5 + 5.5 GeV, 
l) = 2AT 107", 
So (zz) = 2.5953 15, (17.24) 
So (ec, #4) = 2.174983 x 1078. 
One should remember that So (z-) % £e and So (a) = xf (x+), where f is 
a slowly varying function of order unity. The main source of uncertainty in 


So (£e, £4) is me; the relatively small uncertainty from the top-quark mass is 
almost immaterial. Together with the values in eqns (17.20), we obtain 


ns So (Ze, £t) — Mm So (£e) = 6.86t5:07 x 1074, 


17.25) 
7250 (x) = 7350 Ge rt) = 1480... ( 


The first quantity is very uncertain, the second one only has a small error bar, 
which one may neglect. Using |Vus| = 0.2205 in eqn (17.23), one obtains 
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Fic. 17.5. The curves in eqns. (17.29) (dashed line) and (17.30) (full line). The 
parameter p is on the horizontal axis, 7 on the vertical axis. 


Bgn |6.86°4.3% x 1074 Veo)? + 1.48 [Volf (1 — p)| = 1.223 x 107°. (17.26) 


The value of |V| is a relevant source of uncertainty, which however should 
diminish with an increasingly better theoretical understanding of the decays of 
b-flavoured mesons. Using |V.,| = 0.040 and neglecting the uncertainty arising 
from the charm-quark mass, one obtains 


n (1.29 — p) = =, (17.27) 


We see that the Kobayashi-Maskawa mechanism of CP violation gives the right 
order of magnitude for e. This fact in itself should be considered a success of the 
model.*? 

Equation (17.27) is of the form 


n(A—p) =B, (17.28) 
which may be depicted in the p-n plane as a hyperbola with focus (p,n) = (A, 0). 
We depict in Fig. 17.5 the curve 


0.32 
1.29 — p) = —— 


together with the circle which follows from the constraint in eqn (15.23), 


42 A quick estimate of the order of magnitude of «€ in the Kobayashi-Maskawa model might 
have been produced in the following way: € = (0/T|Kz,)(0|T|Ks)* / |(0|T|Kgs)|"; the numerator 
is proportional to J ~ A®; the denominator is proportional to 7; therefore, € œ A* x 2.5x107°. 
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pP? +n? = 0.36. (17.30) 


One sees that 7 should be positive. Knowledge of the sign of 7 enables one 
to predict the sign of any other calculable CP asymmetry in the Kobayashi- 
Maskawa model. Remember however that, if the sign of Bx were negative, the 
sign of 7 would turn out negative too, and the predictions for all CP asymmetries 
would see their signs inverted. 


17.8 Main conclusions 


The spurious phase x + ĉ4 —€&,; arises in both Ag Að and M12; the physical 
parameter €, on the other hand, is independent of that phase. 

The computation of € boils down to the computation of M12. Long-distance 
contributions to this parameter may be sizeable, but they have a phase such 
that they do not modify €. The relevant contributions are those given by 
the box diagrams. 

In the p-7 plane, the fit of € leads to hyperbolae of the form in eqn (17.28). 
Together with the experimental value of |Vus/Vcol, this implies that 7 and 
J are both positive. 

A very uncertain matrix element, parametrized by the so-called ‘bag pa- 
rameter’ Bx, is involved in the exact fit of €, but it is usually agreed that 
Bx is positive. 


18 


MIXING IN THE B°-B® SYSTEMS 


18.1 Miz 
Let us consider the B?-B? systems, where q may be either d or s. The meson B? 


is made up of a heavy antiquark b and a light quark q, while Bo = bq. We want 
to compute the mixing-matrix element Mj2 for these neutral-meson systems. 
It corresponds to the transition B}? > B? or, in quark language, bg > bq. In 
the SM, the main short-distance contribution to this amplitude arises from box 
diagrams like those in Fig. 17.2. The computation of those diagrams and of 
the corresponding hadronic matrix element is analogous to the one presented in 
Chapter 17 and in Appendices B and C. The result is, just as in eqn (17.19), 


Grmy p i(€o—€q— * 
Mız2 = — 1272 f2 mp, Bp, etl Sa EB) F* (18.1) 
where 
F= A2 So (£e) + N2A? So (£t) + 2N3AcAtSo (Ze, Lt) - (18.2) 


The combinations A, and A; of CKM-matrix elements now are 
Ae = nb VG: (18.3) 


Their values in the Wolfenstein parametrization are given in eqns (16.34)—(16.36). 
We see that, when q = d, A, and 2; both have order of magnitude \?; when q = s, 
they both have order of magnitude \?.*2 Explicit values of the function So are 
given in eqns (17.24). The fact that 


So (xz) > So (Bia ay) > So (Ze) (18.4) 


is crucial. Indeed, as A, and A; have the same order of magnitude, we may 
approximate eqn (18.2) by 


F ~ nB, + So (x) ; (18.5) 


where we now designate the QCD-correction coefficient n2 by nB,- We shall use 
the value (Buchalla et al. 1996; see also Buras et al. 1990) 


nB, = 0.90, (18.6) 


43-This situation should be contrasted with what happens in the K°-K system, where Ac ~ À 
is much larger than Az ~ A°. 
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which is approximately the same for both B°-Be systems. One thus has 


2,2 
GEmy 


Miis x — 
É 1272 


fb, mB, BB, NB, So (Tt) (Vavi) ei(éo—ba Enq) (18.7) 


which is an approximation valid up to order So(£e, x4)/So(x4) ~ 1073. 

As before, there is a dependence on a renormalization scale u, coming from 
factors a,() in the QCD corrections to the box diagrams. That dependence of 
the effective Hamiltonian on u should be cancelled out by the p-dependence of 
the hadronic matrix element 


(B9| (Gb) (l „b) |B?) (u) = —det(S>-$2-$24) f2 mp Bp, (u). (18.8) 


The matrix element has been normalized by its VIA value. In order to hide the 
renormalization-scale- and renormalization-scheme-dependence, one defines 


—6/23 (5) 
Ba, = Bp, (x) [a (u)] 1+ i), (18.9) 


just as in eqn (17.18). Notice that u should now be taken to be of order mg, ~ 
5 GeV, where five quark flavours are still dynamical degrees of freedom; for that 
reason we now denote the strong coupling constant by af), 

Contrary to what happens in the kaon system, the long-distance contributions 


to Mj, are estimated to be negligible in the B}-B° systems. This is because the 
relevant mass scale m, is much larger than the mass scale Agcp below which 
quarks cease to provide a reasonable picture of hadronic physics. 

The non-diagonal mass term Mj2, which is of second order in the weak in- 
teractions, can compete with the diagonal mass terms, which are dominated by 
the bottom-quark mass and therefore are much larger, only because the latter 
are degenerate as a consequence of CPT symmetry. If the diagonal mass terms 


of B? and B? were substantially different, then the box diagram connecting B? 
to Bo would be irrelevant. As an illustration of this fact, one may point out 
that there are box diagrams connecting B® to B}, but one never takes them into 
account. There is a mass matrix connecting B®, B®, B°, and B® (and also other 
states, like K°, K®°, and so on); however, the difference between the masses of 
B® and B? is sufficiently large that the boxes connecting B°-B° to B°-B? are 
irrelevant. AS mp, # Mp, the 4x 4 mass matrix effectively breaks down into two 
2 x 2 submatrices; one of them describes BS-B° mixing, the other one describes 
B°—B° mixing. 


18.2 A note on CP invariance 
From eqn (18.7), 


Mio 2i(€B, +Eq— Eo) (Vii Vta)” 
= =e q q c, 18.10 
Mı» (Vao Vi)? R 
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We know from Table 6.1 that CP conservation in the mixing implies 
ate = Raa; (18.11) 


Comparing eqns (18.10) and (18.11) we find that CP conservation requires 
(Via Vi)? = eam (V Vag)? (18.12) 


If we had not neglected the contribution to My, of the terms proportional to 
d? and to \,Az, and since the quark masses are in principle arbitrary, we would 
have concluded that CP invariance also requires 


(Vane Se (Vi a (18.13) 


Equations (18.12) and (18.13) are precisely those that follow from the general 
condition for CP invariance of the SM in eqn (13.16). This is a good check of 
the consistency of the whole scheme. 


18.3 Tye 
Now consider I'j2, which is given by 
Tie = X (SITIB) (FIT IB), (18.14) 
f 


where f are the physical states to which both B? and Bo decay. This relation 
may be interpreted, in quark terms, as the absorptive part of the box diagrams 
with intermediate c or u quarks. As the mass of the top quark is much larger 
than mg,, B? and B? cannot decay to any top-flavoured hadron; therefore, the 
box diagrams with intermediate top quarks have vanishing absorptive part. The 
value of the absorptive part of the box diagram, or indeed of any other diagram 
contributing to l12, must be dominated by the mass available in the decays of 
B? and B®, i.e., by mp, ~ mp.** As Miz x So (ae) X ze x Mm}, one arrives at 
the prediction 


Di2 ms, =s 
— | ~ — a~n 10”. 18.15 
M2 m? ( ) 


Thus, while Mj2 incorporates a GIM-enhancement and increases with the mass 
of the heaviest up-type quark, [';2 is bound to remain ~ mp. 
From eqns (18.15), (6.61), and (6.62), one then finds 


Am = 2 |M], (18.16) 
2Re (Mi L12) 

A e e e, 18.17 

M (18.17) 


with |AT| &« Am. 


44The computation of the absorptive part requires that the masses and momenta of the 
external quarks not be neglected, contrary to what was done in Appendix B. 
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If the masses of the up and charm quarks were equal, then the absorptive part 
of the box diagram would be proportional to the CKM factor (A, + ae = Dy, 
and the angle between [12 and Mj2 would vanish. Therefore, we expect 


m? — m? = 
arg (Mj,T 12) ~ ——,—* ~ 107}, (18.18) 
iy 
leading to 
2 
m 
eee eo AE 18.1 

ô m2 0 (18.19) 


t 


CP violation in the mixing is then very small (Hagelin 1981; Bigi et al. 1989; 
Soares, unpublished thesis; see, on the other hand, Altomari et al. 1988.), and 
eqn (18.17) simplifies into 


AT = 2|Tj2| sign cos arg (M7,T 12) . (18.20) 


We may find the sign of AT once we know whether arg (Mf ľ12) is close to 0 or 
close to 7. 

The above results have a simple qualitative interpretation (Kayser 1997). Let 
us choose the phase convention for the CP transformation EB, + ég — & = 0. 
We know that Ri. is computed from the same box diagram as R21, with all 
quarks exchanged by their respective antiquarks. Hence the CKM phases get 
complex-conjugated. Since the mass of the B? mesons is much smaller than the 
tt production threshold, there is no absorptive part in the t-boxes. These facts 
imply that Rig = R3, when the c- and u-boxes are neglected. Then, T12 = 0 and 
ô = 0. Also, Ap = 2V R12 R21 is real, and therefore AT = 0. Hence, if it were not 
for the absorptive parts of the boxes with up and charm quarks, there would be 
no CP violation in the mixing, and the widths of By and By, would be equal. 
One therefore expects both AT and 6 to be small. 

The smallness of mixing CP violation—cf. eqn (18.18)—has a deeper justi- 
fication in the B2-B® system. There, Mı2 arises from the two-top-quarks box 
diagram, while [i2 is dominated by the decays b + ccs. Both Miz and [4 in- 
volve mainly the last two families, hence they cannot exhibit CP violation. This 
is clear in the Wolfenstein parametrization of the CKM matrix: there are no 
phases to lowest order in À between A, % AA? and \; ~ —AA?. In order to get 
a phase one must introduce the first family, via the contributions to T12 of the 
suppressed decays b > tics, Cus, wus. 


18.4 The mass difference in the BS—B® system 


The mass difference between the eigenstates of mixing in the BS-Be system 
has been measured to be Amg, = (3.12 0.20) x 10713 GeV.** Fitting this 


45The mass difference is thirteen orders of magnitude lower than the mass of the BS, MB, = 
(5.2792 + 0.0018) GeV. 
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mass difference in the SM provides an important constraint on the CKM matrix. 
From eqns (18.16) and (18.7) we obtain 


Gprmiy 2 2 
Amp, = ea "BMB fB, BBa So (ae) |Vio Vial - (18.21) 
The matrix element |V;,| must be very close to 1, as seen in § 15.7. Therefore, 
the measurement of Amp, can be used to constrain |Vig|. The uncertainty is due 
mainly to the poorly known fg, and Bpg,. For simplicity we shall take only these 
quantities to be uncertain. Using Amp, = 3.12 x 10713 GeV, Gr = 1.16639 x 
1075 GeV-?, mw = 80.4GeV, ng, = 0.55, mp, = 5.2792 GeV, Spo (zz) = 2.59, 
and 


[Veo Vial? = AAS [(1 - p)? n?) = Was? Va [(1— 9) +n?], (18.22) 
with |Vus| = 0.2205 and |V.5| = 0.040, one obtains 

fh BBa |(1- p)? +n?| = 0.036 Gev?. (18.23) 

We need the values of the meson decay constant fg}, which has not yet been 


measured, and of the matrix element in eqn (18.8). Various theoretical compu- 
tations are available; we shall use (Flynn 1997) 


fp, = (175 +25) MeV, 


Bg, = 1.31 + 0.03; Cee) 
these values may be combined (Buras and Fleischer 1998) into 
fea BB, = (200 + 40) MeV. (18.25) 
One then has 
(1—p)? +77 = 0.901931. (18.26) 


18.5 The p-n plane and the unitarity triangle 

In the Wolfenstein parametrization there are four parameters: A, A, p, and 7. 
The first two are rather well determined: A = |Vus| = 0.2205 + 0.0018 and A = 
[Vel / |Vus|* = 0.824 + 0.075. On the other hand, p and 7 are poorly determined. 


It is convenient to picture the constraints on these two parameters in the p~n 
plane. Those constraints are: 


e The value of |Vus| /|Veo| in eqn (15.23) implies 


0.27 < Vp? +7? < 0.45. (18.27) 


In the p-n plane this is the area in between two circumferences with centre 
(e,n) = (0,0). 
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—0.4 -0.2 0.2 0.4 


Fic. 18.1. The area in between the full lines is the one determined by 
eqn (18.27); the area in between the dashed lines is the one determined by 
eqn (18.28); the area in between the dashed-dotted lines is the one deter- 
mined by eqn (18.29). The intersection of all three areas, which is shown 
shadowed, is the allowed domain for p and 7. 


e The constraint in eqn (18.26) from the measured value of Amg may be 


rewritten 
0.79 < 4/ (1 — p}? +7? < 1.18. (18.28) 


In the p—7 plane this is the area in betweeen two circumferences with centre 
(p,n) = (1,0). 

e The constraint in eqn (17.27) from the measured value of € may be rewrit- 
ten, as 0.6 < Br < 0.9, 


0.36 < 7 (1.29 — p) < 0.53. (18.29) 


In the p-7 plane this is the area in between two hyperbolae with focus 

(p,n) = (1.29,0). 
We have depicted these constraints in Fig. 18.1. The precise boundaries of the 
shadowed area should not be taken too seriously; on the one hand, because they 
are dominated by the estimated values of theoretical errors, like the uncertainties 
in the values of Bx, of Bg,, and of |Vus| / |Vebl; on the other hand, because some 
experimental errors are correlated—a fact that we have not taken into account 
when intersecting the three domains in eqns (18.27)—(18.29). In any case, we 
gather important information from Fig. 18.1. The parameter 7 is found to be 
0.33 + 0.10, but p is not that well determined: p = 0.04 + 0.22. 

It is important to translate this information into expected values for the 
angles of the unitarity triangle in Fig. 18.2. One sees that the angle @ is rather 
well determined: it should be between 10° and 30°, approximately, corresponding 
to 


0.4 < sin26 < 0.9. (18.30) 
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Fic. 18.2. The unitarity triangle of Fig. 13.2 and the allowed area of Fig. 18.1. 


The angle y should lie between 50° and 125°, which constrains sin? y > 0.58.46 
Finally, a is expected to be between 35° and 120°, which only constrains sin 2a 
to be larger than —0.9. These limits, though, should not be taken too literally. 
It is interesting to notice that, if one accepts only the bounds shown in 
eqns (18.27) and in (18.28), then one can already conclude that 7 must be non 
zero, even if we discard the bound from CP violation in the K°—K® system. This 
means that, if we trust the Standard Model, then we can assert that there is CP 


violation by looking exclusively at CP-conserving observables. 


18.6 The mass difference in the B°-B° system 


Clearly, 
Ams, _ fb, Ba, |Vis |" 


Amp, f, Ba, |Via 
The ratio of hadronic parameters should be one in the flavour-SU(3) limit, and 


is much less uncertain than the numerator and denominator individually (Flynn 
1997): 


(18.31) 


JB 
fe. V BB. _ 1 1540.05. (18.32) 
fBa V Bp, 


There is also a quark-model bound fg,/fp, < 1.25 (Rosner 1990; Amundson 
et al. 1993). Therefore, once Amp, is known, one will get a much better con- 
straint on the CKM matrix from Amp, /Amg,. At present, there is only a bound 
Amp,/Amg, > 21.2 from LEP, which allows one to find |1 — p — in| < 1.2. This 
is already encroaching on the allowed region in the p-n plane, cf. eqn (18.28). 


18.7 Main conclusions 


e The ratio ['j2/Mi2 ~ 107° is very small in the B?-B9 systems. 


46 This result is especially sensitive to the error bars that one assumes for the various input 
parameters and, thus, to the numerical values in eqns (18.27)—(18.29). The numerical values 
used and the error analysis vary significantly from one article to the next. As a consequence, 
our results should be taken as merely illustrative. In Part IV we shall use the conservative 
bound sin? y > 0.33 given by Ali and London (1997). 


214 MIXING IN THE B?-B? SYSTEMS 


e Mixing CP violation, ô ~ 1074, is very small too. 

e The mass difference Amp, x |1—p- in|? provides an important con- 
straint on p and 7. 

e The measured values of Amz,, of €, and of |Vus / Vel, allow us to determine 
a closed domain in which p and 7 should lie. 


e In the future, the experimental value of Amg,/Amg, may also turn out 
to provide a strong constraint on p and 7. 
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Kr > Tvp 


19.1 Introduction 


The rare kaon decay Kr, — 1°vv may become very important in the study of 
CP violation. In the context of the Kobayashi-Maskawa model, it gives direct 
access to the parameter 7 of the CKM matrix, with little associated theoretical 
uncertainty—unknown hadronic matrix elements or other poorly known parame- 
ters. On the other hand, this decay is extremely challenging for experimentalists, 
due to the presence of two neutrinos and no charged particle in the final state. 
The process K; — 7°vi has not yet been observed; the 90%-confidence-level 
experimental bound is (E799 Collaboration 1994) 


BR (Kr > r°vv) < 5.8 x 107°. (19.1) 


This is six orders of magnitude above the SM prediction (Buchalla 1997; Buras 
1997) 
BR (Kr > 7°vv) = (2.8 + 1.7) x 107", (19.2) 


and therefore much progress on the experimental side is still needed before we 
are able to vindicate theory. Inverting the argument, there is ample room for the 
discovery of new physics by observation of a branching ratio larger than the SM 
prediction. 

In the standard model Kr; —> 7°vv violates CP. The argument leading to this 
conclusion still holds in many extensions of the SM (Grossman and Nir 1997). 
The first assumption is conservation of the individual lepton numbers. Then, the 
neutrino and the antineutrino in Ky, > mvp have the same flavour, i.e., they 
are the antiparticle of each other. This is a necessary condition for the final state 
to be an eigenstate of CP. 

If CP is conserved, Kz does not decay into two pions and has CP-parity —1. 
Then, the CP-parity of °vi should be —1 too. In the rest frame of Kz 


CP (x°vv) = CP (2°) CP (vo) (i). (19.3) 


where L is the relative angular momentum of 7° and the vi pair. As both Kz: 
and 7° are spinless, L is equal to J, the total angular momentum of the v7 pair. 
We know—see § 4.2 and 4.4—that 7° has CP-parity —1. Therefore, 


CP (x°viv) = — CP (vv) (-1)’ . (19.4) 


One now assumes that the neutrino is left-handed and the antineutrino is 
right-handed. Then, in the rest frame of the vv pair, the projection of angular 
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momentum on the direction of flight of those massless particles is 1. Moreover, 
the dominant operator creating the vv pair out of the vacuum is Dy"yz,v.4" Let 
us separate this operator into its time and space components: py°y,v and DyyLV 
(Kayser 1997). The time component creates a vi pair with J = 0, and therefore 
does not contribute to Kz, — 7°vi, as one easily sees in the rest frame of the 
vv pair. The space component has CP=+1 (see eqn 3.80) and creates a vi pair 


with J = 1. The product CP (v7) (ai? is —1. We thus conclude that 
CP (r°vi) = +1. (19.5) 


As the CP-parities of Kz and of 7°vi are different, CP is violated in Kg > 1° vp. 
Notice that eqn (19.5) depends on v and v being each other’s antiparticle, and 
on the operator which creates them being vy"y,v; in general, the three-particle 
state m°vp would not have a well-defined CP-parity. 


19.2 Arvo 


In the rest of this chapter we study the SM prediction of BR (Kz —> 7°vi). Some 
readers may want to skip this. o 

The transition Kr —> nv? corresponds to either K? —> 1°vi or K? + 7° vi. 
In terms of quarks, the first decay is 5 + dvi, and the second decay is s > 
dvv. The standard-model effective Hamiltonian for these transitions has been 
computed by Inami and Lim (1981)—see Appendix D. It is 


4 


Heft 3 2 [AcX (z0) + At X (2)] (Sy" Ld) (PY ILv) + H.c., (19.6) 
W 


= 1672m 


where Ag = VŽ, Vad, Ca = MŽ /mz,, and 


X (a) = oy (e+ 2+ Fns). (19.7) 


With me = 1.2540.25 GeV and m = 175.5 + 5.5 GeV, one has 


X (ze) = (1.444 0.45) x 1078, 


19.8 
X (x4) = 1.615 + 0.058. i) 


We shall also need the Hamiltonian for the tree-level decay K+ — 7°etv—in 
terms of quarks, 5 > ūetv—, which is 


2 

eS nd, Vs (sy"yLu) (VYpyLe) + H.c.. (19.9) 

47Other operators, which create the pair in such a state that CP is conserved, may be 
present. For instance, in the SM the box diagram in Fig. D.1 (Appendix D) yields the operator 
Dy yz, OF v — (a4 D) y*yLv when the four-momenta of the external particles are not neglected. 
However, the coefficients of those operators are suppressed by factors m?,/m2, ~ 1074, and 
therefore these CP-conserving contributions to Kg —> nvo may safely be neglected. For a 
detailed account, see Buchalla and Isidori (1998). 
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The crucial parameter to be computed is 


qg A(K? > 7°vi) 


pr A(K® > vb) oe 


Anvi = 


Equation (19.6) tells us that 


A(K° + movD) [AX (£e) + AFX (az)] (mvi (dy"ys) (DYpYLV) |K°) 
A(K° > vo) — = X (ec) + MX (x1)] (7°vd| (Syed) (PY LV) |K°) 


X (ze) + AEX (zt) eilSs—fa-Ex) (19.11) 
X (Xe) + AX (x2) 
We have used CP symmetry together with eqn (19.5) to evaluate the ratio of 
matrix elements. 
We know the value of gx /px from eqn (17.7). Thus, 


7 My = u— ið A*X (ze) +A*X (ze) 


nae 145 Jul to? AoX GIIA K) 
2 i. (3 T Ar X (x t) i (19.12) 
Az Nex (ze) T AX (xz) 
The parameter A, pz is independent of the spurious phases £, as it should be. 
From eqn (7.25) we know that Arup # +1 implies CP violation. This may hap- 
pen because of indirect CP violation (|q/p| # 1), direct CP violation (|A/A]| £ 1), 
or interference CP violation (sin arg Azvz 4 0). In the case at hand there is no di- 
rect CP violation; strong final-state-interaction phases are absent, because there 
is no state scattering strongly to 7°vv; absorptive parts of Feynman diagrams 
could in principle be present, but only when the intermediate quark is the up 
quark, and the GIM suppression makes it that diagrams with intermediate up 
quarks hardly contribute to the decay amplitude at all (see Appendix D). There 
is indirect CP violation (6 = 3.3 x 107% does not vanish), but it is very small. 
The main reason for A;yz Æ +1 is interference between mixing and decay: the 
phases of q/p and of A/A do not match, as ,Aj and X,,A* are not real. This is 
different from CP violation in the two-pion decays of the neutral kaons; there, 
the phases of the mixing and decay amplitudes are practically equal and CP 
violation arises almost exclusively from 6. CP violation in Kg —> 7°vv may be 
much larger precisely because it is mainly interference CP violation; the mea- 
sured value of 6 would lead by itself alone to a branching ratio much smaller than 
the prediction in eqn (19.2). Thus, if that prediction is experimentally vindicated 
the superweak theory of Wolfenstein (1964) will be disproved.*8 


48Some authors would call this ‘direct CP violation’, because they interpret this expression as 
meaning any form of CP violation which goes beyond the superweak model. In our terminology, 
direct CP violation is something different. From our point of view, Kg — 7°vv originates 
mainly in interference CP violation, not direct CP violation. 
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At this point it is convenient to introduce 


R = X (az) Re (MtAž) + X (ze) Re (AcA*) , 


19.13 
I = Im (A7) [X (a1) — X (ze)]. ( ) 
Then, from eqn (19.12), 
R—il 
Anvi as R+ T (19.14) 


Using the Wolfenstein parametrization and the fact that X (x+) >> X (ze), one 
has 
Rw —4? X8 (1 — p) X (24) — A? X (ze), 


19.15 
I = A?)®nX (z). ( ) 
19.3 Prediction of the branching ratio 
The relevant decay amplitude is 
A (Kı = T° vD) = pKA (K? ~ T° vv) +qgå (Ke + vi) 
= px (1 + àrvp) A (K? = n'vo) l (19.16) 
We remind that |p|? = (1 + ô) /2. Therefore, 
0.-\|2 g* Oo ire = LL 0\ |2 
|A (Kr > nvr) |" = | 35 } | (2° vd| (Sud) (P71 Vv) |K°)| 
l6m*“my, 
1+6 
xX > |1 + Aol Ac X (Zs) T At X (xt)|° 
g* í 0 0\ |2 
x (sacar) |(x°v| (Syp yrd) (Dy yLv) |K°)| 
IN AcX (Ge) + MX (ae)] — Au [AEX (Ge) + FX (2) 
A 2 
2 [Au] 
4 2 2 
g 0. =i /-= = 0 2 21I 
= | —— ] (m vo|(SyuyLd) Py" Lv) |K i 
(3 | | (5% E Aul 
(19.17) 


We cannot compute the matrix element, but we may equate it, using isospin 
symmetry, to the matrix element for the tree-level decay Kt > r?etv. From 
eqn (19.9), 


2 2 
A (K+ > net)? = (zE) Maal? (etn (By 120) Orre) EA. 


2m? 
(19.18) 
Thus, 
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A(K, > nvr) | č (9? = OF (19.19) 
A(K+ > netv)| — \ 8? Deval 
On the other hand, 
A(Ks-+1°vp) | _ (g?\?_2R? (19.20) 
A(K+ > netv)| — (872 Aaka 
Remembering g? = 4ra/s?,, one has 
T (Kz — wv) E a? 27? 
T (K+ > metv)  4r?s4, (Vaa V (19.21) 
T (Ks > n'vo) 7 a? 2R? l 
T (K+ + Tet) = Arr? 54 Vasa a 


The factor 3 is because there are three neutrino species. With |Vug| œ 1, |Vus| = 
à, and |V.,| = AA, one may write, because of the second eqn (19.15), 


T (Kz > Tvi) 3a? 


ERS os aati) T gaga Ve IX e. (19.22) 


19.4 Kt ontvp 


The rare decay Kt — xvi also originates in the effective Hamiltonian in 
eqn (19.6). Once again, one must compare it to the dominant decay in order to 
get rid of the unknown matrix element: 


BR(K+ > rtv?) _, (È) cX (£0) + MX (24) |" 
BR (K+ > r°etv) 8r? Vas 

(rt vd| (Sy" yd) (OY yLv) |K*) 
(Wety| (Sy4#yLU) (WYpYLe) |K*) 
Ba? [AX (we) + AEX (ae) | 
— Qr284 Vas 


2 


l (19.23) 


where we have taken into account that, as 7° ~ (iu — dd) /\/2 while rt ~ du, 
the ratio of matrix elements is equal to v2 when isospin symmetry is exact. 


19.5 Explicit values 


Before proceeding to explicit numerical predictions, one must take into account 
various corrections. 
Firstly, X (x+) receives a QCD correction 

Os 
—X 19.24 
Ze X, (z1) (19.24) 
where the function X, has been computed by Buchalla and Buras (1993a,b). In 
practice, eqn (19.24) amounts to making X (x1) > 0.985 X (x+). 


X (Zt) >X (xz) + 
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Secondly, there are QCD corrections to X (xe) too. These are much more un- 
certain, because for y ~ Me the strong interactions are largely non-perturbative. 
Besides, the effective Hamiltonian for K, — m°vv depends on the neutrino 
flavour, because the box diagram has an internal charged-lepton propagator. In 
Appendix D we have assumed the charged leptons to be massless, but this is not 
a good approximation for the 7 lepton. In practice, the ensuing dependence on 
m, proves to be very small in the case of X (x+), but is important in X (ze). 
Instead of X (xe) it is better to use (2/3) X§, +(1/3)X fy, with the function X4, 
computed by Buchalla and Buras (1994) for any mass m; of the charged lepton 
1.49 In practice, 


X (£e) > 2XL + Xi = (9.5 +14) x 107%, (19.25) 


which is somewhat smaller than X (ze) in eqn (19.8). 

Thirdly, the isospin symmetry used to equate matrix elements is not exact. It 
is convenient to separate the isospin-breaking corrections (Marciano and Parsa 
1996) into three factors. The first factor originates in the different phase space 
for different decays; the second factor comes from isospin violation in the K > m 
form factors; the third factor stems from electromagnetic radiative corrections. 
The latter factor is equal to 0.979 for both rare kaon decays considered; the 
phase-space correction is 1.0522 for the decay of Kz and 0.9614 for the decay of 
KT; the form-factor correction is 0.9166 for the former and 0.9574 for the latter. 
Thus, T (Kz — x°vi) is reduced by 1.0522 x 0.9166 x 0.979 = 0.944 relative to 
the original computation, while I (K+ — mtv) is reduced by 0.9614 x 0.9574 x 
0.979 = 0.901. 

After introducing these corrections we may proceed to the numerical compu- 
tations. We use BR (K+ > 7°etv) = 0.0482, r (Kr) = 5.17 x 1078s, r (KT) = 
1.2386 x 1078s, a = 1/127.9, and s?, = 0.2315. We get 


BR (Kz > 1°vv) = 3.4878 x 107° |Veo|* n? [X (xe)]? 
= 2.8 x 1071, (19.26) 


in which we have used |V.5| = 0.04, n = 0.35, and X (a) = 0.985 x 1.615. We thus 
reproduce the prediction in eqn (19.2). Notice that BR (Kz — x°vi) depends 
strongly on |V,»|, and is proportional to 7’. 


49This substitution is conceptually wrong. The right computation would involve a sum over 
the three neutrino flavours of the decay rates, which would be of the form 


2|A; + B|? +|A2 + Bl’, 


with B the amplitude from the diagrams with intermediate top quarks, and A, or Ag the 
amplitude from the diagrams with intermediate charm quarks. Instead, we are performing the 
computation as 


3(241+ 442+ .B]. 


However, the error involved is 2/3 |A, — A2|?, which is negligible in practice. 
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Now consider the case of the superweak model. In that model the ratios of 
the decay widths of Kz and of Ks to CP eigenstates with CP-parity +1 are all 
equal—see § 7.3.4. Thus, 


T(K: => 7°vi) _ r (Kr > 27,I = 0) 


2 
Sa a 19.27 
T (Ks > vv) T(Ks > 22,1 =0) el ( ) 
Comparing eqns (19.21) and (19.27), we see that 
On = 5 2 
BR(K, > 7 UD ae = 3.4878 x 10 VaaV2, 2 AGE (19.28) 


We take lel’ æ 1075/2 from the two-pion decays and, from eqn (19.15), 


-R 234 
ViaV2 | ~ AA (1 — p) X (at) + X (Ze) 
~ 3.5 x 107°. (19.29) 
We obtain 
BR (Kr, > KOUD ekak x 2 x 10775. (19.30) 


This means that experimental vindication of eqn (19.2) would disprove the su- 
perweak theory. 

For the charged-kaon decay K+ —> mtv? one has, from eqn (19.23), and using 
the Wolfenstein parametrization, 


Vus 
= 7.53 x 107° |Ves|* [X (xe)]? 


2 
X (Le 
x < n° + pte a 
\Veo|” X (x2) 


BR (Kt > rtvp) = 7.53 x 107° 


= 9.8 x 107}, (19.31) 


where we have used the same values as above, together with p = 0 and X (ze) = 
9.5 x 1074. A careful analysis yields (Buchalla 1997) 


BR (Kt > rtv) = (9 +3) x 107". (19.32) 


The computation of BR (Kt — 2tvi) has much larger theoretical uncertainties 
than that of BR (Kz > n°vi). This is because the value of X (xe) is relevant in 
Kt + nt vi while it is mostly immaterial in Kg > 1°vv. This is a consequence 
of the CP-violating character of the latter transition; as Kg — 7°vi violates 
CP, the top and charm quarks must contribute to it with opposite signs, and the 
relevant quantity is X (x+) — X (ze) & X (z+). 
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EFFECTIVE HAMILTONIANS 


20.1 Current—current operators 


We study in this chapter the effective low-energy Hamiltonian which drives the 
nonleptonic decays of the kaons, as a preliminary for the computation of e'/e 
in the next chapter. Readers less interested in detailed theoretical computations 
may want to skip both chapters. 

We base our analysis on the review articles by Buchalla et al. (1996) and 
by Buras and Fleischer (1998). The reader should also consult the books by 
Donoghue et al. (1992) and by Weinberg (1995), which contain useful introduc- 
tory chapters on the operator product expansion, the renormalization group, and 
the determination of Wilson coefficients. Finally, the TASI93 lectures by Cohen 
(1994) constitute a very nice and pedagogical introduction to the use of effective 
Hamiltonians. 

Consider the decay K? — 27. At tree level, it occurs through the W-exchange 
diagram in Fig. 20.1 (a). When the masses of the external quarks are neglected, 
the corresponding amplitude is 

Fi 20.1 (a) = —!2 —_vv, (5y“yLu) (ù d) 
8. 4U. -3 (k? — m2) usud (SY YLU) (Up YL 


= iF +O (k*/miy) , (20.1) 


where Ag = Vi,Vaa. We have defined 
Q2 = (Su)y_, (Ud)y_,- | (20.2) 


Here, V denotes the vector coupling and A denotes the axial-vector coupling, 
with the notation 


(a) 


Fic. 20.1. (a) Tree-level quark diagram for K° — 2r, and (b) a typical 
QCD-correction diagram. 
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(Qq')vea = D" (L445) ¢. (20.3) 
The Lorentz index p is summed over in the product of two quark bilinears. 
Since the momentum k of the internal W-boson line is small compared with 
mw, we may neglect the higher-order terms in the k?/m%, expansion. The re- 
sulting amplitude, —2 (G F/ v2) AuQ2, may be obtained from the effective Hamil- 
tonian 


Het = TAQ» + H.c.. (20.4) 
The higher-order terms in the k? /mîy expansion may be taken into account by 
including extra operators in the effective Hamiltonian. Those operators generally 
involve derivatives of the fields. 

One has thus removed the W-boson degree of freedom from the theory.°” The 
result is a set of local operators multiplied by effective coupling constants, called 
Wilson coefficients. The operators do not involve the heavy degrees of freedom— 
in our elementary example, the W field; information about them is hidden in the 
Wilson coefficients—in our case, in Gr/V/2 = g?/ (8m3). 

At this stage, the effective Hamiltonian is just a convenient way of parametriz- 
ing the low-energy effects of the full theory. One may compute the relevant pro- 
cesses using either the full theory or the effective Hamiltonian. However, it may 
be more convenient to use an effective Hamiltonian since only a finite number of 
operators appear up to a given order. Once the Wilson coefficients are known, 
the same effective Hamiltonian may be used for a variety of low-energy processes, 
as has been done, for instance, in the previous chapter. 

Next consider the QCD corrections to K? — 2r. The simplest diagram is 
depicted in Fig. 20.1 (b). It is computed setting to zero the external masses and 
momenta, analogously to what was done in Appendices B and D. Due to the 
zero mass of the gluon, an infrared divergence arises, which must be regulated. 
The operator 


8 
S| Bw" (1 — y5) AS, te] [tye (1 — 95) Me de] (20.5) 
a=1 
is generated, where \° are the Gell-Mann matrices, and z, y, w, and z are colour 
indices. Using the Fierz transformation in eqn (C.10), we find that the operator 
in eqn (20.5) is equal to —(2/3)Q2 + 2Q1, with 


Qi = (Sctty)y_4 (Uyde)y_,- (20.6) 


Thus, in order to take QCD effects into account one needs at least two operators 
in the effective Hamiltonian, Qı and Qe, with Wilson coefficients C1 and C9, 
respectively: 


Gr 
Hep = Axi (C +C + H.c.. 20.7 
ff A (C1iQ1 2Qe2) C (20.7) 


50This is sometimes referred to as ‘integrating out’ the degree of freedom. The expression 
originates in the formal path-integral derivation of the procedure. 
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(b) 


Fic. 20.2. (a) Gluonic penguin for K° — 27, and (b) self-energy diagrams 
which must be added to it in order to obtain a finite, gauge-invariant result. 


For obvious reasons, Q, and Qə are known as current—current operators. At tree 
level, i.e., without QCD, the Wilson coefficients are C1 = 0 and Cy = 1. 


20.2 Penguin operators 


Besides the diagram in Fig. 20.1 (b), there are other diagrams involving a gluon 
which contribute to K? — 2r. One example is shown in Fig. 20.2 (a). This 
diagram is known as ‘gluonic penguin’. Strictly speaking, one must also include 
in its computation the self-energy corrections to the external lines, depicted in 
Fig. 20.2 (b), and only then does one obtain finite effective vertices. In the limit 
in which all external masses and momenta are set to zero, the gluonic penguin 
brings into play four new operators: 


Q3 = (5d)y_4 >) (G)y_as (20.8) 
= aaa y oiea (20.9) 
Qs = (ēd)y_4 Tyan , (20.10) 
Qe = (Brdy)y_ , 2 (dz) yaa (20.11) 


There are two differences between the gluonic-penguin operators and the current- 
current operators. The first difference is the appearance of the Dirac structure 
(V — A) x (V + A) in some operators. This happens because the gluon couples 
vectorially, and that coupling may be split into a right-handed and a left-handed 
part. The second difference is the sum over quark flavours. In particular, we have 
operators generating the transition 5 — ddd instead of 5 > wid. 

Depending on the virtual up-type quark a in the loop in Fig. 20.2, the CKM 
factor may now be any of the three Aa, instead of only Au. Using eqn (13.53), this 
may be re-expressed in terms of only two CKM factors, which may conveniently 
be chosen to be.A, and Az. 

The Wilson coefficients depend on the mass ma of the quark a. (In the com- 
putation of the gluonic penguin one may ignore m,-independent terms, because 
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Fic. 20.3. Electroweak-penguin diagrams for K? + 2r. 


d Ww q d Ww q 
o k, f 7 
S w+ q S wo è q 
(a) (b) 


Fic. 20.4. Box diagrams which must be added to Fig. 20.3 in order to obtain a 
gauge-invariant result. The diagram (a) holds in case q is a down-type quark; 
the diagram (b) is for q an up-type quark. 


eqn (13.53) ensures that they give a vanishing contribution. If all up-type-quark 
masses were equal the gluonic penguin would vanish.) Generically, the coefficients 
grow with ma. Explicit calculation of the gluonic penguin with an intermediate 
top quark yields a dominant logarithmic dependence. 

There are other penguin diagrams, in which the gluon is replaced by either 
the photon or the Z, as shown in Fig. 20.3. They must be computed together 
with the box diagrams in Fig. 20.4 if we want to obtain a gauge-independent 
result. (Also, when calculating any diagram involving either W or Z bosons the 
contributions of the pseudo-Goldstone bosons must be included.) They bring in 
four new operators, 


Q7 = $ (Ed)y—4 > eg (GO) vsa, (20.12) 
q 
Qs = 3 (Bedy)y_4 Y. eg (Gude): (20.13) 
q 
Qo = $ (šd)y_4 ` €q (dq) y_a ; (20.14) 
q 
Qio = 3 (Ssdy)y_A > €q (GyIz)y_a- (20.15) 


q 


Electroweak penguins with different final-state qq pairs acquire different factors 
eq, the electric charge of q. Thus, eg = 2/3 for q = u, while eg = —1/3 for q = d 
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and for q = s. 

The electroweak penguins are second-order electroweak effects, and one might 
expect them to be suppressed with respect to the gluonic penguin. However, some 
of their Wilson coefficients are considerably enhanced due to the large top-quark 
mass, when a = t. There is an m? enhancement, like the well-known one found in 
the process Z — bb (Akundov et al. 1986; Beenakker and Hollik 1988; Bernabéu 
et al. 1988). 


20.3 The effective Hamiltonian 


After QCD and QED corrections have been taken into account, the effective 
Hamiltonian takes the form 


G 10 10 
Her = 5 Au X- Zn (U) Qn — At X yn (u) Qn| + Hc. (20.16) 
n=1 n=3 


Equation (20.16) gives the general structure of the effective Hamiltonian. It is the 
sum of pieces of the type (G F/ V2) VexmCn (u) Qn, each with a definite CKM 
factor Vcxm, which may be either A„ or Az. We have used eqn (13.53) to remove 
terms proportional to Ae. Notice that the operators Q, and Q2 always have CKM 
factor \,,; no contribution proportional to A¢ exists for those operators. 

We have indicated explicitly that there is a dependence of the Wilson coeffi- 
cients Cn on the renormalization scale u. The Wilson coefficients are computed 
by matching the standard model and the effective theory at a scale y ~ mw. One 
thus obtains Cn (mw). The perturbative evolution of Cn (u) is then computed, 
with the help of renormalization-group techniques, down to scales y ~ 1 GeV. 
At those scales a, becomes so large that the perturbative renormalization group 
breaks down and non-perturbative QCD effects, especially hadronization, must 
be taken into account. 

When computing the evolution of the Wilson coefficients from u ~ mw down 
to u ~ 1 GeV, one has to face three important technical difficulties: the need to 
sum large logarithms, the presence of operator mixing, and the existence of quark 
thresholds. 


e Large logarithms arise due to the presence of two very different scales. In 
fact, there are terms in the perturbative expansion which are proportional 
to as, but there are also terms proportional to a, ln (m%,/u?). With p suf- 
ficiently low, a In (m2, /u?) may be large even when a, is small. The large 
logarithms must be summed to all orders in a,. This can be done efficiently 
using the renormalization group, and results in a ‘renormalization-group- 
improved’ perturbative expansion for the Wilson coefficients. At leading 
order, terms of the type a} ln” (mẹ /p°) are summed to all orders; at 
next-to-leading order, the terms a? In"~* (m3, /p?) are summed to all or- 
ders. These approximations are known as leading logarithmic approxima- 
tion (LLA) and next-to-leading logarithmic approximation (NLLA), re- 
spectively. 
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e The operators mix under renormalization due to the matrix of anomalous 
dimensions not being diagonal. As a consequence, the relation between the 
coefficients at different scales is a matrix relation: 


Cn (u) = XU (u, mW) am Cm (mw) . (20.17) 


Each coefficient at the scale u depends on many, sometimes on all, coeffi- 
cients at the scale my. 


e When evolving the coefficients from up ~ my down to u ~ 1GeV one 
crosses several quark thresholds. This is accommodated by matching the 
effective theories above the threshold—with the relevant quark as a degree 
of freedom—and below the threshold—with that quark integrated out. This 
is done at a scale u of the order of the mass of the quark. Below that scale, 
the operators do not involve that quark any more; thus, the sum over q 
in operators Q3—Q19 runs over different ranges according to the scale u at 
which one is writing down Hef. 


The Wilson coefficients yn (u) and zn (u), calculated in the NLLA, may be 
found in the review by Buchalla et al. (1996). 


20.4 Calculating amplitudes with the effective Hamiltonian 
With the effective Hamiltonian in eqn (20.16) a physical amplitude reads 


10 10 
Ali> f)= 5 du 2 zn (H) (flQnli) (u) — Ae X yn (u) (FlQnli) w: 
n=3 


(20.18) 
The p-dependence of the Wilson coefficients must be offset by the -dependence 
of the matrix elements of the operators. Similarly, any renormalization-scheme 
dependence of the Wilson coefficients?! must drop out in the amplitudes. These 
cancellations may in principle be quite complicated, involving several Wilson 
coefficients and matrix elements simultaneously. 
The crucial feature of the operator product expansion (OPE) is that it allows 
a separation of two regimes: the hard-gluon contributions are included in the 
Wilson coefficients; the non-perturbative, soft-gluon effects are included in the 
hadronic matrix elements of the operators. This is achieved by choosing for the 
renormalization scale at which the matching of the two regimes is done a value 
u ~ 1GeV.*? 


51This dependence arises because of the different prescriptions on how to deal with the 
matrix Ys in dimensional regularization. 

52When we shall be dealing with the effective Hamiltonian for bottom-meson decays, in 
Chapter 32, we will choose u ~ 5 GeV. This is because, there, the mass scale for the hadroniza- 
tion effects is dominated by the bottom-quark mass, and not by the scale at which QCD 
becomes non-perturbative. 
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Taking into account eqn (20.17), one may write the product of Wilson coef- 
ficients and matrix elements of the corresponding operators as 


S Cn (H) (FlQnli) (4) = SO(F1@nlé) (u) U (u, mw)nm Cm (mw). — (20.19) 


n,m 


The transfiguration of the Wilson coefficients due to mixing and matching hides 
their dependence on the quark masses, notably on the mass of the top quark. 
Buchalla et al. (1991) have proposed a ‘Penguin Box Expansion’ (PBE) in or- 
der to eliminate this inconvenience and highlight the dependence on m4. The 
PBE couples together the first two terms in the right-hand-side of eqn (20.19), 
and rewrites the Cm (my) in terms of a set of simple process-independent 
functions.°? 


20.5 Hadronic matrix elements 


It only remains to compute the hadronic matrix elements (f|Q,|t) (u). This is 
the awkward part of the calculation, as would be expected, since the OPE has 
swept all the hadronization effects into those matrix elements. Eventually they 
may be reliably calculated in the lattice; at the moment, only rough estimates 
are possible. So, although the calculations of the Wilson coefficients have become 
very developed, one still faces huge hadronic uncertainties in the evaluation of 
decay amplitudes. 

The simplest procedure consists in breaking the matrix elements of four- 
fermion operators into the product of matrix elements of two quark bilinears by 
inserting the vacuum in all possible ways. This is the vacuum-insertion approx- 
imation (VIA), and assumes that that factorization is possible.°* The resulting 
matrix elements of quark bilinears are parametrized with form factors, one for 
each momentum structure consistent with Lorentz invariance and parity. When 
possible, the form factors are determined directly from experiment.°° 

In the next chapter the matrix elements of the operators @1—Q1o9 for the 
decays of K? to 27,I = 0 and 27, I = 2 will be needed. As the gluonic-penguin 
operators Q3—Q¢ do not differentiate between a final state uu and a final state 
dd, they only contribute to final states of zero isospin. Thus, (2|Q,,|K°) = 0 for 
n.= 3, 4, 5, and 6. The other matrix elements may be computed in the VIA. In 
an adequate phase convention for |K°), one obtains (Bertolini et al. 19985) 


53A similar procedure was used in the calculation of e. The -dependence of the coefficients 
was cancelled by the -dependence of the matrix element when defining a scale-independent 
parameter Bx in eqn (17.18). The same was done in the definition of the parameter Bg, in 
eqn (18.9). 

54Gluons can be exchanged between quarks in different bilinears, invalidating factorization. 
The reader should keep the possible existence of nonfactorizable terms in mind. 

55An example of this can be found in Appendix C, where (0|5I“d|K°) is related to 
(0|s[4“u|Kt) by isospin symmetry; the latter matrix element is then parametrized by a pa- 
rameter fg, which is determined from experiment. 
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(21Q1|K°)via = (2|Qo|K°)via = £x, 
(2|Q7|K°\via 


6 6 
-X + Éz, 


(20.20) 
(2|Qs|K°)via = -£X + V6Z, 
(2|\Q9|K°)via = (2|Q10|K°)via = 2V6 x 
and 
(0/Q1|K°)via = —~¥3 Xx, 
(01Q21K°)via = EEX, 
(O1Qs|K°)via = $X, 
(0/Q4|K°)via = V3X, 
(01Q5|K°)via = —S8Y, (20.21) 
(0/Q6|K°)via = —4V3Y, 
(0/Q7|K°)via = v3 xX + av3y + AA 
(OlQs|K°)via = X +2V3Y + 2V3Z, 
(0|Qo|K°)via = -£ x, 
(0|Q10|K°)via = V3 x, 
where 
X = fr (m —m?), 
zs (fx = fr) Mk 
car rare (20.22) 
Z= Beil 
(ms + ma)? 


We remind the reader that in our normalization f+ ~ 131MeV and fg 7% 
160 MeV (Particle Data Group 1996, p. 319). 
One may normalize the true matrix elements by their VIA value: 


(O\Qn|K°) = BẸ” (0|Qn|K)via, 


20.23 
(21Qn|K°) = BY”) (21Q,|K°)via- ere 


The computation of the matrix elements thus translates into the computation 
of the values of the bag parameters B,. By definition, those parameters are 1 
in the VIA. The B, depend both on the renormalization scheme and on the 
renormalization scale p. 


21 
é'/e 


21.1 Introduction 

In this chapter we review the standard-model computation of 

(2|T|K,)(O|T|K's) — (O/T |K 1) (2/7 |K's) 
V2(0|T|Ks)? 

Í cilöz—o) M (A245) 


>= 


ES 


oy 5 Ao (21.1) 
Experimentally, the ratio 
€ T= no (21.2) 
€ 2n+— + noo 
is more useful. Indeed, n+- and noo are approximately equal: 
In+-| & |noo| œ lel = (2.280 + 0.013) x 1073, (21.3) 
p+- hoo & dew = 43.49°. l 
As a consequence, ¢'/e is small: 
1 
E (1 = | | (21.4) 


Experimentally, one measures |noo/ nl". In this way only Ree’/e is obtained: 


e ? 
Re A t ( — ) l (21.5) 


For many years the experimental situation was unclear—the NA31 Collaboration 
(1993) and the E731 Collaboration (1997) had produced results that were difficult 
to conciliate: 


Noo 
n+- 


Ree'/e = (23 4 3.6 + 5.4) x 1074 (NA31), 
Ree'/e = (7.4 + 5.2 + 2.9) x 1074 (E731). 


This gave no clear evidence for a non-vanishing Ree'/e. A recent result by the 
KTeV Collaboration has changed this situation; they have obtained 


(21.6) 


Ree! /e = (2844.1) x 1074. (21.7) 


It is expected that error bars ~ 1-2 x 1074 in Ree’/e will be attained by the 
present generation of experiments (Iconomidou-Fayard 1997). 
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As emphasized in eqn (8.89), e' originates in the difference between the pa- 
rameters Ag and Ao. That difference is CP-violating—remember eqn (7.28). In 
the superweak theory all parameters À are equal and ¢’ vanishes. Now, it is clear 
that CP violation in the standard model is not superweak in nature, and €’ is in 
principle non-zero; yet, because of an accidental cancellation among the various 
contributions, «’ may turn out to be extremely small. This explains why the su- 
perweak theory was difficult to disprove using the measurement of the quantity 
in eqn (21.5). 

The theoretical analysis of e'/e has been subject to increasing refinement for 
more than twenty years (for a recent review see Bertolini et al. 1998b). At tree 
level, both Ag and Ag originate in the diagram in Fig. 20.1 (a); they then have the 
same phase, and e’ x Im (A249) = 0. One must compute the amplitudes at loop 
level in order to obtain a non-vanishing e’. In the pioneering works of Vainshtein 
et al. (1975, 1977) and of Gilman and Wise (1979) it was recognized that the 
gluonic penguin plays a central role in generating a positive e'/e. The gluonic 
penguin contributes to Ag but not to Ag. As it has.a component proportional to 
Az, it has a different phase from the tree-level diagram. This contribution to the 
phase of Ao generates a non-vanishing ¢’; it also changes € « Im (Mj2A9A})—e 
gets a small correction, proportional to e’, when the phases of Ap and Ag change. 

Later, due to the realization that the top-quark is very heavy, attention was 
called to the fact that the electroweak penguins increase with m (Bijnens and 
Wise 1984; Donoghue et al. 1986; Buras and Gérard 1987; Lusignoli 1989); when 
the top quark is sufficiently heavy the electroweak penguins become important. 
Those diagrams break isospin and therefore they contribute to Ag. It was found 
that they tend to counter the effect of the gluonic penguin, cancelling the change 
of the phase of Ao by a change of the phase of A» in the same direction. In this 
way, «’ becomes smaller when the top quark is heavier. This observation became 
particularly interesting when it was speculated that the top quark might be so 
heavy (~ 200 GeV) that it would lead to a vanishing e'/e, because of the almost 
complete cancellation between the effects of the electroweak penguins on Ag and 
of the gluonic penguin on Ap (Flynn and Randall 1989; Buchalla et al. 1990; 
Paschos and Wu 1991; Lusignoli et al. 1992). 

More recently, the next-to-leading order computation of the Wilson coeffi- 
cients (Buras et al. 1992, 1993a,b,c; Ciuchini et al. 1993, 1994), the experimental 
determination of the top-quark mass, and increasing efforts to estimate the rel- 
evant matrix elements, ushered in a more mature phase in the computation of 
e'/e. Yet, because of the strong cancellation among the various contributions, 
and because of the uncertainties in the hadronic matrix elements, an accurate 
prediction of e'/e is not yet possible (Buras and Fleischer 1998). 

It is important to stress that e'/e, being the ratio of two CP-violating param- 
eters, is not in itself CP-violating. (When CP is conserved, both e€ and e’ vanish, 
and their ratio becomes indeterminate.) Thus, in the standard model €'/e is not 
proportional to J, and it neither tends to zero when J tends to zero, nor does 
it increase when J increases. The usual theoretical computation of ¢'/e regret- 
tably distorts this fact, in that what is really computed is €’, which is of course 
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proportional to J, while the value of € is just inputted from experiment. If one 
takes into account the fact that the phases of € and e' should be approximately 
equal—see Chapter 8—one derives from eqn (21.1) that 


e' Im (A248) 
— x — M. 21.8 
€ V2 |€A?| gee) 


As Im (A2A$) x J, some authors state that e’/e x J too. This statement is not 
correct. 

On the other hand, the value of J is found, in practice, from the fit of «. As 
e x Bx J, when fitting € one obtains a value of J which is inversely proportional 
to the inputed value of Bg. One may then correctly state that e'/e œx 1/Bx. 


21.2 Master formula for e'/e 
Let us start from the simple observation that 
Re (A2 A} 
lw] = ( aa 0) 
|Ao| 
= Re (A2A*) Re (ApA*) + Im (A2A*) Im (Ap r* ) 
[Re (AoAx)]° + [Im (AoAx)]° 
= 0.045, (21.9) 
lie Im (4246) 
|Ao| 
= Im (A2A*) Re (ApA*) — Re (A27) Im (AoAž) (21 10) 
[Re (40A%)]* + [Im (40%) 


The dominant contributions to the amplitudes are proportional to A,,; one thus 
expects |Re(A;A*)| >> |Im (A;A*)]. Then, 


z Re (A2A*) 


x —— 21.11 
Wl ae (Ap\*) (21.11) 
and 
€° — |e] Re (Ao A*) 
x Im (A23) — [w| Im (AoAu) (21.12) 
V2 JeAoàul 

Following eqn (20.18), 

Gr 10 
Are! = TE J Duža (H) — Avn (H)](F1Qn IK) (1H), (21.13) 

n=1 


where yı (u) = y2 (u) = 0. The final-state strong-interaction phases 6; arise from 
complex matrix elements (I|Q,|K°). Thus, 
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Im (A,;A*) cos 67 = -Zim m (AzA*) ) Sam )Re(I|Qn|K°) (u). (21.14) 
Then, from eqn (21.12), 
; 10 0 0 
€ GpJ y Yn (u) e Re Onl K”) (u) = Re (2|Qn|K™) (u) 


ao . (21.1 
€  2|eÁoàul cos ĝo COS 69 ( 5) 


n=3 
Using the Wolfenstein parametrization and the values of |w| in eqn (21.9), of |e| 
in eqn (21.3), and of |Ao| in eqn (8.51), one obtains 


eo A2 Pn > ; j eee (u) 


€ ` 5.43 x 10-6 MeV? < cos ĝo 


_Re (21QnIK®) w) 


21.1 
cos 62 ( 6) 


At present, it is not possible to perform a reliable theoretical computation of | Ao| 
and |A|. In particular, the smallness of |w| reflects the |AJ| = 1/2 rule, which 
one is unable to explain fully and consistently, presumably because its origin lies 
in non-perturbative hadronic physics. This is the reason why we have inputted 
the experimental values of |w| and of |Ao| in eqn (21.16). On the other hand, 
we trust the computation of Im(A;A*) in eqn (21.14), which is equivalent to 
saying that we believe that the unknown contributions to Ag and to Ag should 
be proportional to A,,. This is reasonable, because only A, should intervene in 
the low-energy, long-distance part of the strong interactions, which presumably 
is responsible for our inability to obtain the moduli of the decay amplitudes. 

In eqn (21.16) notice that one only needs the coefficients y, for the computa- 
tion of e'/e. The coefficients zn are unnecessary. The matrix elements of Qı and 
Qə are not necessary either. 

In eqn (21.16) we have taken into account the fact that the matrix elements 
(I\Qn|K°) will in general have an absorptive part, i.e., be complex. Their com- 
plex values build up the final-state strong-interaction phases ôr. Correspondingly, 
we have introduced the cosines of those phases as denominators. We thus follow, 
for the sake of generality, the Trieste group (Bertolini et al. 1996, 1998b). Other 
groups omit this detail, implicitly setting cos ôo = cosô = 1. A fit of the ex- 
perimental data (Basdevant et al. 1974, 1975; Froggatt and Petersen 1977) yields 
ĝo = 37° + 3° and dy = —7° £ 1°. Thus, cos ô> % 1 but cos ôo = 0.8. This effect 
tends to enhance (0|Q,,|K°) relative to (2|Q,,|K°). This is one reason why the 
Trieste group obtains a higher value for e’/e than other groups. 

One still needs to introduce a further refinement in eqn (21.16). The different 
masses of the up and down quarks lead to an isospin-breaking mixing between 
the mesons 7°, 7, and 7’. This mixing generates a contribution to A proportional 
to Ao. This may be parametrized by writing, instead of eqn (21.16), 


d. A2 A57 > de eee Re (0|Qn|K°) (u) 


Dedie m l 1-Q j 
€ 5.43 x 10-6 MeV? = cos bp ( n+n') 
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Re (2|Qn|K°) (u) 
aad j (21.17) 


where (Bertolini et al. 1998b) 
Qntn = 0.25 + 0.10. (21.18) 


Equation (21.17) is the master formula for ¢'/e. 


21.3 Matrix elements 


Using the values in eqns (15.11) and (15.21), and 7 æ% 0.35 as found in § 18.5, 
one obtains 


A? An = |VusVa| n ~ 1.3 x 107%. (21.19) 


Extensive tables for the coefficients yn (u) can be found in Buchalla et al. (1996). 
As for the final-state phases, one may use cos ĝọ = 0.8 and cos ô = 1, as advo- 
cated by the Trieste group (Bertolini et al. 1998b), or one may neglect the issue 
altogether and use cos ĝo = cos 62 = 1, as other experts usually do. It remains to 
discuss the matrix elements. This is the crucial issue. 

There are many approaches to the problem. Buras et al. (1993c) have tried 
to determine as many matrix elements as possible from the experimental data 
on the CP-conserving decays K — 27. However, the matrix elements of the 
(V — A) x (V + A) operators Qs-Qs cannot be constrained in this way, and one 
must rely on theoretical methods to evaluate them. This is regrettable, because 
the operators Qes and Qs have large Wilson coefficients and their matrix elements 
are fundamental in the computation of e'/e. 

The strength of the lattice approach is precisely the direct computation of the 
crucial parameters BU! 2) and BY! 2). from Bernard and Soni (1989), Franco et 
al. (1989), Kilcup (1991), and Sharpe (1991) one gathers that those parameters 


are both equal to 1.0 + 0.2. However, this value for BO! 2) has been questioned 
and may suffer large corrections, even in the quenched approximation (Gupta 


1998). In the chiral quark model (Bertolini et al. 1996, 1998a) B$”? = 1.0 +0.4 


and BY! ) = 0.92 + 0.02. In general that. model predicts BY! De BO! ) as 
advocated also by Heinrich et al. (1992). 

Still, various problems remain. The values quoted for the matrix elements 
are taken at different scales u. The methods used to evaluate the matrix ele- 
ments are at present unable to give their -dependence and renormalization- 
scheme-dependence. Because of these problems, the different approaches cannot 
be directly compared. It should also be pointed out that most approaches do not 
predict the imaginary parts of the matrix elements. 

The parameters BYE 2) and BY! 2) depend only very weakly on u (Buras et 
al. 1993c). Therefore, the u-dependence of (0|Q5,6|K°) (u) and of (2|Q7,3|K°) (u) 
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is dominated by the p-dependence of the strange-quark mass, see eqns (20.21)— 
(20.23). At present, the value of ms, (u) constitutes an important source of un- 
certainty in the calculation of the matrix elements, though future lattice compu- 
tations might eliminate this issue of m,. For the moment, we have to take that 
uncertainty into account. In particular, one may use a ‘high’ mg, say, 


ms = (150 + 20) MeV, (21.20) 


as found by Allton et al. (1994), Jamin and Münz (1995), Chetyrkin et al. (1995), 
and Narison (1995); or one may prefer a ‘low’ ms, 


ms = (100 + 20) MeV, (21.21) 


as advocated by Onogi et al. (1997) and by Gupta and Bhattacharya (1997). 
The choice between eqns (21.20) and (21.21) has disturbing implications for the 
theoretical prediction of e'/e. Of course, this effect should disappear when the 
matrix elements are computed directly from the lattice. 


21.4 Final result 


The final predictions for e’/e are the following. The Munich group (Buras et 
al. 1996) gives 


—1.2 x 1074 < e' Je < 16.0 x 1074 for m, = (150 + 20) MeV, 


21.22 
0 x 1074 < e'/e < 43.0 x 1074 for m, = (100 + 20) MeV. ( 


The Rome group has used lattice methods to evaluate the matrix elements and 
has given (Ciuchini 1997) 


e'/e = (4643.0+0.4) x 1074. (21.23) 


The Trieste group used the chiral quark model to compute the matrix elements 
and found (Bertolini et al. 19982) 


e'e = (1.7Ł16) x 107°. (21.24) 


It is clear that, although all three groups agree that e'/e is most probably positive 
and not larger than 3 x 1073, there is still a long way to go before a reasonably 
precise prediction may be claimed. Thus, it is not to be expected that the forth- 
coming high-precision experimental results on Ree’/e will allow any constraint 
on the CKM matrix to be derived. 

For more details, the reader may consult the reviews by Buras and Fleischer 
(1998) and by Bertolini et al. (1998b), which we have extensively used in writing 
this account. 
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CP violation beyond the standard 
model 
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MULTI-HIGGS-DOUBLET MODELS 


22.1 Introduction 


The scalar sector of the standard model (SM) consists of only one doublet with 
weak hypercharge Y = 1/2. Most extensions of the SM include an enlargement 
of the Higgs sector. There are many theoretical motivations to enlarge the scalar 
sector of the standard electroweak theory, even if one only considers extensions 
of that theory based on the standard SU(3)e&SU(2)QU(1) gauge group. Among 
the specially important theoretical motivations, one may include: 


Supersymmetry—in a supersymmetric extension of the SM (for a review, see 
e.g. Nilles 1984) a minimum of two Higgs doublets, with weak hypercharges 
Y = 1/2 and Y = —1/2, are necessary.5 This is done, on the one hand 
because of the need to give masses to both the up-type and the down- 
type quarks, on the other hand in order to eliminate the gauge anomalies 
generated by the fermionic supersymmetric partners of the scalars. 

Spontaneous CP violation—if one wishes to have CP as a good symmetry of the 
Lagrangian, only broken by the vacuum, then an extension of the Higgs 
sector is required. This will be explained in detail in the next chapter, 
where specific examples are presented. 

Strong CP problem—most of the proposed solutions for this problem (see Chap- 
ter 27), and in particular the Peccei—Quinn solution in any of its variations, 
require an enlargement of the Higgs sector. 

Baryogenesis—one of the exciting features of the electroweak gauge theories is 
the fact that they have all the necessary ingredients (Sakharov 1967)— 
namely baryon-number violation, C and CP violation, and departure from 
thermal equilibrium—to generate a net baryon asymmetry in the early 
Universe. However, it is by now clear that the SM cannot provide the 
observed baryon asymmetry, for various reasons which include 

1. the fact that the electroweak phase transition is not strongly first 
order (Anderson and Hall 1992; Buchmiiller et al. 1994; Kajantie et 
al. 1996), and as a result any baryon asymmetry generated during 
the transition would be subsequently washed out by unsuppressed 
B-violating processes in the broken phase; 


56In a non-supersymmetric theory, a scalar doublet with Y = 1/2 is equivalent to a scalar 
doublet with Y = —1/2, cf. eqns (11.15) and (11.16). In asupersymmetric theory this is not true 
any more, because each scalar multiplet belongs to a chiral supermultiplet which also includes 
a fermion multiplet of definite chirality. Indeed, the C-conjugate of a left-handed fermion is a 
right-handed antifermion, and not a left-handed antifermion. 
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2. CP-violating effects arising through the Kobayashi-Maskawa mech- 
anism in the three-generation SM are too small (Gavela et al. 1994; 
Huet and Sather 1995). 


Therefore, the need of having extra sources of CP violation which could lead 
to a successful baryogenesis is an important motivation to consider physics 
beyond the SM. As will be seen in this chapter and in the following one, 
the enlargement of the Higgs sector is one of the simplest ways of having 
new sources of CP violation beyond the Kobayashi-Maskawa mechanism. 


No fundamental scalars have yet been experimentally observed, and therefore at 
present one only has experimental bounds on the masses and coupling constants 
of the scalar sector. The experimental search—see e.g. Gunion et al. (1990)—for 
Higgs particles is one of the most important tasks of particle physics. 

An important constraint on the enlargement of the Higgs sector arises from 
the experimentally well-established relationship mw = cymz. This equality 
holds at classical level if the scalar fields which get a vacuum expectation value 
(VEV) are either singlets of SU(2)@U(1)—whose VEVs contribute neither to 
mw nor to mz—or the neutral components of doublets of SU(2). Almost any 
other neutral scalar getting a VEV will make mw Æ cymz at tree level.°” Hence 
their VEVs must be sufficiently small. Thus, from all types of scalar multiplets 
that we may think of adding to the SM, two are outstanding: SU(2) doublets with 
Y = +1/2, and SU(2) singlets with Y = 0. Both types of multiplets have the ad- 
vantage of having relatively few components; in the case of doublets, there is the 
added advantage that they may have Yukawa couplings to the usual fermions, 
allowing some interesting effects to arise. 

In this chapter we dwell on multi-Higgs-doublet models (MHDMs). These 
models have gauge group SU(2)@U(1) and the usual fermion content: ng families 
of left-handed doublets Qz and Lz and of right-handed singlets pr, nr, and Ip. 


The scalar sector of the model consists of ng > 1 doublets ġa (a = 1,2,... na) 
with Y = 1/2. Thus, 
Ya ) 
= 22.1 
b= (% (22.1) 
Then, 
5 T ot 
Pa =ingl = ( ie (22.2) 
—Ya 


are doublets of SU(2) with Y = —1/2. 

In the next four sections we study the general features of the MHDMs. We 
give special attention to the two-Higgs-doublet model (THDM), which is the 
object of § 22.3 and 22.5. We start the study of CP violation in multi-Higgs- 
doublet models in § 22.6. 


57In general (Tsao 1980), Higgs multiplets with weak isospin T and weak hypercharge Y 
lead to the relation mw = cwmz provided T (T +1) = 3Y?. Solutions to this equation apart 
from T = Y = 0 and T = Y = 1/2 are usually not considered, because they correspond to 
large scalar multiplets which cannot have Yukawa couplings to the known fermions. 
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22.2 General multi-Higgs-doublet model 
The Yukawa Lagrangian reads 


Ly = -QL (Tagann + Aaĝapr) wa LrMladalr + H.c.. (22.3) 


The matrices T'a, Aa, and II, have dimension ng x ng. A sum over a from 1 to 
Na is implicit in eqn (22.3). The scalar potential is 


V = Yooh, po + Zabed (olp) (gipa) : (22.4) 


Once again, sums from 1 to ng over the indices a, b, c, and d are implicit. 
The coefficients Ya have dimensions of mass squared; the coefficients Zabca are 
dimensionless. We assume 

Zabed = Zedab (22.5) 


without loss of generality. Hermiticity of V implies 


Yab = Yeas (22.6) 
Zaved = Linde: 


Hence, there are n4 independent real parameters in the quadratic couplings Yay, 
while the quartic couplings Zabca are parametrized by nô (n2 + 1) /2 real quan- 
tities. 

We assume that the vacuum preserves a U(1) gauge symmetry corresponding 
to electromagnetism. Thus, 


0 
(016.10) = (ba) (22.7) 
with the va real and non-negative. Without loss of generality, we may use a U(1) 
gauge transformation to make the VEV of y) real and positive, just as in the 
SM. We shall assume this from now on. Thus, 0; = 0. 

We write 


— piba pt 
a =e at cake 


. (22.8) 
jax ent (a+ (re m) AVA) 
a _ . 
— Pa 

We define the ng X na Hermitian matrix Vap as 
Vap = Voupet(?o—%) , (22.9) 
Vab = Vya- (22.10) 

Let us define 

v= 4/0? +03 + o2, >O. (22.11) 
As my and m% receive additive contributions from v},v3,...,v2,,, we find that 


v is related to mw and mz by the same eqns (11.18) as in the SM. 
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22.3 The two-Higgs-doublet model 


The simplest example of a MHDM is the THDM, in which only two scalar 
doublets, ¢; and ¢2, are introduced. The most general renormalizable scalar 
potential invariant under SU(2)@U(1) then is 


V = mid! di + meig + m3 GEUG F eo gig) 
2 2 
+a: (oid) +a (bdo) +03 (fdr) (shor) +04 (otoz) (dto) 
2 2 

+45 ” (dioa) +6 (obg) | + ae (glo) (edi bo + egio) 

+ar (fga) (€* 4] do + eh ¢1). (22.12) 
The coupling constants m; (with 7 from 1 to 3) and a; (with j from 1 to 7) are 
real; all phases have been explicitly displayed and, as a matter of fact, m3, as, 
ag, and ay may be taken to be non-negative without loss of generality. 


In the language of the previous section, the tensors Yay and Zabca are given 
by 


Yu = mı, Yi2 = mge’, 
Yo) = mge", Yoo = mo; ane 
41111 = 1, 22222 = a2, 
21122 = Zo211 = a3/2, 21221 = Z2112 = a4/2, 
Z1212 = ase®s, Z2121 = ase, (22.14) 
Zii = Zinn = age’ /2, Zizi = Zoi = age ** /2, 
Zo212 = Z1222 = a76 /2, Z22231 = Z2122 = ave" /2. 
The VEVs are given by 
Olgo = ( ° ), (ldeio) = (9, (22.15) 
v , vet? , ° 


with vı and v2 real and positive by definition. The expectation value of the 
potential in the vacuum is 


Vo = (0|V0) = miv? + mgus + 2m3v;1v2 cos (63 + 0) 
+a,v; + agus + (a3 + a4) v2v2 + 2asv2v? cos (ôs + 20) 
+2agv; v2 cos (5g + 0) + 2a7v1 v3 cos (ôy + 0) . (22.16) 
The stability of the vacuum requires that 


__=1 a 
7 2U1V2 00 
= mg sin (63 + 0) + 2a5v1 V2 sin (ôs + 26) 
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+agvi sin (dg + 9) + azvs sin (57 + 0). (22.17) 


The quark Yukawa Lagrangian is 


LY = -QL [Tig +I2ġ2) npr + (Ard a A282) pr] + H.c.. (22.18) 
The quark mass matrices are 


Mp = v,A; + vo Ace, 


l 22.19 
Mn = urli + vet. ( ) 


They are bi-diagonalized in the usual way, see eqns (12.14) and (12.15), and the 
CKM matrix is in eqn (12.19). 


22.4 The Higgs basis 


In any MHDM there is an advantageous basis for the scalar doublets, which we 
shall refer to as ‘the Higgs basis’. We use for the doublets in the Higgs basis the 
notation Hı, H2,...,Hn,. The Higgs basis is defined in the following way: the 
doublet Hı has VEV v; all other doublets have zero VEV. The defining property 
of the Higgs basis is that only Hı has a VEV, which is real and positive. 

The Higgs basis is obtained by means of a unitary transformation—a weak- 
basis transformation—of the original scalar doublets ¢), ¢2,...,¢n,, which mixes 
them without altering the gauge-kinetic Lagrangian. However, the Higgs basis is 
not completely well defined, because one has the freedom to redefine the doublets 
with vanishing VEV by means of an (ng — 1) x (ng — 1) unitary transformation. 

The Higgs basis is useful because, when using it, the Goldstone bosons are 
isolated as components of Hı. Thus, 


a Gs ST 
i, = Pern 
=g 


(22.20) 


just as in eqns (11.15) and (11.16). The fields y+ and x are the Goldstone bosons. 
Contrary to what happens in the SM, the Hermitian neutral field H is not, in 
general, an eigenstate of mass, rather it mixes with the neutral components of 
Hə, H3,..., Hna. 


22.5 The Higgs basis in the THDM 


In the THDM, with the VEVs given by eqn (22.15), one reaches the Higgs basis 
by performing the following unitary transformation of the scalar multiplets: 


A, _l U1 V2 Qı 
«3 = & ie (A S | (22.21) 


We write 
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a (o D ) 


-C 
The Hermitian fields N and A mix with H to form the three physical neutral 
scalars S1, S2, and 53, as we shall soon see. 


Thus, 
pt 
(6) = 


(22.22) 


(22.23) 
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22.5.1 The potential 
The scalar potential in the Higgs basis is 


V = tA, + po Ht H3 + (us H] He i Hc.) EN (mim) k (mm) 
+3 (HÌ H1) (HÌ He) + 4 (HÌ H2) (Hin) 
+ [(As H} H> + As HÌH, + rH} H2) (HÌ H2) + H.c-] . (22.24) 


The p; (with 7 from 1 to 3) have dimensions of mass squared, while the A; (with 
j from 1 to 7) are dimensionless. All coupling constants are real but for ps3, As, 
Ag, and Az, which are not in general real. 
The vacuum state is assumed to be a stability point of the potential; therefore, 
the terms of V linear in the fields H, N, and A vanish. This yields 
Hı = —2\i0", 


22.20 
H3 = =A. ( ) 


We shall use eqns (22.25) to trade uı and u3 by A; and Ag, respectively. 
One expands the potential V in terms of the fields, after making the substi- 


tutions in eqns (22.25). The terms quadratic in the fields are the mass terms of 
the scalars: 


H 
V = — vf + moO C: + 3 (H N A) M | N | +cubic and quartic terms, 
A 
(22.26) 
where m2, = u2 + v? àg is the squared mass of the charged scalars C+, and 
Av? 1 2u7Re Ag —2v*Im Ag 
M= | 2v*Rer—g må + (Aq + 2Re As) v? —2vIm As (22:97) 


—2v*Im Ag —2v"Im A; m2, + (Aq — 2Re As) v? 
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The symmetric matrix M is diagonalized by an orthogonal matrix T. The diag- 
onalization yields the masses mı, m2, and mg of the physical neutral scalars of 
the THDM. Thus, 


M = Tdiag (m?,m3,m3) TT (22.28) 
and 
H Sy 
N|=T(S ). (22.29) 
A S3 


Without loss of generality, we may choose the determinant of T to be 1. 

The cubic and quartic terms in eqn (22.26) give rise to scalar self-interactions. 
For instance, there is a cubic interaction between the neutral and the charged 
scalars: 


3 
V =- + (aH +N +e3A)CtCT =Y feSkCtOT, (22.30) 


k=1 
where fk = Tikei + Topco + T3kc3 for k = 1,2, and 3, and 
(c C5 C3 ) = V2vu (Az Re Àz —Im dz ) ; (22.31) 
22.5.2 The Yukawa interactions 
The Yukawa interactions with the quarks read 


QL 


cP =- [(MnHi + Y¥nH2) nr + (Mpfh + YpÄ>) pr| +H.c., (22.32) 


where the matrices Y„ and Y, are in principle arbitrary and unrelated to the 
mass matrices M, and Mp. Namely, 


Yp = wA, — v Azet’, 


l 22.33 
Ya = vol; = vile". ( ) 


We define 
Y, = UP'Y,U?, 


Ya = UPtY,UB. 


While M, and Mg are diagonal, real and positive by definition, Y,, and Yq in 
general are arbitrary ng X Nng matrices. Then, 


(22.34) 


1 
Jo 
yt ae dr 
+ (URMuVdr — UV Madr) + — (dr V' Muur — drMaV'uz) 


H = = 
L9 =- (1 + =) (dMad + UM,u) + —\ (GMyysu — dMaysd) 


> ja (Yarn + ¥} 1) d+u (Yuvr E Yi! 42) u 
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E E (Yarn m ¥} 0) d- T (Yur — Yå yL) ul 
ct C2 is dn 
+ (GaY!Vdy - ULVYadp) + — (dEV 'Yuur — ARY] V uz) (22.35) 


The first two lines of eqn (22.35) display the same interactions as in the SM, cf. 
eqns (12.23)-(12.26). The last three lines of eqn (22.35) include the Yukawa inter- 
actions of N, A, and C+, which depend on the non-diagonal, arbitrary matrices 
Y,, and Y4. This is one of the most important features of multi-Higgs-doublet 
models: in general, there are flavour-changing neutral Yukawa interactions (FC- 
NYI), mediated by neutral scalars. We shall come back to this important question 
in § 22.10. 


22.6 CP transformation 


In this chapter, our starting point when defining the CP transformation is the 
usual one: we require the gauge-kinetic terms of the Lagrangian to be CP- 
invariant, and this requirement fixes the most general CP transformation allowed. 
In particular, the pattern of spontaneous symmetry breaking—of the VEVs— 
influences the gauge interactions of the various fields, notably, those involving 
the scalar fields, and therefore the explicit values of the VEVs must be taken into 
account in the definition of the CP transformation—see eqn (22.37) below.°® 

Thus, from the requirement of CP invariance of the gauge interactions of 
the fermions, one finds that they transform as in eqns (14.2).°? We write y} = 
vaea + H?, where the H? are quantum fields, while the VEVs are c-numbers 
constant over space-time. From the requirement of CP invariance of the gauge 
interactions of the scalars, one finds that they transform as 


(CP) pt (t,7) (CP)! = USP o} (t,-7), 


(CP) He (t,7) (CP)! = USPHS (t, -7), = 
where the ng x ng unitary matrix UCP must be chosen such that 
vae = UG ue, (22.37) 
Equations (22.36) and (22.37) may be put together as 
(CP) ba (t,#) (CP)? = USP at” (t, =+). (22.38) 


In the Higgs basis, eqn (22.37) constrains UC? to be of the form 


58In the next chapter, which will be dedicated to spontaneous CP violation, the starting point 
will be different, in that we shall postulate the invariance of the Lagrangian, before spontaneous 
symmetry breaking, under a certain CP transformation, fixed a priori, and require that, after 
spontaneous symmetry breaking, there is no CP transformation under which the Lagrangian 
is invariant. 

°° We shall set the phase €w to zero. This leads to a simplification in some equations, without 
thereby losing generality. 


CP VIOLATION IN THE SCALAR POTENTIAL: SIMPLE EXAMPLES 247 


1 0 
UCP = ( or), 22.39 

O(ng—1) se KEP ( ) 
with KOP an arbitrary (ng—1) x (na—1) unitary matrix. Thus, the fields y+, H, 
and y transform under CP in exactly the same way as in the SM—see eqns (13.8), 
(13.11), and (13.12), respectively. 


22.7 CP violation in the scalar potential: simple examples 


22.7.1 THDM with a discrete symmetry 


Consider the THDM with a discrete symmetry under which ¢2 —> —¢2. The 
scalar potential in eqn (22.12) then has 


m3 =a = Q7 = 0. (22.40) 


Then, there is only one 6-dependent term in the vacuum potential of eqn (22.16). 
As as is positive by definition, the minimum is attained when 


cos (65 + 20) = —1. (22.41) 
The matrix UCP is fixed by eqn (22.37): UCP = diag (1, e°). Therefore, 
from eqn (22.38), 
(CP) (gto) (CP)! = e” (ddr) 
CP-invariance of the as-term of the potential then requires 
ei(dst40) — 9— tds | (22.43) 


But, eqn (22.41) implies eqn (22.43). One concludes that CP is conserved in this 
simple model—as long as no Yukawa couplings are introduced, at least. 

Notice that this happens in spite of the potential not being real and in spite 
of the existence of a complex phase between the VEVs of the two doublets. This 
implies that neither condition by itself alone, or even both of them together, leads 
to CP violation. The crucial point is that the vacuum phase @ is determined by 
only one term in the potential: there is only one 6-dependent term in Vo. Such a 
situation, in which there is only one term in Vo for each (relative) phase in the 
vacuum, usually leads to CP invariance. 


(22.42) 


22.7.2 Softly broken discrete symmetry 


The situation changes when one allows the discrete symmetry ¢2 + —@2 to be 
softly broken. A symmetry is said to be broken softly when all terms which break 
it have dimension lower than four. In this specific case, allowing for soft breaking 
of the symmetry will lead to the presence of only one extra quadratic term in 
the potential, the one with coefficient m3 in eqn (22.12). CP-invariance would 
now require 

e2t(65+26) — 1, 


e2i(63 +0) — 1. (22.44) 


However, 0 is now determined by the stability condition in eqn (22.17), with ag = 
ayz = 0, which will in general yield 6 satisfying neither of the two eqns (22.44). 
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Therefore, CP is violated. The point is that Vo now contains two clashing terms 
depending on the sole vacuum phase 6; under such conditions, one may in general 
expect CP violation to occur. 

This two-Higgs-doublet model, in which the reflection symmetry ¢2  —¢@z is 
softly broken by the quadratic terms proportional to m3, has been used as a toy 
model for CP violation in the scalar sector (Branco and Rebelo 1985; Weinberg 
1990). 


22.7.3 Weinberg model 


In the three-Higgs-doublet model of Weinberg (1976) there are two distinct sym- 
metries: the first one transforms ¢2 — —d@2 and leaves all other fields unchanged; 
the second one transforms ¢3 — —@3 and leaves all other fields unchanged. These 
two symmetries are assumed not to be softly broken—though they end up be- 
ing spontaneously broken by the non-vanishing VEVs of ¢2 and ¢3. The scalar 
potential is 


V = móló + meló + madhds +a (ddr) +a (dtd) +as (dtd) 
+b (hoe) (443) + b2 (hes) (4141) + bs (dar) (ohee) 
+i (giga) (dhe) + cz (¢h41) (oida) + cs (otez) (4441) 
san |e (dhda) +e“ (084) | +a fe? (dhe) +e (olg) | 
+d3 G (142), +e (sh) l (22.45) 
with real and positive dı, d2, and d3. The vacuum potential is 


Vo = mv? + mzv3 + mgzu? + aivi + A2V5 + a3V3 
+ (by + c1) užu? + (bz + c2) u20? + (bg + c3) v2 v2 
42d, v3v% cos (202 — 203 — £1) + 2d2v2v? cos (203 — €2) 
+2d3v v? cos (262 + €3) . (22.46) 
In the vacuum there are two gauge-invariant relative phases, 02 and 63, but in 
Vo there are three terms which depend on them. The fact that there are less 


phases than phase-dependent terms in Vo leads, once again, to CP violation in 
the self-interactions of the scalars. 


22.8 General treatment of CP violation 


CP violation is associated with the presence of irremovable phases in the La- 
grangian of the theory. However, a weak-basis transformation of the fields— 
which includes the rephasing of the fields as a particular case—can bring new 
phases in and out of the Lagrangian. The spurious phases thus generated or 


GENERAL TREATMENT OF CP VIOLATION 249 


eliminated have no bearing on CP violation. Therefore, it is important to find 
quantities which characterize CP violation in a given theory and which do 
not depend on the weak basis chosen to write the Lagrangian. We have en- 
countered this problem in Chapter 14, where we have derived the weak-basis 
(WB) invariant tr [Hp, H a for the three-generation SM using a general method 
(Bernabéu et al. 1986a) to construct CP-violating WB invariants. This method 
has been applied to some extensions of the SM, such as models with vector-like 
quarks (Branco and Lavoura 1986), models with Majorana neutrinos (Branco 
et al. 1986), and left-right-symmetric models (Branco and Rebelo 1985). In all 
these applications, the CP-violating WB invariants were related to clashes be- 
tween the CP-transformation properties required by the gauge interactions, on 
the one hand, and the fermion mass terms, on the other hand. Botella and Silva 
(1995) have extended the method to the Higgs sector. The method involves the 
construction of tensors of increasing complexity, whose indices lie in the vari- 
ous family spaces—the families of identical multiplets which may be mixed by 
weak-basis transformations (WBT). By taking traces over all those indices one 
obtains weak-basis-invariant quantities, thus removing all the spurious phases 
created by WBT. Any remaining imaginary part constitutes a hallmark of CP 
violation. This method for constructing weak-basis-invariant quantities is quite 
general: it works for any gauge group, and for any (basic or effective) Lagrangian. 
The method can also be extended to provide weak-basis-invariant measures for 
the breaking of other discrete symmetries, like R-parity in supersymmetric the- 
ories (Davidson and Ellis 1997). 


22.8.1 Weak-basis transformations 


Weak-basis transformations of the fermion fields are identical to the ones in the 
SM, see eqns (14.10). In an MHDM there are several identical scalar multiplets; 
therefore, we may perform a WBT of the scalar fields too: 


Pa = Vase, (22.47) 


where U is an ng X ng Unitary matrix, so that the gauge-kinetic Lagrangian of 
the scalars does not get changed. The VEVs transform in the same way as the 
doublets, therefore 

= gO Vito (22.48) 


where the matrix Vj» was defined in eqn (22.9). The couplings in the scalar 
potential transform as 


Ye = Oca Us Yab ; 


22.49 
efgh = UeaU $pUgcUhdZabca. ) 


In a simultaneous WBT of the scalar doublets and of the fermion multiplets— 
eqns (22.47) and (14.10)—the Yukawa-coupling matrices transform as 
I’ = U*+,WiT Wwe, 


are (22.50) 
A! = Ua Wi AWR. 
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22.8.2 Weak-basis invariants 


Meaningful physical quantities must be invariant under a WBT. In order to 
construct such quantities, one first considers the matrices 


Hras = DT}, 
a g (22.51) 
From eqns (22.50), one has 


Hh ca = UcaU Gy (Wi HaasW1). 


Taking traces over the fermionic indices one obtains quantities which are in- 
variant under a WBT of the fermion fields, but are tensors under a WBT of 
the scalar fields. Taking traces over the indices a,b,c,... too, one finally ob- 
tains the weak-basis invariants (Botella and Silva 1995). Simple examples are 
VabYba, Vabtr Arya, and VabYbetr Hacg. For instance, since the mass matrix of 
the down-type quarks is Mn = v,I,e, 


Vabtr Hroa = tr (MnM!) = tr MZ = mitm +m +.. (22.53) 


22.8.3 CP violation 


The CP-invariance conditions for the Yukawa-coupling matrices [, and A, and 
for the couplings of the scalar potential Yap and Zabca contain several CP- 
transformation matrix elements and are not very transparent. However, when 
considering weak-basis-invariant combinations of the couplings and of the VEVs, 
one obtains the simple result that all weak-basis-invariant quantities must be real 
in order for CP symmetry to hold.®° 

If, for definiteness, one wants to study the CP-invariance conditions for the 
scalar potential only, under the given pattern of spontaneous symmetry break- 
ing, one must take into account the tensors Vab, Yab, and Zabca. With these 
three tensors one may construct various weak-basis-invariant quantities. Some 
of these are real, whether CP is conserved or not, because of eqns (22.5), (22.6), 
and (22.10); others are not necessarily real. The simplest non-real invariants are 
(Lavoura and Silva 1994; Botella and Silva 1995) 


h = Yah ZbccdVda, 


(22.54) 
I = Vab YbcVdeYef Zeafd- 


If either J; or Jz is not real, then the scalar potential together with the vacuum 
structure violates CP. 


6° We are excluding the artificial procedure in which one would be introducing by hand some 
phases in the definition of otherwise real WB invariants. 
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If one also considers the Yukawa interactions, extra tensors come into play, 
for instance tr Hras. If one only considers this extra tensor, one may construct 
two more weak-basis invariants which may, in principle, be non-real: 


Ís = Vab Yoctr Hy ca, (22 55) 
I, = Vaptr ArocVaetr Href Zecafd: 


If either I; or I4 is not real, there is CP violation in the clash between the Yukawa 
interactions and the scalar sector of the model. 


22.9 CP violation in the two-Higgs-doublet model 

In this section we apply the general methods of the previous section to the study 
of CP violation in the THDM. Our aim is to identify sources of CP violation in 
the THDM which are not present in the SM. 

The tensor V,» has a very simple form in the Higgs basis: Vij; = v? and all 
other Vas = 0. This simplifies considerably the computation of the weak-basis- 
invariants and, therefore, the analysis of CP violation becomes much simpler in 
the Higgs basis. In this section we shall use the Higgs basis throughout. 

22.9.1 l and Ip 
Computing the invariants J; and J, one finds 
lh = v Yio Zbcci 

= —v* (2X1 Zice1 + Ag Z2cc1) 

Se (2a Prat OA /2) l (22.56) 
v YicYifZafi 
—vfY; f (2A. Zipi + As Z21f1) 
v? [2A (2\1 Zina + Ap Z2111) + Ae (2A1 Zi121 + Ag Z2121)] 


v8 (4.3 SO ia a NAS) | (22.57) 


Ip 


Thus, Im (AgA*) œx Im J, and Im (AgZAz) œ Im Iz are CP-violating quantities. 
Using eqns (22.27) and (22.31), one may reproduce these quantities. One 
easily finds 


M1263 = M13C2 = 2/2v2Im (A6 Až) 3 


Minoes Moa) + e eM n aN (7298) 
Using eqn (22.28) and the choice det T = 1, one obtains 
My203 — Misco = fiT12Ti3 (m3 — m3) + f2” Tis (m? — m3) 
+ f3Ti1T12 (m5 — m?) , (22.59) 


Mi2M 43 (Ma2 a M33) 
+Mə3 (Mj3 — M33) = (m? — m3) (m? — m3) (mł — m3) Tı1Tı2T13.(22.60) 


The fact that the quantity in eqn (22.60) violates CP was first noticed by Méndez 
and Pomarol (1991); the proof of that fact was later given by Lavoura and Silva 
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(1994), who also discovered the quantity in eqn (22.59). Equation (22.60) means 
that the mixing of the neutral scalars violates CP if the masses of the three 
physical scalars are all different and if, moreover, all three matrix elements of 
the first row of T are different from zero. Notice the similarity of eqn (22.60) 
with the expression for the CP-violating invariant of the SM, cf. eqn (14.24). 


22.9.2 Iz and I4 


Comparing the Yukawa Lagrangians in eqns (22.3) and (22.32), one concludes 
that, in the Higgs basis, 


v*tr Hy, = tr (MŽ), 
v*tr Hros = tr (YaY!), 


22.61 
vtr Arie = tr (MaYa), ( ) 
v*tr Aro = (MaY}). 

One then finds, after a tedious yet straightforward computation, 

mi < 
InIz= >> a S| miTiz [TzxIm (Ya) jj + Tar Re (Ya) i] - (22.62) 
i=d,s,b,... k=1 
Similarly, 
tr (M2 mim; < 
Im I4 — FUD m I3 = - D a" S| mi [ToxIm (Ya); + T3nRe (Ya);,| 

$51= 4,8 0,00: k=1 
x [To,Re (Ya) 4 — T3,Im (Ya),,]- (22.63) 


22.9.3 Feynman rules and CP violation: I, and Ig 
We call a scalar field S (t, r) ‘CP-even’ when 


(CP) S (t,7) (CP)' = S(t, -7); (22.64) 
on the other hand, S is ‘CP-odd’ when 
(CP) S (t, F) (CP)' = —S (t, =F) . (22.65) 


From eqn (13.11) one knows that H is CP-even. The CP transformation of N 
and A is determined by eqns (22.38) and (22.39): 


(CP) [N (t, F) + iA (t, F) (CP)? = e [N (t, -F) — iA (t, -F)]. (22.66) 


Therefore, N cos (9/2) + Asin (9/2) is CP-even, while N sin (9/2) — A cos (0/2) 
is CP-odd. (The phase ¥ is arbitrary, and therefore the exact determination of 
which linear combination of N and A is CP-odd is meaningless. However, the 
reasoning is not affected by this.) If CP were conserved, the CP-even scalars 
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Fic. 22.1. Feynman rules for the 2,235, and Z 5,5; vertices in the THDM. 
(In the latter case, k must be different from l.) Notice the similarity with the 
vertices Z,ZgH and ZaxH, respectively, of the SM, in Fig. 11.2. 


would not mix with the CP-odd scalar in the mass matrix M. Then, out of the 
three physical neutral scalars, two would be CP-even and one would be CP-odd. 

The Feynman rules for the vertices of one neutral scalar with two Z bosons, 
and of two distinct neutral scalars with one Z boson, are given in Fig. 22.1. One 
sees that the vertex 5;Z.Zg is proportional to Tik gag. Under CP, Za > —Z*. 
AS gag = g°", it follows that this vertex only exists if Sẹ is CP-even. If Tii, 
Ti2, and Tig are all non-zero, all three neutral scalars S1, S2, and S3 couple 
to ZaZg in this way, and therefore all of them are CP-even. However, we have 
seen in the previous paragraph that, when CP is conserved, one out of the three 
neutral scalars must be CP-odd. We thus conclude that Ti1Ti2Ti3 Æ 0 implies 
CP violation. This coincides with what we deduced from eqn (22.60). 

The same may be seen in yet another way. Suppose that both Sı and S2 
couple to ZaZg, with vertices proportional to gag. Then, both Sı and S2 must 
be CP-even. Now suppose that there also is a vertex S1 S2Za which, accord- 
ing to Fig. 22.1, is proportional to Tıg (p2 — pi). Under CP, Za > —Z*%, but 
(p2 — pı), + (p2 — pi)”. It follows that either Sı is CP-even and S2 is CP-odd, 
or vice versa. This contradicts the above conclusion that both Sı and Sə are 
CP-even. Thus, if 7117}2713 Æ 0 all three above-mentioned Feynman vertices 
exist and there is CP violation. 

We may thus construct three simple cases in which the co-existence of three 
different Feynman vertices displays CP violation: 


S1S2Za X (pı — P2), 
S183 Za X (pı — p3), » = CP violation, (22.67) 
S2S3Zq X (p2 ai 


S1 S2Za X (Pı — Pr), 
S1 ZaZB X Jap = CP violation, (22.68) 
S2ZaZB X Jap 
Si ZalgB X Jaß 
S2ZaZ8 X Jag » => CP violation. (22.69) 
S3 Za ZB CX JaB 


One should notice however that, while eqns (22.67) and (22.68) are valid in any 
model, eqn (22.69) holds only in the THDM, because in the THDM there are only 
three neutral scalars and one of them must be CP-odd. In the context of, say, a 
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three-Higgs-doublet model, the existence of three scalars with gauge interactions 
as in eqn (22.69) would not imply CP violation. 

One may interpret eqn (22.59) along similar lines. The interaction f,5,C* C- 
in eqn (22.30) implies that S is CP-even. Similarly, the interaction TikSk Z“ Z,„ 
implies that S; is CP-even. Hence, if for instance the product fıTı2Tı3 Æ 0, this 
means that S1, S2, and S3 all are CP-even, which is impossible in the THDM. 
For this reason, the quantity in eqn (22.59) signals CP violation in the THDM. 


22.9.4 Feynman rules and CP violation: Iz and I4 


In order to understand the results in eqns (22.62) and (22.63), let us study in 
more detail the Yukawa interactions of the neutral scalars with the down-type 
quarks. From eqn (22.35), they read 


3 
ro) , 
co Sa y 75,4 Tie Ma F (Tok F iTsk) Yayr + (Tok — iTsk) Y} 0] d. 
k=] 


(22.70) 
Let us consider only the diagonal interactions, in which the incoming and out- 
going quarks have the same flavour. They are 


S = I 
cio — — ` om ye d; (aki + iysbki) di, (22.71) 


where 

aki = Timi + TokRe (Ya); — 73,Im (Ya); j (22 72) 

bki = Tokim (Ya); + 73,Re (Ya); ; l 
Now, a glance at eqns (3.74) and (3.75) tells us that, in order for the interactions 
in eqn (22.71) to be CP-invariant, S; must be CP-even when a,; 4 0, but it must 
be CP-odd when bgi # 0. Clearly, if a,; and bk; are simultaneously non-zero for 
any two down-type quarks d; and d;—even when d; # d;—then Są does not 
have a definite CP-parity, and CP is violated. This is precisely what is reflected 
in eqns (22.62) and (22.63). 

CP violation in the Yukawa couplings of the neutral scalars leads to effects 
like the generation of electric-dipole moments—in the coupling of a fermion with 
the photon— or weak electric-dipole moments—in the coupling of a fermion with 
the Z—at one-loop level. Weak electric-dipole moments have a particularly rich 
variety of contributing diagrams; some examples are presented in Fig. 22.2. 


22.10 Flavour-changing neutral Yukawa interactions 


This and the next section, on the problem of flavour-changing neutral currents, 
may be skipped by the reader. 
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FIG. 22.2. Some diagrams which may contribute to the weak electric-dipole 
moment in the coupling of a fermion f to the Z boson. In some vertices we 
have explicitly written down the form that that vertex might assume in order 
for the diagram to violate CP. 


We have seen in § 22.5.2 that the matrices Y, and Yq defined by eqns (22.34) 
are not in general diagonal, and therefore the neutral scalars have flavour- 
changing neutral Yukawa interactions (FCNYI) with quarks of identical electric 
charge. Let us introduce the Hermitian matrices X, and X;, defined by®’ 


(Tr, + iTr) Ya + (Tor — iTop) Y 


. ae i (22.73) 
—i (Tok +1734) Ya + i (Tək — iTsk) Yj 


2/2u 


We may then rewrite eqn (22.70) in the form 


Xk = 


X, = 


LW = ee 3 S,d (m + Xk F ixis) d. (22.74) 


There is for instance a Yukawa interaction connecting the s quark with the d 
quark, 


3 
D TA ` Sk {5 (Xk) +2 (Xk) y]d+d (Xe) +i (Xi )o1 ys] s} . 
k=1 
(22.75) 
This interaction leads to a contribution M3, to the off-diagonal matrix element 


Mo, in the neutral-kaon system. That contribution reads—see Appendix B— 
i fi MK 2 11m? 
Ms = eerste) Lae 3 Xa aT 


+ [Xka] f = oe l ; (22.76) 


where mg 7% 498 MeV, fg ~ 160 MeV, and m, + mq ~ 180 MeV. 


61The Yukawa interactions of the scalars with the up-type quarks in general also display 
FCNYI. However, the strongest experimental bounds on this type of interaction arise in the 
down-type-quark sector. 
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We know that the mass difference between Kz and Ks is 2|Mo| = 3.49 x 
1071? MeV. This suggests that the masses m, should be rather high. Indeed, let 
us assume that M23, is the largest contribution to M21, so that |Mo1| = | M3 |. 
We would then have 


3 
Sy {83.20 (X4)? + 6.65 (Xr)? } = 3.29 x 107° Tev-?. (22.77) 


2 

k=1 K 
The complex numbers (Xx)»; and (X;,)5, are in principle arbitrary. However, we 
may reasonably guess that |(Ya).,| and |(Ya),.| should be of order \/msmq % 
40 MeV. If this is so, and as v = 174 GeV, we have |(X;)o,|5|(Xk)o,| ~ 1074. 

Let us further assume that in the sum in the left-hand side of eqn (22.77) 
there are no large cancellations. It is then reasonable to estimate that, for each 
value of k, 6 x 1077 /m? ~ 3 x 107° TeV~?, i.e 


mp & 0.5 TeV. (22.78) 


This is a rather high value for the masses of the Higgs scalars. Of course, the 
derivation of eqn (22.78) involved various ad hoc assumptions Still, it is clear that 
we are confronted with a potential problem for the THDM: unless the neutral 
scalars have masses of order 1 TeV, their contribution to the mass difference of 
the neutral kaons may be too large. 

The Yukawa interactions of the neutral scalars are a potential source of CP 
violation, too. The contribution M3, to Mz; might generate, not only a large 
mass difference Am, but also a large CP-violating parameter e. In principle, the 
constraints on the masses of the scalars from consideration of the contribution 
of M$ to e will be stronger than the ones from the contribution of M3 to 
Am. However, there are natural ways of suppressing the imaginary parts in the 
FCNYI (Branco and Rebelo 1985), and thus their contribution to e. We therefore 
stick to the bound in eqn (22.78), which is somewhat more difficult to avoid. 

The FCNYI are a general problem of multi-Higgs-doublet models. Those 
models in general have neutral scalar particles whose Yukawa couplings are not 
flavour-diagonal. Then, in order to satisfy experimental constraints arising from 
K°-K°, B°-B°, and D°-D° mixing, as well as from some rare decays, either 
one has to find a natural mechanism to suppress the non-diagonal couplings, or 
the masses of the neutral scalars have to be rather high, in the TeV range. 


22.11 Mechanisms for natural suppression of the FCNYI 
22.11.1 Natural flavour conservation 


In order to solve the problem of FCNYI, the concept of natural flavour conserva- 
tion (NFC) was developed. With NFC, one avoids the FCNYI by imposing some 
extra symmetry on the Lagrangian of the MHDM; the extra symmetry should 
constrain the Yukawa interactions of the neutral scalars in such a way that they 
turn out diagonal. Glashow and Weinberg (1977) and Paschos (1977) have shown 
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that the only way to achieve NFC is to ensure that only one Higgs doublet has 
Yukawa interactions with quarks of a given charge—see also Ecker et al. (1988). 

Consider the Yukawa interactions in eqn (22.3). FCNYI arise because not 
all T'a can be simultaneously bi-diagonalized, i.e., diagonalized by the same two 
unitary matrices. When one bi-diagonalizes the particular linear combination of 
the ra which constitutes Mn, the down-type-quark mass matrix, one is not bi- 
diagonalizing other linear combinations of the Ia, orthogonal to Mn. A simple 
solution to this problem is the following: all T'a, except one of them, should be 
identically zero; the same thing happening in the up-quark sector, where all A, 
except one should vanish. 

This leads to two possibilities: either the matrices l'a and A, which do not 
vanish correspond to different Higgs doublets (a # b), or they correspond to 
the same Higgs doublet (a = b). The first situation—which in the context of 
two-Higgs-doublet models is sometimes called ‘model 1’, while the second choice 
is called ‘model 2’—is more interesting from the theoretical point of view, in 
particular because it automatically arises in a supersymmetric theory. Let us 
study it in more detail. 


We start from eqn (22.3). We assume that 
I2 = Ay = 0, 

22.79 

Dy = Ay. = 0 fora: > 2. ( ) 


(We leave open the possibility that there are more than two doublets; we just 
assume that the extra doublets, if they exist, do not have Yukawa couplings to 
the quarks.) Equation (22.79) may be enforced by two discrete symmetries: 
Di: a > -ġa for a > 2, 
Də : $2 > —¢2 and pr > —pr, 


cf. § 22.7.3. The Yukawa Lagrangian in eqn (22.18), under the condition in 
eqn. (22.79), is 


P=- (14 pi ) amad- (14 ee ) aM 
x V2vı ° V 202 


(22.80) 


omy 72 
Jv, dY5 Joi y5 
yt yt 
+ (ammar — ~ ULV Madr + He.) , (22.81) 
2 1 


cf. eqns (12.23)-(12.26). All neutral Yukawa interactions are flavour-diagonal 
and proportional to the mass of the quark. FCNYI do not arise because only one 
Yukawa-coupling matrix must be bi-diagonalized in each quark sector. 


22.11.2 Non-vanishing but naturally small FCNYI 


In this section we shall consider the possibility of having non-vanishing but nat- 
urally suppressed FCNYI. By natural suppression we mean that whatever mech- 
anism is responsible for the suppression, it should result from either an exact 
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or a softly broken symmetry of the Lagrangian. This naturalness requirement is 
essential in order to guarantee that the suppression mechanism is stable under 
radiative corrections. 

A possible suppression mechanism could arise if the flavour-changing cou- 
plings of the neutral scalars were entirely fixed by quark masses and elements 
of the CKM matrix V. Since some of these matrix elements are experimentally 
known to be very small, one could then have a suppression. For definiteness, let us 
consider the flavour-changing neutral coupling vertex connecting two down-type 
quarks d; and d; with a scalar. Let us assume that the corresponding Yukawa cou- 
pling Y;; depends only on quark masses and on matrix elements of V. Of course, 
Y;; will have to be invariant under rephasing of the fields d; and d;. This restricts 
the functional dependence of Y;; on the CKM-matrix elements. The simplest de- 
pendence which conforms to the constraint of rephasing invariance is V% Væj, 
where ua denotes any of the up-type quarks. If one considers the specific case 
di = d and d; = s, and if ua turns out to be the top quark, then one has a very 
strong suppression factor (Joshipura and Rindani 1991) |V;s Vial” œ A1? ~ 1078 
in the neutral-scalar contribution to the |AS| = 2 effective Hamiltonian. 

The important question is whether it is possible to have such a functional de- 
pendence as a result of an exact or softly broken symmetry of the full Lagrangian. 
It has been shown (Branco et al. 1996) that this is indeed possible through the 
introduction of asymmetry Zn. There is some freedom in the choice of n, and the 
quark ua may be any of the up-type quarks, depending on the specific transfor- 
mation properties of the quark fields under Zn. Within this class of models the 
Higgs bosons may often be relatively light, with masses ~ 100 GeV. The impor- 
tant point that we want to emphasize is that the constraint of NFC may be too 
restrictive and other interesting scenarios are possible, with non-vanishing but 
naturally suppressed FCNYI. The interest in this possibility has been revived 
by the suggestion (Antaramian et al. 1992; Hall and Weinberg 1993) that some 
suppression factors could result from approximate family symmetries. 


22.12 Main conclusions 


We next collect the main conclusions of this chapter on what has to do with CP 
violation. 


e CP violation in the self-interactions of the scalars arises when the number 
of gauge-invariant phases between the vacuum expectation values is smaller 
than the number of terms in the scalar potential which feel those phases. 


e In the two-Higgs-doublet model, there is CP violation in the mixing of the 
neutral scalar fields if and only if 


1. All neutral scalar fields Są have an interaction with two Z bosons of 
the form 5,2,2"; 

2. All pairs of neutral scalar fields have an interaction with a Z boson 
of the form Z, (S,0"S; — S10” Sk). 
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3. For any pair of neutral scalar fields Są and Sı, the three interac- 
tions Z„ (S,O"S; — S10” Sk), Z Z" Sk, and Z,Z"S), are simultane- 
ously present. 

4. All neutral scalar fields S have an interaction with a charged scalar 
C+ of the form SŁOt C7. 

e CP is violated if any neutral scalar S has an interaction with a quark q 
of the form Sq (a + ibys)q, with the real numbers a and b simultaneously 
non-zero. 


23 


SPONTANEOUS CP VIOLATION 


23.1 Introduction 


Spontaneous CP violation (SCPV), also termed spontaneous CP breaking, oc- 
curs when CP is a symmetry of the original Lagrangian but, after spontaneous 
symmetry breaking, no CP symmetry remains. This means the following: 


e There is a transformation that may be physically interpreted as CP under 
which the Lagrangian is invariant. 


e There is no transformation that may be physically interpreted as CP under 
which both the Lagrangian and the vacuum are invariant. 


The idea of spontaneous CP breaking was put forward by Lee (1973) in the same 
year in which Kobayashi and Maskawa (1973) suggested the possible existence of 
a third generation and of the corresponding CP-violating phase in the charged 
gauge interaction. At that time, only two—incomplete—generations were known, 
and it was impossible to explain CP violation in the context of the standard 
model (SM). 

In the framework of relativistic quantum field theory, the CPT theorem tells 
us that if CP is a good symmetry of a Lagrangian, then T will also be an invari- 
ance of that Lagrangian. Also, if a given vacuum breaks CP, it will necessarily 
break T too. As emphasized by Lee (1973), the idea of having spontaneous CP 
and T violation is especially attractive from a theoretical point of view. On 
the one hand, if time reversal and space inversion (identified as CP, not as P) 
are good symmetries of the Lagrangian, then the full Poincaré group of space- 
time transformations, including the discrete ones, is a group of symmetries of 
the Lagrangian. On the other hand, renormalizable gauge theories are based on 
the spontaneous-symmetry-breaking mechanism, and it is natural to have the 
spontaneous breaking of CP and T as an integral part of that mechanism. 

Only scalar fields may have non-zero vacuum expectation values (VEVs), 
lest Lorentz invariance be broken. Therefore, the scalar sector and the scalar 
potential are crucial in any model of spontaneous CP breaking. We shall first 
prove that 


Theorem 23.1 SCPV is not possible in the SU(2)®@U(1) gauge theory with only 
one Higgs doublet ¢. 


Proof In order to preserve Poincaré invariance, the VEV of ¢ must be constant 
over space-time, i.e., independent of both t and 7. By means of an SU(2) gauge 
rotation, one may bring that VEV to the form 
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(01610) = ( ° | (23.1) 


vet” 
The most general CP transformation of @¢ is (see eqn 22.38) 


(CP) o (t, P) (CP) = et" (t, =P). (23.2) 


The phase ¥ is arbitrary. Choosing V = 24, the VEV in eqn (23.1) is invariant 
under the CP transformation in eqn (23.2). o 


Notice that this argument is independent of the form of the scalar potential. 

In this chapter we shall study the two basic models of SCP V in the framework 
of the SU(2)®U(1) gauge theory: the two-Higgs-doublet model (THDM) of Lee 
and the three-Higgs-doublet model of Branco. We leave to later chapters models 
in which SCPV appears in the context of a theory either with an extended gauge 
sector, or with an extended spectrum of fermions. 


23.2 CP invariance and reality of the coupling constants 


One must first specify the CP transformation under which the model is assumed 
to be invariant before spontaneous symmetry breaking. In this chapter, we always 
assume that the Lagrangian is invariant under a trivial CP transformation, which 
mixes neither the various fermion generations nor the various scalar doublets 
among themselves, i.e., 


(CP) pri (t, 7) (CP)' = POPE (t, -7), 
(CP) nz; (t,7) (CP)! = POTTE (t,-7), 
f ae (23.3) 
(CP) PRi (t, r) (CP) = y°CDRi (t, =f) , 
(CP) nri (t, 7) (CP)! = POTT (t, -7), 


cf. eqns (14.2). The index 7 is a generation index, running from 1 to n,. Notice 
that we have assumed the ng x ng matrices Kz, Kp, and K} to be equal to the 
unit matrix. Without loss of generality, we have omitted the phase éw. Similarly, 
instead of the general eqn (22.38), we assume 


(CP) ha (t, P) (CP)t = ot (t, =P). (23.4) 


As we are considering the Lagrangian before spontaneous symmetry breaking, we 
do not have to restrict the CP transformation by means of eqn (22.37). 

The assumption of CP invariance of the Lagrangian forces the matrices of 
Yukawa couplings to be real. For instance, 


(CP) Qui (Ta); PaNRj (cP)! a (Ta); (—Q7,C~*7°) oh’ Cir? 


Psat 
= — (La) 97:6) TR 


= (T'a);; TRIO QL 
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= [Qr (Ca); dons} 


Thus, CP symmetry together with the Hermiticity of the Lagrangian require 
(Ta);, = (I'a);;. In the same way, the scalar potential must have real coupling 
constants: 


(CP) Yati (CP) = Yad? ot = Yaoi ha = (Yatt). 


Thus, YA = Yao if the Lagrangian is to be simultaneously Hermitian and CP- 
invariant. Analogously, Zabcd = Zoned: 

Thus, the assumption of CP invariance of the Lagrangian under the trivial 
CP transformation will in practice correspond to setting all coupling constants 


real, both in the scalar potential and in the Yukawa interactions. 


23.3 Lee model 
23.3.1 The Higgs potential 


The model of Lee (1973) is a THDM. Since the model is built to achieve SCPV, 
the Lagrangian is assumed to be CP- and T-invariant. No other discrete or 
continuous symmetry—except of course for the gauge symmetry—is assumed. 
The scalar potential is therefore the one in eqn (22.12), with 


e2193 = e215 = e206 = e2107 = 1, (23.5) 


so that all coupling constants are real. 

One may perform a weak-basis transformation of ¢, and ¢2, rotating them 
by means of an orthogonal transformation, so that the form of the CP transfor- 
mation in eqn (23.4) does not change: 


¢, \ _ / coso sino \ / dy 
(4 ) 7 Ged ee ta 238) 
The angle ø may be chosen in such a way as to simplify the potential, making 
for instance mg = 0. In his original paper Lee adopted this simplification. 
For any values of ¢; and ¢2, a gauge transformation may be performed which 
makes, at every space-time point, the upper component of ¢2 equal to zero and 
the two components of ¢; real and positive. This can be done in particular for 


the vacuum state, which has ¢; and ¢2 constant over space-time, in order to 
preserve Poincaré invariance. One may therefore choose a gauge in which 


(oléx(t910) = (t), 
Olet = (he) 


Və et? 


(23.7) 


with u, vı, and v2 real and positive. Then, 


Vo = (0|V |0) = my (u? +v?) + mav? + a; (u? + v2)” + aovd + az (u? + v?) v2 
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+(a4 — 2as)v?v5 + 4asv7v3 (cos @ — 2A) cos 8, (23.8) 


where 
A= _ ms + ag (u? + vq) + arz (23.9) 
4asv1 V2 
Contrary to what happens in the SM, the preservation by the vacuum of 
the unbroken U(1) gauge symmetry of electromagnetism is not automatic in a 
THDM. If u, vı, and vz all are non-zero, no U(1) remains unbroken and all four 
gauge bosons turn out massive. On the other hand, if vı = O there is a gauge 
transformation which eliminates the phase 0, and no spontaneous CP breaking 
occurs, because the vacuum state is invariant under eqn (23.4). We therefore 
want to find a range of parameters such that u = 0 but vı Æ 0 and ve Æ 0 at the 
minimum. 


Theorem 23.2 There is a range of parameters of the Lee-model potential for 
which its minimum both preserves a U(1) gauge invariance and is not invariant 
under the CP transformation in eqn (23.4). 


Proof It follows from eqn (23.8) that 


sad = 8asv7u5 (A — cos 0) sin 8, (23.10) 
OVo OV 
Aa = Be? = (2a5 — a4)v5 + 4asv5 (A — cos 0) cos 0. (23.11) 


The minimum of Vo must be at a point where 0Vo/00 = 0. There, from 
eqn (23.10), either sin = 0 or cos@ = A. If sin = 0 the CP symmetry in 
eqn (23.4) remains unbroken. We would therefore like to have the minimum at 
cos @ = A. We see in eqn (23.8) that this occurs whenever a; > 0. 

As u is non-negative, the minimum of Vo must either be at u = 0 or at 
a point where 0V)/Ou? = 0. Similarly, the minimum of Vo must have either 
vı = 0 or OVo/dv? = 0. If vı = 0 the phase @ can be gauged away, and SCPV 
is not achieved. We therefore assume that OVo/Ov? = 0. Then, from eqn (23.11) 
with cos = A we find that, if we also assume that 2a5 — a4 is positive, then 
Və /Ou? > 0 and the minimum is at u = 0. o 


Thus, for as > 0 and 2a5 > a4 the upper components of (0|¢,|0) and (0|ġ210) 
are simultaneously zero, and a U(1) gauge symmetry—electromagnetism—is pre- 
served. Moreover, cos@ = A implies the non-preservation of any CP symmetry 
after spontaneous symmetry breaking. 

It remains to solve the equations 0Vo/0v? = OVo/dv3 = 0 and show that 
there is a range of parameters of the potential for which the minimum has non- 
zero vı and v2; moreover, those values of vı and v2 must be such that |A| < 1, 
because cos@ = A at the minimum. That task is not very instructive and we 
shall not pursue it here. 
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23.3.2 The Yukawa interactions 


The quark Yukawa Lagrangian of the Lee model is in eqn (22.18). The matrices 
I, and A, (for a = 1 and a = 2) are real so that ca) is CP-invariant. 

As the matrices [, and A, are real and arbitrary, the matrices Mp and Mn 
in eqns (22.19) are complex and arbitrary, even though all their phases arise 
from the single phase 6 in the VEVs. Hence, the CKM matrix is complex, and 
for three or more fermion generations the charged gauge interaction violates CP. 

For specific choices of the matrices l'a and A, one may verify whether a 
physical phase in the CKM matrix is generated or not. From eqns (22.19) and 
from the fact that the matrices l'a and A, are real, it follows that 


Hy = v2 Ai AF + vg AQ AF + v1 v2 (A, AF + A, A?) cos 6 
+1401 Uv (Ay Az — AAT) sin 0, 

Hy = VIDT + v8P PF + viva (Pal? +P, PF) cos0 
+iviv2 (Torf —TiTF) sinð. 


(23.12) 


One may then evaluate tr [Hp, Hn]°; if that trace is non-zero, the charged gauge 
interaction violates CP. (In the Lee model there are of course extra sources of 
CP violation, notably the Yukawa interactions of the charged and neutral Higgs 
scalars.) 


23.3.3 Effective superweak models 


From eqns (23.12) one gets a clue on how to construct an effective superweak 
model, within the framework of gauge theories, in which the CKM matrix is 
real and the charged gauge interaction does not violate CP. One may achieve 
this through the introduction of additional symmetries leading to Tarf = r rZ 
and A,AT = A,A3, thus obtaining H, and Hn real and thereby guaranteeing 
the vanishing of tr [Hp, H,]°. In order to illustrate the main features of effective 
superweak models, we describe below an example which has been suggested 
by Lavoura (1994), who proposed a THDM in which CP violation arises only 
from the interactions of neutral Higgs bosons, through the mechanism of scalar- 
pseudoscalar mixing. As we shall see, in Lavoura’s model there is no CP violation 
in the exchange of either W+ or charged Higgs bosons. Lavoura’s model is a 
THDM where one introduces a symmetry under which 


2 > —¢2, 
PR3 — —PR3, (23.13) 
NR3 © —NR3. (23.14) 


As a result of this symmetry, the Yukawa-coupling matrices have the following 


structure: 
x x 0 00x 


Ai, T,~ x x 0 ; A2, Te ~ 00 x ; (23.15) 
x x 0 00 x 
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where the crosses denote non-vanishing matrix elements. From eqn (23.15) one 
obtains A2AT = A, AZ = rf = [r7 = 0. Therefore, in Lavoura’s model 
tr [Hp, H T vanishes and the CKM matrix is real, implying a null-area unitarity 
triangle. 

We now remind the reader of the matrices Y,, and Yq in eqns (22.34), which 
control the flavour-changing neutral Yukawa interactions (FCNYI) mediated by 
N and A (see eqn 22.35). Taking into account the special structure of the T, in 
Lavoura’s model, one obtains 


Ma (2 = Ka?) —maKzy —mqK rz 
Y= —m,Kzy m; (2 — Ky?) —m,Kyz (23.16) 
-m Krz —mpKyz my (2 — K2?) 


where K = v?/(v,v2) and z? + y? + z? = 1. The matriz Y;, has similar form. 

The strength of the FCNYI contributing to Amg, Amg,, and Amp, depend 
on the off-diagonal matrix elements of Y4. In the literature one often finds some ad 
hoc assumptions about how the strength of the FCNYI scales from one neutral- 
meson system to the next. In the explicit example of Lavoura’s model one sees 
that the strength of the superweak interactions does scale with the quark masses, 
but this scaling may be irrelevant, since the additional parameters x, y and z are 
arbitrary. This is actually a generic feature of superweak-like models: the relative 
strength of the FCNYI contributing to |AS| = 2 and to |AB| = 2 processes is 
to a large extent arbitrary. Thus, one should be cautious when attempting to 
constrain or to rule out superweak-like models by using the experimental data, 
in particular the data on the mass differences in neutral-meson systems. Often, 
those analyses use ad hoc assumptions about the relative strength of the FCNYT; 
the example of Lavoura’s model shows that those assumptions may not be valid 
in general. 


23.4 Natural flavour conservation and SCPV 
23.4.1 Mechanism for generating e 


We now consider the multi-Higgs-doublet model (MHDM) with natural flavour 
conservation (NFC) of § 22.11.1, and examine the consequences of assuming that 
it is CP-conserving at Lagrangian level. The Yukawa interactions are given by 


eqns (22.3) and (22.79). The mass matrices then are 
M,= vg Age 82, 

23.17 

Mn = vıľı. ( ) 


We assume that A» and IT, are real. Then, they may be bi-diagonalized by 
orthogonal matrices: 


Mu 
OAO =, 

i: (23.18) 
on*T,03 = — 

Ui 
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Therefore, the mass matrices may be bi-diagonalized while keeping U? and U? 
real: 


uP = OF 
UP? = 620? 
a (23.19) 
Ur = OF ; 
UR = O}, 


cf. eqns (12.15). The CKM matrix V = uPtup = oP" or is real (orthogonal). 
Thus, NFC, together with the assumption of CP-invariance of the Lagrangian 
before spontaneous symmetry breaking, lead to a real CKM matrix, thereby 
eliminating the standard mechanism of CP violation (Branco 1980a). 

Taking into account eqn (17.8), it is then obvious that, if one wants to fit € 
in the MHDM with NFC, one must have extra contributions to Mj. Diagrams 
with the exchange of neutral scalar fields cannot help, because—by definition of 
NFC—the neutral scalars have diagonal Yukawa couplings with the quarks, i.e., 
they cannot change the quark flavour and therefore they cannot contribute to 
M 12- 

Still, in a MHDM there are contributions to K°-K° mixing beyond the box 
diagrams of Figs. 17.2 and 17.3. Namely, one may substitute one or both W+ in 
those diagrams by charged scalars. The extra diagrams may in principle lead to 
c€ # 0, even when the CKM matrix V is real, because the Yukawa couplings of 
the charged scalars are not necessarily real. 

The Yukawa couplings of the charged scalars are given in the last line of 
eqn (22.81). They are determined by the product of V and the diagonal quark 
mass matrices and, apparently, they are real. However, as a complex phase may 
be present in the mixing of yt and oe. the Yukawa couplings of the physical 
charged scalars may be complex. 

Unfortunately, in a two-Higgs-doublet model with NFC this mechanism for 
generating € does not exist. Indeed, in a THDM the physical charged scalars are 
given by the first eqn (22.23): 


+ + 
Gx ORI Se 


; (23.20) 


This is a real linear combination of yf and of yy. Therefore, the Yukawa cou- 
plings of C are real, just as those of yt and of ve, and no non-spurious phase 
in My. can be obtained in this way. 

We conclude that in a multi-Higgs-doublet model with NFC the CP viola- 
tion which explains the observed e of the kaon system may only originate from 
box diagrams with charged scalars, when the mixing of ys and p is complex. 
However, this can only happen with more than two Higgs doublets, because in a 
THDM the mixing of or and To to form the physical charged scalars C+ is real. 
Thus, we must go to three scalar doublets in order to implement this mechanism 
of CP violation. This is what was done in Branco model. 
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23.4.2 Symmetries of the scalar potential and SCPV 


In the previous subsection we have shown that a THDM with NFC and SCPV 
cannot generate €, because both the charged gauge interaction and the charged 
Yukawa interactions are determined by real mixing matrices, while the neutral 
Yukawa interactions are flavour-diagonal and cannot contribute to Mjo. 

A different argument shows that, as a matter of fact, a THDM with NFC and 
SCPV cannot exist, if the scalar potential is renormalizable. Indeed, eqns (22.79) 
must be enforced by some symmetry, else they will be unstable under renormal- 
ization. The symmetry must treat differently ¢; and $2. The simplest possibility 
is a reflection symmetry like the one mentioned in eqns (22.80). But then, one 
may prove that 


Theorem 23.3 Once a reflection symmetry is imposed on the scalar potential 
of the two-Higgs-doublet model, SCPV cannot be obtained. 


Proof A reflection symmetry forces m3, ag, and a7 to be zero, and then A in 
eqn (23.9) vanishes. Hence, the candidate vacuum for SCPV, identified in the 
previous section, has cos@ = 0, i.e., 


ie bar ie ea! (23.21) 


with vı and v2 real. The corresponding CP transformation is 


(CP) di (t,7) (CP)t = ot (t, =F), 
(CP) do (t, F) (CP)t = -¢} (t,-F). 


It so happens that the potential with m3 = ag = a7 = 0 is symmetric under this 
CP transformation too, and not only under the one in eqn (23.4). Moreover, we 
may extend this CP transformation to the fermion sector by assuming that 


(23.22) 


(CP) pri (t,7) (CP)! = POPTY (t, -7), 
AT T Ni -r 
A ene Cnr? (t, —F), (23.23) 
(CP) pri (t, F) (CP)! = —7°Cpri? (t,—-7), 
(CP) nri (t, 7) (CP)? = POTR (t, -7) 


(notice the minus sign in the third equation), instead of eqns (23.3), and then 
the Yukawa interactions are CP-invariant too. o 


The crucial point is that the potential with m3 = ag = a7 = 0 and exp (2iô;5) = 1, 
together with the Yukawa interactions of eqn (22.79), allow for two choices of 
CP symmetry, instead of only one choice: CP may either be given by eqns (23.3) 
and (23.4), or by eqns (23.22) and (23.23). As a consequence, the vacuum state 
must satisfy extra requirements if it is to break CP. This illustrates the fact that 
all possibilities must be tried for the CP transformation before one can be sure 
that there is CP violation. 
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In general, whenever one imposes on a Lagrangian a discrete symmetry D 
together with the CP symmetry in eqn (23.4), one must keep in mind that, 
automatically, the product of D and the CP transformation in eqn (23.4) consti- 
tutes another CP transformation under which the Lagrangian is invariant too. 
Therefore, in order for SCPV to occur, the vacuum state must violate not only 
the original CP symmetry in eqn (23.4), but also its product with D, which is 
also a CP symmetry. This is usually difficult, both because a more constrained 
potential has a lesser capacity to generate a vacuum with non-trivial phases, and 
because those phases have to satisfy extra requirements in order to correspond to 
SCPV. Examples of this general problem have been given by Branco et al. (1984). 


23.5 Branco model 


We saw in § 23.4.1 that at least three doublets are needed in order to achieve 
a model with NFC and SCPV in which € is generated by box diagrams with 
charged scalars. Such a model was put forward by Branco (1980b). It is identical 
to the Weinberg model of § 22.7.3, except for the assumption that CP violation 
is spontaneous. 

The Yukawa, couplings are given by eqns (22.3) and (22.79). They are pro- 
tected by the discrete symmetries in eqns (22.80). Those symmetries also con- 
strain the scalar potential to be the one in eqn (22.45). As CP symmetry is 
imposed at the Lagrangian level, we assume 


E1 = E2 = E3 = 0, (23.24) 


while dı, d2, and d3 may be either positive or negative. The vacuum value of 
the potential is the one in eqn (22.46) with the proviso in eqns (23.24). The 
stationarity equations are 


-1 ôV 
402 80, 

1 av 
403 003 


= 0 = dv? sin 202 + d v3 sin (202 — 263) , 
(23.25) 
= 0 = d,v3 sin (202 — 203) — dav? sin 263, 


and 
OVo 0 9 2 | b } 2 + b + 2 


+2d2v% cos 203 + 2d3v2 cos 202, 


O Vo 
ae = 0 = m2 + 2agus + (b3 + c3) v? + (bi + c1) v3 (23.26) 


+2d3v? cos 202 + 2d, v3 cos (262 — 263) , 
— = 0 = m3 + 2azv3 + (bı + c,) v3 + (b2 + c2) v? 
+2d1v% cos (202 — 203) + 2d2v? cos 263. 


Equations (23.26) will be used to trade the coefficients of the potential m1, mo, 
and m3 by the VEVs v2, v3, and v2. 
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Fic. 23.1. Geometrical representation of eqns (23.27). 


23.5.1 CP-breaking vacuum 
Equations (23.25) admit four trivial solutions: 

1. 262 = 0 (mod 27) and 263 = 0 (mod 2r); 

2. 262 = t (mod 27) and 263 = r (mod 27); 

3. 202 = 0 (mod 2r) and 203 = m (mod 2r); 

4. 20. = t (mod 27) and 263 = 0 (mod 2r). 
These solutions are CP-conserving. This is because the Lagrangian enjoys not 
only the trivial CP symmetry in eqns (23.3) and (23.4), but also three other 
CP symmetries, which are the products of the trivial CP transformation with 
Dı and/or Də transformations. Fortunately, for a range of the parameters of 
the potential there is another solution to the system of eqns (23.25), and that 
solution is the absolute minimum of Vo. 

In order to see this, note that eqns (23.25) may be written in the form 


asin (r + 203 — 262) = csin(—7 + 202) , 


23.27 
bsin (T + 203 = 202) = csin (T — 203) ‘ ( 


where a = didgvz, b = d,d3v3, and c = d2d3v7. If a, b, c, and A(a,b,c)— 
remember eqn (13.37)—are positive, then eqns (23.27) may be geometrically 
interpreted as meaning that a triangle with sides a, b, and c and with internal 
angles m + 203 — 202, —7 + 202, and m — 263 exists, as depicted in Fig. 23.1. This 
geometrical interpretation yields 


a — b* — ¢? à (a, b,c 
a ee 
ET E re ec aN naa VOD. 0308) 
2ca 2ca 
E mee Lee See es 
COS (262 = 203) = = sin (265 = 203) = eee, 
a 


If A (a,b,c) > 0 this solution of eqns (23.25) has non-trivial vacuum angles (the 
triangle has non-zero area), and CP is spontaneously broken, as desired. 

It remains to see whether this solution is the minimum of Vo, and not just a 
stability point. It is easily found that when dı, d2, and d3 are all positive this 
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solution is the absolute minimum of Vo, because Vo is smaller here than at any 
other stability point. 


23.5.2 Scalar mass matrices 


Let us compute the mass matrices of the scalars. One develops the potential in 
eqn (22.45), using the form of the doublets in eqn (22.8). The terms linear in 
the fields pa and ņa vanish because of the stability eqns (23.25) and (23.26). The 
terms bilinear in the fields may be simplified by use of the same equations. One 
obtains 


V = —ayvt — azv} — agu3 — (bı + c1) vv? — (bz + c2) vev? — (b3 + c3) v7 v2 
+ (did3v3 + d3djv3 + d3d3ut) / (dıd2d3) 


ne eee Xi2 + X31 —X19 +1Y —X3, — iY pt /v 
( P2 a —X19 —1Y X12 + X93 — X93 + iY pi Jv 


Vy U2 U3 —X3, +1Y —Xə3—1iY X31 + X93 p3 /U3 


Die + D3 —Dyo2 —Ds1 m/V1 
-4 e = ~) —Dy2 Di2 + D23 — D23 n2 /v2 
1 U2 V3 = Dz —Do3 D3, + Dog n3 /U3 
1 ( Pi P2 P3 piju 
1 U2 V3 p3 /v3 
0 1 -l pı [v 
_oy E 2 =) -1 0 1 | | o/m 
U1, U2 V3 


1 -1 0 p3/V3 
+cubic and quartic terms. (23.29) 


Here, 
Do3 = 4d, v3v2 cos (202 — 203), X23 = cvv + Do3/2, 
D3, = 4dov3v? cos 263, X31 = covsu; + D3) /2, (23.30) 
D2 = 4d3v?v2 cos 262, X12 = c3v? v3 + D12/2; 
the matrix M, is 3 x 3 real and symmetric; finally, 
-VA 
- dıdzd3 


is a CP-violating quantity proportional to the area of the triangle in Fig. 23.1. 
The Goldstone bosons are 


(23.31) 


pt = VPT t wpy + vps 


7 (23.32) 

_ vim + Vote + V3N3 

eg ee 
The interesting point in eqn (23.29) is the role played by Y. We see that 
that quantity, on the one hand, causes mixing of the pa with the na, and on 
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the other hand, it generates a complex mass matrix for the y+. Both effects are 
CP-violating. 

In order to see that the mixing of the pa and Na violates CP, consider for 
instance the Yukawa interactions of pı and 7, with the strange quark, which are 
given by (see eqn 22.81) 


Ms 


3(p, +i s. 23.33 
A (pı + ims) ( ) 


As 3s Š 3s and 858 A —5ys5s, we conclude that pı is CP-even while ņı is CP- 
odd. When Y #Æ 0 each physical neutral scalar contains simultaneously pı and 
nı components, hence it does not have a definite CP-parity, and CP is violated. 
A consequence of CP violation in this case would be the generation of an electric 
dipole moment for the strange quark. 

In the charged-scalar sector, the eigenstates of mass are y+, which are Gold- 
stone bosons; X = with mass m; and x with mass m2. They are related to 
the y£ by an unitary matrix. We may write this relation as 


pt v/v (—cvze"* — s) Jy, (suze"6 — c3) /vy. yt 

p3 | = | ve/v (eviet — 52%) /vi2 (svie — c2) /vi AT 

+ X+ 

P3 v3 /v $U12/V CV12/Vv 2 
(23.34) 


Here, vig = yv? + v3; also, c = cosa and s = sina, where a is a mixing 
angle; finally, Ç is a phase which arises in the mixing once Y Æ 0. The Yukawa 
interaction of the charged scalars are given by—see eqn (22.81)— 


p2 pi 
a (SE MV an = “LV Mere) d+ H.c. 
V2 U1 


xt 
- ly (eter — 2) MauV yL + (cet + s2) V Maral d 
1 


U12 V2 
xt 
-= (ses a e2) MaV yL + (set = 2) V Marn! d 
V12 v2 v V1 u 
+ 
+a (MaVyr — V Mayr) d + H.c.. (23.35) 


One sees that the couplings of the massive charged scalars carry different phases 
in the parts proportional to M,V yz, and to V Mayr. These different phases lead 
to CP violation if the two charged scalars have different masses, i.e., if mı # mo. 
(If mı = mz one may redefine XF and X in such a way as to eliminate the 
phase ¢ and the mixing angle a, which then lose their meaning.) 


23.6 Model with one doublet and one singlet 


It is worthwhile making a small detour and considering the case of a scalar sector 
even simpler than the one of the Lee model. The simple extension of the SM that 


272 SPONTANEOUS CP VIOLATION 


we shall now study is instructive in itself, and will be useful in Chapters 24 and 
27. 

Let us add a non-Hermitian SU(2)@U(1)-singlet scalar S to the SM. The 
singlet S does not have any Yukawa interactions, because all left-handed fields 
in the SM are in doublets. Therefore, no FCNYI arise. Let us assume that 


(CP) b(t, F) (CP)t = gt" (t, =F), 
(CP) S (t, P) (CP)! = St (t, =F). 


We also assume the existence of a discrete symmetry S + —S. This symmetry 
is superfluous at the moment, but will be necessary in Chapter 27. The most 
general renormalizable scalar potential invariant under this discrete symmetry 
and under the CP symmetry in eqns (23.36) is 


(23.36) 


V =ne +h (#4)? + v2 |S[? + lo |SI* + ls (ot6) |S? 
+ [vs FLIP ER (44) (s? T st’) oP (5° + st") (23.37) 
The VEVs of ¢ and S may be written 


0 
(0|S|0) = Ver. 


Then, 


(0|V|0) = Hu le Eo ALV elev 
+2 (v3 + l4 V? + l5v?) V? cos 2a + 2lgV* cos4a. (23.39) 


When lę > 0, the minimum has 


V3 + LV- T lv? 

cos 2a = eV? i (23.40) 

provided the modulus of the right-hand-side of this equation does not exceed 1. 
The vacuum is invariant under the CP symmetry in eqns (23.36) provided 
exp (2ia) = 1. In general, a given by eqn (23.40) does not satisfy this condi- 
tion, and we might believe that this simple extension of the SM exhibits SCPV. 
However, this is not so. It is crucial to remember that all symmetries of the 
Lagrangian which may be physically interpreted as CP must be broken by the 
vacuum before a CP-violating effect arises. As S is a singlet of SU(2)@U(1) it 
does not have any gauge interactions. Hence, there is a large degree of arbitrari- 
ness in the definition of the action of C on S. In particular, the transformation 


(CP) o (t, F) (CP)* = ot" (t,-7), 
(CP) S (t,7) (CP)' = S(t,-), 


in which both Hermitian components of S are CP-even, is just as good a repre- 
sentation of CP as eqns (23.36). Now, eqns (23.41) constitute a symmetry of the 


(23.41) 
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Lagrangian, which cannot be broken by the VEVs in eqns (23.38), whatever the 
value of a turns out to be. Therefore, this model is CP-conserving. 

This illustrates the pitfalls that gauge singlets may lead to when discussing 
CP violation. In Chapter 24 we shall see that, once one adds left-handed singlet 
fermions to this model, the vacuum in eqns (23.38) will already imply SCPV; the 
Lagrangian then having extra Yukawa interactions, it will no longer be possible 
to interpret the transformation in eqns (23.41) as CP. 


23.7 Summary 


In this chapter and in the preceding one we have considered extensions of the 
SM where the gauge and fermion sectors are standard but the scalar sector is 
enlarged. We have examined models with two and three Higgs doublets, paying 
special attention to the identification of new sources of CP violation beyond 
the Kobayashi-Maskawa (KM) mechanism. Our main conclusions have been the 
following: 


e In a two-Higgs-doublet model with no extra symmetry imposed on the 
Lagrangian, CP can be violated by the scalar sector, at the Lagrangian 
level. 

e With the introduction of an exact reflection symmetry which can guarantee 
NFC, the Higgs sector is no longer able to generate CP violation by itself. 

e CP can be violated provided that one allows the reflection symmetry to 
be softly broken. This is important, since one can thus have NFC, while at 
the same time obtaining new sources of CP violation. 

e In two-Higgs-doublet model where CP is imposed at the Lagrangian level, 
CP can be spontaneously broken provided that no other discrete symmetry 
is imposed on the Lagrangian. This is Lee’s model. Although the Yukawa 
couplings are real at the Lagrangian level, and the only physical phase is 
the relative phase between the VEVs of the two scalar doublets, that phase 
enters the quark mass matrices in such a way that it generates a complex 
CKM mixing matrix. Lee’s model also has other sources of CP violation, 
such as scalar-pseudoscalar mixing. 

e Three-Higgs-doublet models with NFC implemented through an exact re- 
flection symmetry may have CP violation either at the Lagrangian level 
or spontaneously generated. In the latter case the CKM matrix is real and 
CP violation arises exclusively from scalar-particle exchange. This is the 
Branco model. 

e In an extension of the Higgs sector of the SM, with only one scalar doublet 
together with a non-Hermitian scalar field S, singlet under SU(2)@U(1), 
although the minimum of the scalar potential may have a = arg(0|.S|0) 
different from zero, this fact does not correspond to CP violation, when 
only standard fermions are introduced. 


One may put the main findings of this and the preceding chapter in the form 
of a short summary of models: 
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TWO HIGGS DOUBLETS 


e No NFC: It is possible to obtain spontaneous CP violation. In general, 
one has two sources of CP violation: neutral-scalar exchange, and the 
Kobayashi-Maskawa mechanism in the charged gauge interaction. How- 
ever, superweak-like models with a real CKM matrix can be constructed 
through the introduction of appropriate extra symmetries. 

e Exact NFC: It is not possible to achieve spontaneous CP violation. There 
are no new sources of CP violation from the scalar sector. In order to have 
CP violation, one has to allow for complex Yukawa couplings, leading to 
the Kobayashi-Maskawa mechanism. 

e Softly broken NFC: It is possible to achieve spontaneous CP violation, 
but neutral scalars do not contribute to K°-K® transitions. If CP is only 
spontaneously broken, the CKM matrix is real. If CP is not imposed at 
the Lagrangian level, the Kobayashi-Maskawa mechanism takes place, and 
furthermore there are new sources of CP violation in the Higgs sector which 
may be relevant for baryogenesis. 


THREE HIGGS DOUBLETS 


e NFC and explicit CP violation: There are three sources of CP vio- 
lation: the Kobayashi-Maskawa mechanism, charged-scalar exchange, and 
neutral-scalar exchange. 

e NFC and spontaneous CP violation: The CKM matrix is real. CP is 
violated through charged-scalar and neutral-scalar exchange. 


23.7.1 Phenomenological consequences 


The phenomenological implications of multi-Higgs models of CP violation may 
vary widely. As far as the masses of the scalars are concerned, their allowed range 
strongly depends on the mechanism—if any—which is adopted to suppress FC- 
NYI. If no suppression mechanism is introduced, then the scalars are constrained 
to have masses in the TeV range. However, much smaller values, in the 100 GeV 
range, are allowed if one adopts a suppression mechanism for the FCNYI, as 
described in § 22.11.2. 

The generic situation in multi-Higgs-doublet models is having three sources 
of CP violation: 


e the usual KM mechanism, 

e CP violation in the exchange of charged scalar fields, 

e CP violation in the exchange of neutral scalar fields. 
There are contributions to neutral-meson mixing from the standard box dia- 
gram with W+ exchange, as well as from box diagrams with one or two charged 


scalars, and also from tree-level transitions mediated by neutral scalars. These 
new contributions to the mixing may lead to significant departures from the SM 
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predictions for CP asymmetries in the decays of B? and B® and their antipar- 
ticles. In a generic MHDM one has a unitarity triangle which is not flat, i.e., 
J #0, but the SM expressions giving the CP asymmetries in neutral-B decays 
in terms of the angles of the unitarity triangle no longer hold. However, in some 
variants of the MHDM the phenomenological situation may be quite different; 
for example, in a superweak-like model the unitarity triangle will be flat, i.e., 
J will vanish, but there will still be CP asymmetries in neutral-B decays, with 
predictions which differ from those of the SM. 


24 


MODELS WITH VECTOR-LIKE QUARKS 


24.1 Motivation 


There are many extensions of the standard model in which fermions with non- 
standard SU(2)@U(1) quantum numbers—‘exotic fermions’—naturally occur.®” 
For example, in the grand unified theory based on the Lie algebra Eg, each family 
of left-handed fermions is in the 27 representation of that algebra. If we consider 
the SU(3).@SU(2)@U(1) subgroup of Eg, that representation has the following 
branching rule: 


27 = (3, 2)16 + (3, 1)-273 + (3, L)1y3 + (1, 2)-12 + (1, 11 
+(3,1)-1/3 + (3, 1)1/3 + (1, 2)1/2 + (1, 2)-12 + (1, Do + (1, Do. (24.1) 


The 27 contains, apart from the fifteen usual chiral fields in the first line of 
eqn (24.1)—the doublet of quarks, the up antiquark, the down antiquark, the 
doublet of leptons, and the positron—, a vector-like isosinglet quark of charge 
—1/3, a vector-like isodoublet of leptons, and two isosinglet neutrinos. Here, 
we denote by ‘vector-like fermions’ those fermions whose left-handed and right- 
handed components transform in the same way under SU(3),.@SU(2)@U(1). 

In this chapter we concentrate our attention on vector-like isosinglet quarks. 
Our interest in extensions of the SM with those exotic fermions is justified for 
the following reasons: 


1. They provide a framework for having a naturally small violation of the 3 x 3 
unitarity of the CKM matrix. This leads to non-vanishing, but naturally 
suppressed, flavour-changing neutral currents (FCNC). The presence of 
FCNC opens up many interesting possibilities for rare K and B decays, as 
well as for CP asymmetries in neutral-B decays. 

2. Adding isosinglet quarks to the SM leads to new sources of CP viola- 
tion. In particular, isosinglet quarks enable one to achieve spontaneous CP 
violation (SCPV) using a very simple set of scalar fields, with only one 
non-Hermitian SU(2)@U(1)-singlet scalar added to the usual doublet—see 
§ 24.7. 

3. Extensions of the SM with isosinglet quarks may solve the strong CP prob- 
lem through an implementation of the mechanism of Barr (1984) and Nel- 
son (1984)—see § 27.7.1. 


©2Generic properties of models with exotic quarks have been studied, for example, by 
Langacker and London (1988), Joshipura (1992), Lavoura and Silva (1993a,b), and Nardi et 
al. (1995). 
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Models with vector-like quarks have been considered extensively in the literature. 
Early references include the papers by Aguila and Cortés (1985), Fishbane et 
al. (1985, 1986), Barger et al. (1986), Branco and Lavoura (1986), and Enqvist et 
al. (1986). A revived interest in these models was generated by the study of the 
impact of heavy isosinglet quarks on the CP-violating asymmetries in neutral-B 
decays, both in the limit where Z-exchange gives the dominant contribution to 
B°-B9 mixing (Nir and Silverman 1990) and in the general case where both 
Z-exchange and the standard box-diagram contributions are taken into account 
(Branco et al. 1993). Recent analyses of the experimental constraints on these 
models may be found in the papers by Silverman (1996) and by Barenboim and 
Botella (1998). 


24.2 The model 
24.2.1 Quark spectrum 
Our extension of the SM has n, doublets of left-handed quarks, 


teal with o = 1,2,...,n9, (24.2) 
NLo 


together with the following singlet quark fields: np charge 2/3 left-handed Py, nn 
charge —1/3 left-handed Nz, Nng + np charge 2/3 right-handed Pr, and ng + nn 
charge —1/3 right-handed Np: 

Prr with r= 1,2,...,np, 

Nra WIth S= L 2ta in (24.3) 

Pra, with a = 1,2,..., Nng + Np, 

Npk, with k = 1,2,..., ng + Mn. 


Therefore, the electromagnetic current is 
Jom = Z (Dro PLo + Pry Piy + Pra” Pra) 
-4 (nro Lo + Nrs Y” Nrs + Nrey” Ne), (24.4) 
and the electroweak gauge interactions are 


g S ee 
ceauge CA Jem 35 V2 (Wi Droy" No + W, TLoY”PLo) 


+34, (Droy"PLo — NLoY”NLo — 25, JE) (24.5) 
w 


The quark mass terms may in general be written 


LM = —PLo (Mp)oa Pra — TLo (Mn) op Nrk 
—Pr, (Mp)... Pre — Ni; (Mn) op Nrk + H.c.. (24.6) 


We shall use the letter xz to denote either p or n in equations which hold for 
both x = p and z = n. The Mmg are ng X (ng +nz) matrices. They contain 
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the usual |AT| = 1/2 mass terms (T is the weak isospin), arising from the 
VEV of one or more Higgs doublets. Their mass scale should be m ~ v. The 
Mz are nz X (ng +nz) matrices. They contain |AT| = 0 mass terms. Since 
these are SU(2)@U(1)-invariant, they may be present in the Lagrangian prior to 
the spontaneous breaking of the gauge symmetry. Not being protected by that 
symmetry, their mass scale M may be significantly larger than v. 

We may denote M, and M, the full mass matrices for the up-type and 
down-type quarks, respectively: 


Mz = ( o) | (24.7) 


These are (ng + nz) X (ng + nz) matrices. 


24.2.2 Mixing matrices 


We denote the quark mass eigenstates by ug and dg, where a and k run over the 
ranges in eqns (24.3). The unitary matrices W, and W,, relate the left-handed- 
quark weak and mass eigenstates: 


(24.8) 


W, = a! (24.9) 


where the A, are rectangular matrices consisting of the first ng rows of Wz, 
while the B, consist of the last nz rows of Wz. The unitarity of W, implies, on 
the one hand, 


AÌ As + BIBz = 1n,tne: (24.10) 
and, on the other hand, 
A,A! = 1,,, 
BB =... (24.11) 


A,B! = Ong xna 7 


The W, must be chosen such as to diagonalize the Hermitian mass matrices 
M,Mi: 
M,MiW, = W,D?. (24.12) 


The real diagonal matrices Dp and Dn contain the masses of the up-type and 
down-type quarks, respectively. 


THE MODEL 279 


The electromagnetic current in eqn (24.4) may be written in terms of the 
mass eigenstates as E 
5 Tay" Ue = edn" d. (24.13) 


The gauge interactions in eqn (24.5) are 


Leauge = —eA, Jin 2 2 (Wir tray VakdLk T Wr dLE Y" VikULa) 


v2 


tay jaray" (Zp)ag ULB — diy" (Zn)kj dLj B 28%, Ibn ) (24.14) 
w 


where the mixing matrices are 


— Ai 
PA (24.15) 
ZESA Ap 
The (generalized) CKM matrix V is an (ng +np) X (ng +Nn) rectangular matrix. 
The CKM matrix in this model is not unitary as in the SM. The mixing matrices 
for the neutral currents Z, are Hermitian (ng + Ng) x (ng + Ng) matrices. In 
general, they are not diagonal, i.e., flavour-changing neutral currents are present. 


24.2.3 Non-unitarity of V and its relation to the FCNC 


The generalized CKM matrix is not, in general, unitary. Indeed, if np £ Nn it is 
not even a square matrix. However, from the unitarity of W, and W,, it follows 
(Branco et al. 1993) that there is an (ng + Np + Nn) X (ng + Np + Nn) matrix 


t t t 
Y= P re = e a) (24.16) 


which is unitary. This may easily be checked using eqns (24.10) and (24.11). 
The deviations of V from unitarity are closely related to the presence of 
FCNC. Indeed, because of the first eqn (24.11), 


Zp = AASA AnA AVVN, 


24.17 
Zn = AÍ An = ALA,ALA, = VIV. el) 
Thus, if V was unitary then Z, and Z, would be the unit matrix, and FCNC 
would be absent. From the first eqn (24.11) it also follows that 


Vie (24.18) 


Equations (24.17) may be elegantly derived without ever referring to the di- 
agonalization of the quark mass matrices (Bamert et al. 1996). From eqns (11.12) 
and (11.3), we know that the gauge interactions in the SU(2)@U(1) gauge theory 
are given by 


-eAQ + g (W+T} +W-T_) + 2z (PF 1= O57). (24.19) 


w 
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In the vector space spanned by the uz, and the drk, the matrices T} and T- 


are given by 
= 1 [OV oi 0 0 
T=} (0 TE Lam yt ol’ (24.20) 


cf. eqn (24.14). Indeed, eqns (24.20) may be looked upon as the definition of the 
CKM matrix. From eqn (24.19), the matrix which determines that part of the 
neutral current which is not proportional to Jé, is 


Z, O0O\_ Vvi 0 
l ( i a =(T,,T_]= 5 ( D oe (24.21) 


This result is very general: it holds in the SU(2)@U(1) gauge theory for any 
standard or exotic Q = 2/3 and Q = —1/3 quarks. It is valid if one adds to the 
SM not only vector-like isosinglet quarks, but also vector-like isodoublet quarks 
and mirror quarks (Lavoura and Silva 19936). 


24.3 Natural suppression of the FCNC 


It is known experimentally that the FCNC are very much suppressed, although 
the detailed bounds depend on the flavours involved—see for example Lavoura 
and Silva (1993a) and Silverman (1996). Therefore, in order for the class of 
models considered here to be plausible, they must have a mechanism for natural 
suppression of the FCNC. In order to show that such a mechanism exists, we 
have to explicitly diagonalize the quark mass matrices. 

In the discussion that follows, it will be convenient to have M, and M, in 
a special form, which we can obtain by using the freedom that one has to make 
weak-basis transformations (WBT). These are transformations of the quark fields 
which leave Lgauge in eqn (24.5) invariant. It is easy to convince oneself that, by 
making a WBT, one can bring both Mp and M,, to the form 


Gs J: 
Mz = ( i a) (24.22) 


where the M, are Nz X Nz matrices, diagonal and real by definition. The matrices 
Gz and J; are complex and have dimensions Nng x Nng and ng X nz, respectively. 
There is still some freedom left to make a WBT such that either Gp or Gn is 
made diagonal and real; we shall take G, to be diagonal and real. 


Let us write r 7 
x u Kz x 
w= (4) = (5 8) 2423 


The matrices K, and T, have dimensions ng X Nng and nz X nz, respectively. The 
matrix Rgs is ng X nz, while Sz is Nng X ng. Equation (24.10) now reads 


KiK, + SiS, = ln, 
RiR, +TiTy = 1n,, (24.24) 
KiR, + Sit; = On, xna- 
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We shall also write the matrices Dp and Dy as 


Dae e > ) (24.25) 
Equation (24.12) reads 
(G,Gt + J, Jt) Ky + JrMzSz = Kez, 
(G,Gt + J,Jt) Re + JeMsTs = RM2, 
M,JtK, + M2S, = Sm, 
M,J‘R, + M2T, = Ty M2. 


(24.26) 


All the above equations are exact, no approximations have been done yet. We 
now assume that Gz and Jz are ~ m, while M} ~ M, with M > m. One obtains 
the following solution of eqns (24.24) and (24.26) to leading order in m/M: 


T; = liz 

Rs = JzM;z', (24.27) 
together with M2 = M2; while K, is the unitary matrix which diagonalizes 
G,G!: 

KGG} K; =m’. (24.28) 
In particular, since we have chosen to work in the weak basis where G, is diag- 


onal, Kp = 1n, to leading order. 
The quark mixing matrix entering the charged current may now be computed 


and one obtains A 
Ki Ja M7 ' 
Vel. ; adr a (24.29) 
M; IS Kn M; Ji Jn Mn 


It is clear from eqn (24.29) that the mixing of standard quarks with isosinglet 
quarks is suppressed by m/M. Also, the matrix Kn, which gives the interactions 
among the usual quarks, is unitary up to terms ~ m? /M?. 

The mixing matrices for the weak neutral current are 


MJI Kn Mo Jt Ja M7) 


PEN ( =M I doy? ) 
P bp: A on A = A = . 
M'I} My J} J Mz' 


5 on Ki J M7! ] 


(24.30) 


The ng X ng upper-left submatrix, which governs the neutral-current interac- 
tion among the usual quarks, is the unit matrix up to a correction of the form 
KiJ,Mz?J'K,. Thus, flavour-changing neutral currents do arise, but they are 
naturally suppressed by a factor m? /M?, because J; ~ m while M, ~ M. 
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24.4 CP-violating phases 


When the SM is extended through the addition of vector-like quarks, the CKM 
matrix is no longer unitary. Counting the independent CP-violating phases in V 
becomes complicated, especially when there are both Q = —1/3 and Q = 2/3 
vector-like quarks. We shall return to this question later; at this stage, we only 
want to count the number of phases in V when that matrix is evaluated in 
the approximation leading to eqn (24.29). Since in this approximation K,, is 
unitary, the number of physical phases in it is just the same as in the SM, i.e., 
(ng — 1) (ng — 2) /2. In the upper-right block of V, we have the matrix J, which, 
being an ng Xn, complex matrix, would in general contain ngnn phases. However, 
Mn phases may be eliminated by rephasing the last n,n fields dz. Analogously, Jp, 
in the lower-left block of V, has (n, — 1) np phases. Therefore, one has altogether 


(ng — 1) (ng — 2) 
2 


physical phases in V. We shall later show that this is indeed the correct number 
of CP-violating phases. 


+ (ny — 1) (np + nn) (24.31) 


24.5 The invariant approach 
24.5.1 CP-invariance conditions 


The most general CP transformation of the quark fields leaving eqn (24.5) in- 
variant is®? 


(CP) pr (CP)' = ULP CPT", 
(CP) nz (CP)! = UL POTET, 
(CP) Pr (CP)? = WEYCPr , 
(CP) Np (CP)! = WRYPCONRp , a 
(CP) Pr (CP)? = WRP CPr , 


——T 
(CP) Ni (CP)? =WPyCN, . 
We have suppressed the space-time variables for the sake of clarity. The matrix 
UL is Ng X Ng unitary, and the matrices Wg and WẸ are (ng + nz) X (ng + Nz) 
and nz X nz unitary, respectively. 
Requiring CP invariance of the mass terms in eqn (24.6) leads to the following 
conditions: 
U}m,Wh, = = 
Ulm,W2 = 
w?' MW? = Me, 
WEM, WR = Me. 
The existence of unitary matrices Uz, Wp, Wa, Wz, and Wf which satisfy 
eqns (24.33) is necessary and sufficient for CP invariance of Cgauge + Lm. The 


(24.33) 


63We have eliminated the inconsequential phase yw from the CP transformation of W= in 
eqn (13.9). 
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fulfilment of this condition in any particular weak basis is equivalent to its ful- 
filment in any other weak basis, as one easily checks. 
24.5.2 Analysis in a specific weak basis 


In order to find the number of independent CP restrictions, we shall again use 
the weak basis in which the mass matrices have the form in eqn (24.22). We 
remind the reader that Mp, Mn, and Gp are diagonal and real by definition. 
In order to eliminate exceptional cases, of null measure in parameter space, we 
assume that the diagonal matrix elements of each of these three matrices are 
all different—the matrices are non-degenerate. Under these conditions, we easily 
find that eqns (24.33) imply 


Ur, = diag (e'*°) , 
WP = diag (e*”") , (24.34) 
WẸ = diag (e), 


while the matrices Wp and WR must take the block form 


(24.35) 


with Xz an arbitrary ng X ng unitary matrix. The CP-invariance conditions of 
eqns (24.33) get reduced to 
diag (e~e) G, Xr, = G*, 
diag (e~'*°) Jn diag (e*) = Jz, 


diag (e~**°) Jp diag (e) = JF. 


(24.36) 


As Xz may be chosen at will, the first eqn (24.36) is in fact equivalent to the 
simpler condition (see the argument in § 14.2) 


diag (e~'*°) (GaG}) diag (e°) = (G,Gt)". (24.37) 


Thus, CP invariance imposes restrictions on the complex phases in the matrices 
Jp, Jn, and G,Gt. Remember that the J, are complex matrices of dimension 
Ng XNz, while G,G1, is ann, xn, Hermitian matrix. The number of independent 
phases in these three matrices is 


Ny (ny — 1) 


Ng (Np + Nn) + 5 


(24.38) 
CP invariance constrains these phases to be equal to differences of n, phases 
Qo, Np phases G,, and nn phases ys. The number of independent CP restrictions 
therefore is 
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Ng (Ng — 1) 


Ng (Np + Mn) + 5 


— (ng + Np + nn — 1) = (n — 1) (2 —1+1p+mn). 
(24.39) 

This coincides with the number of CP-violating phases in the CKM matrix, given 

by eqn (24.31). 

24.5.3 Invariant CP restrictions 


From the first two eqns (24.33) one readily derives the following necessary con- 
ditions for CP invariance: 
a pb]f 
or het, =D, (24.40) 


where a and b are integers, f is an odd integer, and hy = mam}. The conditions in 
eqn (24.40) are entirely analogous to those obtained in the SM, cf. eqn (14.21). In 
models with vector-like quarks, there are necessary conditions for CP invariance 
of a different type, for example 


Im tr (hphnr Hn) = 0, 


24.41 
Im tr (Hphphn) = 0, | 


where Hy = m,M!M,mIt. 

The question of finding a set of necessary and sufficient conditions for CP 
invariance, expressed in terms of weak-basis invariants, is in general very compli- 
cated. For the case of a minimal extension in which only one vector-like isosinglet 
down-type quark is added to the three-generation SM—i.e., ng = 3, Nn = 1, and 
Np = 0—it has been shown (Aguila et al. 1998) that 


Im tr (ho hnhph? 
Im tr (hphnr H 
Im tr (h2h,H. ; 


A= 0 
aed 
(Aplin Hn) = 0 

Im tr (hph, Hn) = 0, (24.42) 
- Hn) = 0 
H,| =0 


3 


? 


Im tr ie 
Im tr [hő (hphn — 
Im tr [h} (hph?, — a Hy 0, 


? 


? 


are necessary and sufficient conditions for CP conservation. 

These invariant conditions are especially useful for analysing the limit where 
some of the quark masses are effectively degenerate. This is the case in very-high- 
energy collisions, where the natural asymptotic states no longer are hadronic 
states but rather quark jets. At high energies, it should be very difficult, if not 
impossible, to identify the flavour of the quark jets. In the extreme chiral limit 
Mu = Me = Ma = Ms = 0 there is no CP violation in the SM, because there are 
identical-charge quarks which are degenerate. However, in the model with one 
down-type vector-like quark, there is CP violation even in that limit. Then, the 
strength of CP violation is controlled by the second invariant in eqns (24.42), all 
other invariants being proportional to that one (Aguila et al. 1998). 
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24.6 Parametrization of the CKM matrix 


With the addition of vector-like quarks to the SM, parametrizing the CKM 
matrix V becomes rather involved, essentially due to the fact that it no longer is 
a unitary matrix. Still, in some cases one may use the fact that V is a submatrix 
of the larger unitary matrix Y in eqn (24.16). Various approaches to this problem 
have been proposed, including: 


1. parametrization through Euler angles and phases (Branco and Lavoura 
1986); 


2. parametrization through the moduli of matrix elements and the arguments 
of quartets (Branco et al. 1993); 


3. Wolfenstein-type parametrization (Lavoura and Silva 1993a). 


Here we shall only describe the first of these approaches, which is interesting 
because it yields a different way of counting the number of CP-violating phases 
in V. 


24.6.1 Parametrization with Euler angles and phases 


This type of parametrization is possible when there are vector-like quarks of 
only one electric charge, either Q = —1/3 or Q = 2/3. In this case V consists 
of the first ng rows of a unitary matrix which, in principle, does not have any 
zero matrix elements. This is no longer true when both np and np are non-zero; 
then, the unitary matrix Y defined in eqn (24.16) has a zero submatrix, and its 
parametrization through Euler angles and phases is awkward. 

For definiteness, let us assume that there are n, down-type vector-like quarks, 
but no up-type vector-like quarks, i.e., that np = 0. In this case, one may 
choose, without loss of generality, a weak basis in which the up-type-quark 
mass matrix is diagonal and real non-negative. Then, V consists of the first 
Nng rows of the (ng +nn) X (ng +n) unitary matrix W, which diagonalizes 
M,Mt,. The task then consists of finding a parametrization of W, with only 
(ng — 1) (ng /2— 1 + nn) phases in its first ng rows, according to eqns (24.31) 
and (24.39). 

In order to construct such a parametrization, let us introduce the orthogonal 
matrices 


cos 6;; ++- — sin Ôi; ae 


S 
II 


(24.43) 


and the rephasing matrices 
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Ill 

m 
2. 
oa 
> 


I; (ôk) Eg. (24.44) 


We may write W,, as a product of ‘complex rotations’ Qij: 


1 N 


i=N-1 j=i+1 


where NV = ng + Nnn, and the unitary matrices 0;; mix the itè and jt? rows and 
columns, and contain one rotation angle and three phases: 


Nij = Ii (6a) Ij (86) Oig Ti (6c) - (24.46) 


Most of the rephasings J; (ôx) in the product in eqn (24.45) may be exchanged 
in position in such a way that they are brought out of the product of rotations 
O;;, and then they become equivalent to rephasings of the quark fields. If we 
omit writing down those trivial rephasings, it can be shown (Anselm et al. 1985) 
that the matrix W, may be written as 


Wn = Ow-pn ln Ow-2)(w-1) Own I -1 Lv 
x OW -3)(N-2) 9-w-3)(N-1) O(W-3)N IN -2114 -11w «+ O23 «+ Ow 
XI3---IyOi2---Oiw. (24.47) 


Explicit computation of the NV x N unitary matrix in eqn (24.47) yields that 
it has (ng — 1)(N — ng/2 — 1) phases in its upper ng rows. This coincides with 
eqn (24.31), as nn = N — ng. 

Let us consider the example of Hg with three families in the 27 representation. 
In each 27 there is one standard quark doublet together with one vector-like 
isosinglet down-type quark; therefore, ng = nn = 3 and np = 0. The quark 
mixing matrix V consists of the first three rows of the 6 x 6 unitary matrix 
Wn, in the weak basis in which the up-type-quark mass matrix is diagonal. We 
parametrize 


Wn = Ose6le (610) O45046 Is (59) Ie (58) O34035 O36 14 (67) Is (66) Ie (ôs) 
x 023024025 026 I3 (54) I4 (53) Is (62) Ie (61) 0120130140150 16. (24.48) 


The distribution of phases among the rows of this matrix turns out to be 
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no phases 
01,62, 03, 04 
01, 02,.. . , 07 
01,02, seis , Og RR 
Ô1, 02,---,010 
ô1,Ô2,... , Ô10 


i.e., the first row of V is real, the second row depends on four phases, the 
third row depends on seven phases, and so on. This coincides with the formula 


(ng — 1) (N — ng/2 — 1) for N = 6. 


24.7 Spontaneous CP violation: a simple model 


Models with vector-like quarks provide one of the simplest scenarios for spon- 
taneous CP violation. We shall illustrate this feature by considering a minimal 
model proposed by Bento et al. (1991). This consists of the SM supplemented 
with only one charge —1/3 vector-like quark and one non-Hermitian scalar sin- 
glet S. For later use, we shall also introduce a discrete symmetry under which 
S, Nt, and Np4 change sign. This discrete symmmetry will not, however, play 
any role in the discussion of SCPV; it will only be important in the discussion 
of the strong CP problem in § 27.7.1. 

The scalar potential and the pattern of vacuum expectation values (VEVs) 
for this model have been discussed in § 23.6. One obtains the VEVs for ¢ and 
S in eqns (23.38), with a non-trivial phase a. However, we have emphasized in 
§ 23.6 that, in the context of the SM with standard quarks only, the non-trivial 
vacuum phase does not lead to spontaneous CP breaking. In the extension of the 
SM with vector-like quarks the situation is different, because the presence of extra 
interactions means that there is less freedom in the choice of a CP transformation 
and, in particular, eqns (23.41) are no longer a valid CP transformation. This 
can readily be seen by examining the most general quark Yukawa couplings and 
the mass term consistent with the SU(2)@U(1) gauge symmetry and with the 
discrete symmetry: 


Ly = -QLI énr — Qi Adpr — uNLNe — Nz (FS + F'St) ng + H.c.. (24.50) 


Here, we have reserved the notation Nr only for Nag, the singlet quark which 
changes sign under the discrete symmetry, while for the other Pr and Np fields 
we have returned to the SM notation and denoted them pr and np, respectively. 
We assume the CP transformation in eqn (23.36), together with 


(CP) pro (CP)! = y°Cpro!, 
(CP) nro (CP)! = y°CitRa", 
(CP) Nr (CP) = CNR , 
(CP) pro (CP)! = -P107 
(CP) TLo (CP)' = —ni C14 
(CP) Nz (CP)' = —N7TC"14. 


. cS, 


(24.51) 
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Hence, the 1 x 3 matrices of Yukawa couplings F and F” are real, just as the 
3 x 3 matrices [ and A, and the AT = O mass u. On the other hand, the 
transformation in eqn (23.41) would be a symmetry of the Lagrangian only if F” 
were equal to F*. We thus see that the presence of extra Yukawa interactions 
ensures that exactly the same vacuum structure now leads to CP violation, while 
in § 23.6 it did not. 

Since the model has no charge 2/3 vector-like quarks, we may choose a weak 
basis in which the up-type-quark mass matrix is diagonal and real. The down- 
type-quark mass matrix is 


vl 0 
Mn = ie a) (24.52) 
where 
F= eF +e F". (24.53) 


(Notice that F would be real if F’ were equal to F*.) The matrix in eqn (24.52) 
is not in the standard form of eqn (24.22), but we can bring it to that form by 
means of a unitary transformation of the right-handed quark fields. Let us define 


M = VR+VFF. (24.54) 


We may then construct the 4 x 4 unitary matrix 


U = & fin (24.55) 


where X is a 3 x 3 matrix and Y is a 1 x 3 matrix. The unitarity of U implies, 
in particular, 


V2 
XXt =13- rela (24.56) 


and 
VFX + py =0. (24.57) 


We then effect the weak-basis transformation 


(24.58) 


_ (TX (wV/M)TFt 
Ma M,U = ( 0 


M 


where we have used eqns (24.54) and (24.57). We thus obtain a matrix of the 
form in eqn (24.22). One may now use the results of § 24.3, provided that one 
assumes that M >> v and M? > vV.%* The CKM matrix is a 3 x 4 matrix; 


64The assumption is indeed that the vacuum expectation value V and the AT = 0 mass p 
are of the same order of magnitude, which is much larger than v. Then, both X and Y have 
matrix elements ~ 1. 
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its block connecting the standard quarks is a 3 x 3 matrix K which, in a first 
approximation, is the unitary matrix which diagonalizes 


22 
(WTX) WTX)! = Trt — a FTT, (24.59) 


where we have used eqn (24.56). Because of the presence of the complex ma- 
trix FIF in eqn (24.59), it is clear that, if V and M are of the same order of 
magnitude—or, equivalently, if V and u are of the same order of magnitude— 
then the matrix K will in general contain a CP-violating phase and, moreover, 
this phase will not be suppressed by small mass ratios (Bento et al. 1991). 

It is worth recalling the main features of the model that we have described. 
The scalar sector consists of the standard doublet and a non-Hermitian singlet 
S. In the fermion sector, only one charge —1/3 isosinglet quark N is added. One 
imposes CP invariance of the Lagrangian. CP is spontaneously broken through 
the phase of (0|S|0)}. The crucial role played by the Yukawa couplings connecting 
N with the standard quarks should be emphasized. On the one hand, those 
couplings render the phase of (0|S|0)} genuinely CP-violating, by restricting the 
allowed CP transformations of the Lagrangian; on the other hand, it is through 
these couplings that that phase leads to the complexity of the 3 x 3 block of the 
CKM matrix connecting the standard quarks. 

It is important to stress that this model may also be important because, if u 
and V are made higher than the cosmological-inflation scale, then domain walls, 
which are a problem which typically plagues models of SCPV, will be absent. 
Spontaneous CP breaking can occur at such a high energy scale that domain 
walls disappear during inflation, while CP violation in the CKM matrix remains 
unsuppressed. 


24.8 Phenomenological implications 

As we have emphasized, one of the salient features of models with vector-like 
quarks is the fact that the 3 x 3 CKM matrix connecting the standard quarks is 
no longer unitary and, as a result, there are FCNC coupling to the Z. 

24.8.1 Experimental bounds on Zkj 


We shall first present some experimental constraints on FCNC in the down-type- 
quark sector. The relevant Lagrangian is given by 


g E 
leauge a Do, PÓRY Seg. (24.60) 


The flavour-changing parameters Zķ; are closely related to the deviation of the 
CKM matrix V from unitarity, through the relations 


Vad Vus + Vea Vcs + Vig Vts = Zds, 
Vio Vud F Vin Ved + Vin Ved = Lia’ (24.61) 
Vab Vus F Va Ves + V Vts = Lps. 
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The strongest constraint on Zas stems from the experimental upper bound 
BR (Kt + rtvv) < 5.2 x 107°. (24.62) 


As in Appendix D, we compare the process Kt — mt vv with the charged-current 
process K+ > metve, which has 


BR (Kt > r°ety,) = 0.482 + 0.006, (24.63) 
and using flavour-SU(3) symmetry, one obtains (Lavoura and Silva 19935) 


BR(Kt+ > artvi) — 3\Zas|” 
BR(K+ > metve) 2|Vug|?’ 


(24.64) 


where the factor 3 corresponds to the sum over the three neutrino flavours. From 
eqns (24.62)—(24.64) one obtains 


\Zas| < 5.9 x 107°. (24.65) 


There are other limits, on |Re (Z3,)| and on |Im (Z3,)|, arising from Am x and 
from ceg, but eqn (24.65) is the stringest bound on Zas. 

The best limit on |Z g,| and on |Z,,| is derived from the experimental bound 
(Particle Data Group 1996) 


BR(B > utu X) 5 x 1075 


BR(B > pv, X) (10.3 + 0.5) x 10-2 R 


The FCNC contributes to the decay B > wtp X, where X is an arbitrary set 
of particles. A straightforward calculation gives (Parada 1996) 


: Baste 
BR(B > pty X) _ G — sin? 6) + sint Bu (Zal? + Z|") (24.67) 
BR (B > pv, X) [Vuol + |Veo|” f (m2/m?) aoa 
where the function f has been given in eqn (15.18). From eqns (24.66) and (24.67) 


one obtains 
[Zal + |Z]? <5 x 10-8. (24.68) 


24.8.2 Implications for CP asymmetries 


The new contribution to B°-B° mixing arising from the Z-mediated |AB| = 2 
tree-level diagram can have a significant impact on CP asymmetries in B® decays. 
Let us write the complete matrix element Mj2 of BY-B9 mixing as 


My. = MSM (re~i®)” , (24.69) 


where M>™ is the standard-model box-diagram contribution, while (Barenboim 
et al. 1998) 
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2 
i0\2 48%, ( Zod Ro (zt) Zoa 
ao Sa = 24.70 
re) aSo (zt) \ViaVi5 So (tt) Vta Vi ( 


where x; = m?/m%,, the Inami—Lim (1981) function So has been defined in 
eqn (B.16), and 
T 


Ro (z) = (4-24 


l-2z 


3z In & 
TEE ) (24.71) 
is another Inami-Lim function. The first term in eqn (24.70) corresponds to the 
box diagram; the second term results from the Z-exchange tree-level diagram; 
the third term arises from a one-loop Z-vertex correction, which is relevant for 
small values of Z)q (Barenboim and Botella 1998). Analogous expressions hold 
in the case of B°-B° mixing. From eqn (24.68) it can be readily verified (Branco 
et al. 1993) that in the case of BJ-B® mixing the Z contribution can be the 
dominant one, while in the case of B°-B® mixing it can at most compete with 
the usual box diagram. 

The study of CP asymmetries should provide a very sensitive probe of FCNC. 
The measurement of those asymmetries with the expected experimental uncer- 
tainties may detect FCNC effects (Branco et al. 1993; Barenboim et al. 1998) even 
for rather small values of Zsa, at the level 


———| ~ 107”. (24.72) 


24.8.3 Baryogenesis 


It has been shown (Branco et al. 1998) that, in a model with an extra singlet 
complex scalar, the first-order electroweak phase transition can be strong enough 
to avoid the baryon-asymmetry washout by sphalerons. The crucial point is the 
fact that in this model there is CP violation even in the extreme chiral limit 
where mg = Ms = My, = Me = 0. As a result, and contrary to what happens in 
the SM, there is no strong suppression of the baryon asymmetry by the ratio of 
light-quark masses over the critical temperature Te. The dominant contribution 
to the baryon asymmetry was estimated to be (Branco et al. 1998) 


Im tr (hp hn Hn) 
T i 


where vy, is the bubble-wall velocity. The appearance of the weak-basis (WB) 
invariant in the numerator of eqn (24.73) was to be expected, since it is the 
invariant which controls the strength of CP violation in the extreme chiral limit. 
That WB invariant can be expressed in terms of quark masses and mixing angles, 
and one obtains in leading order 


NB 


pokes —107%v, (24.73) 


(Vis Van Vip Vag) » (24.74) 


when there is only one vector-like Q = —1/3 quark D, with mass mp. If 
mp = 200GeV and |Im (VVD Vb Vý )| = 1074 one obtains the right order 
of magnitude for ng/s. 
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24.9 Main conclusions 


e Models with vector-like quarks have new sources of CP violation and pro- 


vide a well-defined framework to study deviations from unitarity of the 
3 x 3 CKM matrix, as well as flavour-changing neutral currents mediated 
by the Z. Those models have a rich phenomenology, which may be tested 
through the search for rare K and B decays, and through the study of CP 
asymmetries at B factories. 

With the addition of at least one vector-like quark to the SM, spontaneous 
CP violation can be achieved with a very simple Higgs system, consisting 
of only one non-Hermitian scalar, singlet under SU(2)@U(1). CP violation 
originates in the phase of the VEV of the singlet scalar. Through the mixing 
of the vector-like quarks with standard quarks, this phase generates an 
unsuppressed CP-violating phase in the 3 x 3 block of the CKM matrix 
connecting the usual quarks. 


We are now in a position to add another item to the summary of models in 


§ 23.7: 


ONE HIGGS DOUBLET AND ONE SCALAR SINGLET 
(CP SYMMETRY IMPOSED ON THE LAGRANGIAN) 


e No extra fermions: The vacuum contains one irremovable phase, but 


that phase does not lead to spontaneous CP breaking. The scalar sector 
does not lead to any new sources of CP violation. 


e Isosinglet quarks: The physical phase in the VEV of the singlet non- 


Hermitian scalar leads to spontaneous CP violation—it generates a com- 
plex CKM matrix. This is a minimal realization of the Nelson—Barr mech- 
anism. 


20 


MASSIVE NEUTRINOS AND CP VIOLATION IN THE 
LEPTONIC SECTOR 


25.1 Introduction 


Neutrinos are fascinating particles which have played an important role in the 
understanding of the structure of both the charged- and neutral-weak-current in- 
teractions. They may also play an important role in astrophysics and cosmology. 
A complete treatment of all aspects of neutrino physics is beyond the scope of 
this book; there are excellent books and review articles on the subject (Bilenky 
and Petcov 1987; Kayser et al. 1989; Mohapatra and Pal 1991; Boehm and Vogel 
1992; Kim and Pevsner 1993). Our emphasis here will be on those aspects of 
neutrino physics having to do with CP violation. First we shall describe some of 
the motivations for considering massive neutrinos. 


25.1.1 Theoretical motivations 


In the standard model (SM), the masslessness of neutrinos is essentially due to 
the fact that no SU(2)®@U(1)-singlet leptons, i.e., no right-handed neutrinos, are 
introduced. This is an unnatural feature of the SM and breaks quark-—lepton 
symmetry. If right-handed neutrinos, i.e., leptons which are singlets under the 
gauge group, are introduced, then quark—lepton symmetry is re-established, and 
the most general renormalizable and SU(2)@U(1)-invariant Lagrangian includes 
Yukawa interactions which generate neutrino masses upon spontaneous gauge- 
symmetry breaking. 

Neutrino masses naturally arise in most extensions of the SM. For example, 
if one requires a grand-unified theory (GUT) of the electroweak and strong in- 
teractions in which each fermion family is contained in a single representation of 
the gauge group, then SO(10) is the minimal GUT. In SO(10) each fermion fam- 
ily is unified in a 16-dimensional spinor representation where, together with the 
fifteen chiral fermions of the SM, a right-handed neutrino is included. Neutrino 
masses are then unavoidable. 


25.1.2 Phenomenological motivations 


The solar-neutrino data obtained by several different experiments—for a review 
see Cleveland et al. (1995)—indicate a deficit in the observed neutrinos in com- 
parison to the predictions for the neutrino fluxes of the standard solar model 
(Bahcall and Pinsonneault 1992, 1995; Turck-Chiése et al. 1993; Dar and Shaviv 
1996; Bahcall.et al. 1998). This solar-neutrino deficit may be explained as result- 
ing from oscillations of the electron neutrino into some other neutrino species. A 
particularly plausible solution to the solar-neutrino problem is provided by the 
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MSW mechanism (Wolfenstein 1978, 1979; Mikheev and Smirnov 1985), where 
the oscillations are enhanced by the material medium of the solar interior (Bethe 
1986). 

Various experiments—see for instance the Super-Kamiokande Collaboration 
(1998), and references therein—have measured the ratio of the number of muon 
neutrinos to the number of electron neutrinos produced in the atmosphere from 
the decays of pions and kaons originating in cosmic rays. The measured ratio is 
much smaller than the predicted one. The double ratio 


(nv, observed (nv. oe 


R 


(25.1) 
(nv, Vsusseied (nv, ) predicted 


is on average 60% and, most importantly, depends on the direction from which 
neutrinos come. This anomaly can be explained by oscillations of the muon 
neutrinos, on their way through the Earth, into another type of neutrino (see for 
instance Fogli et al. 1999). 

Neutrino oscillations are most probably due to neutrinos being massive. There 
is another possibility, though: they might arise from flavour-changing Yukawa 
interactions among the various neutrino flavours even in the case of massless 
neutrinos. 

Another motivation for considering massive neutrinos is the fact that neu- 
trinos may constitute the hot dark matter in the Universe, provided neutrino 
masses are of a few eV. See, for example, the excellent book by Bahcall (1989). 


25.2 Dirac and Majorana masses 
25.2.1 Dirac masses 


If right-handed neutrinos are introduced in the SM, Dirac mass terms can be 
constructed for the neutrinos, entirely analogous to those for the quarks and for 
the charged leptons. In general, one may write 


LDitae = —ULMDUR + H.c., (25.2) 
where 
Ve 
Vu 
UL,R = Vr . (25.3) 
L,R 
Here, Ve, Vu, Vr, ... are the eigenstates of the weak interaction, which get mixed 


through the mass terms. One can find the neutrino mass eigenstates through 
bi-diagonalization of Mp: 


Vi MpVr = diag (m1, M2, ™3,-- 3) ’ (25.4) 


where Vz and Vpr are the unitary matrices relating the weak eigenstates to the 
mass eigenstates: 
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Ve Vi 

Vy V2 

Ps = VL,R V3 $ (25.5) 
L,R 7 L,R 


In the SM, due to the absence of neutrino masses, the lepton-flavour num- 
bers Le, Lp, L7, ... are conserved and, of course, the total lepton number L = 
Le + La + Lr +--+- is conserved too.® In the presence of Dirac mass terms, each 
individual lepton-flavour number will be violated, but the total lepton number 
will remain conserved. Indeed, Cpirac is invariant under the global U(1) trans- 
formation 


UL, R `> eUr R. (25.6) 


This situation is entirely analogous to the one in the quark sector. Individual 
quark flavours are violated by the charged-current weak interaction, while baryon 
number is conserved at the perturbative level. 


25.2.2 Majorana masses 
Neutrinos are the only known fermions with no electric charge. As a result, one 
may have different mass terms involving neutrinos—the Majorana mass terms. 


Let 4% be the field associated with a neutral spin-1/2 particle and let Y° = y be 
the charge-conjugate field. Then, from eqns (3.45) and (3.54) it follows that Yy, 
wep, wy’, and wr are Lorentz-invariant quantities. As y and Y% anticommute, 
yey? = pT = py. Also, Yey = -YTO 1y and Yyy! = oTa do not vanish, 
in spite of the matrix C being antisymmetric, because of the anticommuting 
nature of the spinors. The Majorana mass terms are 


Lmajorana = ~~ (Y1 br + Yr (Wr) — SE (Ur be + Yn (br) | 
To (VEO Yr -PrCYr ) + 2 (VRO YR -PROPR ) (25.7) 


The factors 1/2 are inserted in order that, in the equation of motion, mz can 
be interpreted as the mass of wz, while mp is the mass of Yp (see below). Note 
that a Majorana mass term may be introduced even when w is a Weyl spinor. 
The Majorana mass term is more economical than the Dirac mass term, because 
it does not require the existence of both wz, and wr. It is clear that Majorana 
mass terms are not invariant under the transformation in eqn (25.6): 


Fey py, 


wre zy eT iape, (25.8) 


v> ews] 


65Strictly speaking, L is violated by global electroweak anomalies, and it is only B — L which 
is conserved (B is the baryon number). However, at temperatures much lower than v—the 
electroweak-phase-transition scale—the violation of L is negligible. 
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Therefore, a Majorana mass term can only be used for particles which do not 
carry any conserved quantum number like electric charge. If one introduces Ma- 
jorana mass terms for the neutrinos, then the lepton number L is no longer 
conserved. 

Let us consider that there are n, generations of left-handed neutrinos. The 
Majorana mass terms may be written 


LMajorana = 5 vi CTI MLUL -+ H.c., (25.9) 


where vzr denotes as before the column matrix with the neutrino weak eigen- 
states, and M, is an ng xn, matrix. Without loss of generality, Mz is symmetric. 
(One takes into account that C is antisymmetric and that fermion fields anti- 
commute.) In general, a symmetric matrix may be diagonalized by the following 
transformation: 

Vi MLVL = diag (m1,™M2,m3,...), (25.10) 


where Vz is the unitary matrix which relates the weak and mass eigenstates: 
VL = VLU. (25.11) 


The masses m1, M2,... are real and non-negative. The mass terms may then be 
written 


Mi [7—Vve a 
LMajorana = a Caz + UL; (vr:)°] . (25.12) 


The index 7 runs from 1 to ng. 
Let us now derive the Dirac equation for a spin-1/2 fermion with Majorana 
mass. In the absence of interactions, the Lagrangian is 


L= 5 P (OY) — 5 (OP) wad -— F epo + eTO. (25.13) 
The equation of motion is derived in the standard fashion: 
0= pice — oE: (25.14) 
Ô (arp) dw 


One must be careful to remember that all derivatives must be taken from the 
same side (say, they must be left-derivatives), because one is dealing with anti- 
commuting fields. The result is 


1 aT 
0 = ð” (-5 vu — = Yu (Od) + me CY 


= iy, ðY + me CY. (25.15) 


One obtains the usual Dirac equation, but for a field which is identical with its 
charge conjugate: 

y =e. (25.16) 
Thus, the Majorana mass terms naturally lead to Majorana fermions (see Chap- 
ter 3). 
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Suppose that a field y has (real) Majorana mass m. Then, Y% = Y° = Cy. 
Now, it can easily be shown that 


(CP) Y (CP)! = ee & (CP) W (CP)! = -ey (25.17) 


As y% = w°, one must have exp (i0) = — exp (—70) = +7. One has thus arrived at 
the conclusion that the C'P-parity of a Majorana field must be either i or ~i. 


25.3 The seesaw mechanism 


The inclusion of right-handed neutrinos may lead to difficulties in understanding 
the smallness of neutrino masses. Fortunately, a natural explanation for the 
smallness of those masses has been found through the seesaw mechanism (Gell- 
Mann et al.1979; Yanagida 1979; Mohapatra and Senjanovic 1980), which we 
shall now describe. 

Let us first consider that there is only one generation—one left-handed neu- 
trino vzr and one right-handed neutrino vr. The most general Dirac and Majo- 
rana mass terms may be written 


Lmass = —} (OL) TR) el (ane +He.. (25.18) 


Assuming for definiteness that the 2 x 2 neutrino mass matrix above is real, one 
may diagonalize it through the transformation 


UL _ { —tcos@ sin Vib 
<9 E ( isin a ea: (25.19) 


with the angle @ given by 
\/ (mL — mR) + 4m, + mz, -mp 


sin? 0 = ; 


24/ (mL - mp) + 4m 
/ 2 2 
‘cat 9 — (mz = mpr) T AM +MR-ML (25.20) 
24/ (m — mr) + 4m?) 
MD 


\/ (mz — mR) + 4m? 


sin ĝ cos = 


Then, 


—1.cos 8 isin @ ML MD —icos@sind\ _,. 
( sin 6 ner & ) ( rene a =diag(m_,m i), (25.21) 


with 
mesis [ma +mr E4 (mz — mpr) + tm, . (25.22) 
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So far, no approximation has been done. Let us now consider the physically 
interesting limiting case where mz, = 0 and mpr > mp. Within gauge theories 
this is the natural situation. Then, 


2 2 
\/ (mL - mpr} + 4m?, x% mp + =e (25.23) 


R 


and the masses are given by 


m 
m- ®& B 
UR: og (25.24) 
M4 XS MR + —2=mp 
R 


This result illustrates the seesaw mechanism. Assuming mp to have the same 
mass scale as the charged leptons and quarks, one sees that the neutrino masses 
are suppressed by a factor mp/mpr. Moreover, from eqns (25.20) and (25.23) it 
follows that the mixing between vz and (up)° is suppressed by the same factor. 

These results may be generalized to an arbitrary number of generations. Let 
us suppose that ng left-handed neutrinos vz and ng right-handed neutrinos ur 
have the following general Dirac and Majorana mass terms: 


— Mr M U 
= I C- L D L 
The 2n, x 2ng symmetric mass matrix 
Mr, Mp 
M = 25.26 
(iif an) aaa 
may be diagonalized by the transformation 
Dz; 0 
true = (V2 
usar = (PE 2) asa 
where Dz and Dp are diagonal, real, and non-negative ng X ng matrices. We 
write TE 
Usa a 25.28 
es Vr ( ) 


and assume that Mz = 0, that Mp is a non-singular matrix (Branco et al. 1989), 
and that Mp & Mp. Under this approximation, we obtain 


VÌMRVĚ = Dr, 


B (25.29) 
Vi (—MpMj1 M5) Vz = Dz. 

As seen in eqns (25.29), the masses of the heavy neutrinos are ~ Mr, while the 
masses of the light neutrinos are ~ M? /Mp, instead of being ~ Mp. The ma- 
trices Vp and Vz are approximately unitary, while Vz pr and Vaz are ~ Mp/Mrp. 
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The light neutrinos are, to a good approximation, mixtures of the vz only. These 
are the two relevant accomplishments of the seesaw mechanism: a suppression 
of the masses of the light neutrinos relative to the masses of the other fermions, 
and a suppression of the mixing of the doublet neutrinos—of the v,—with the 
singlet neutrinos—with the (ur). 


25.4 Neutrino masses in SU(2)®@U(1) gauge theories 


In the SM neutrinos are strictly massless. They do not have Dirac masses be- 
cause no SU(2)@U(1)-singlet fermions are introduced. No Majorana neutrino 
masses arise at tree level because such masses would have |AT3| = 1, and scalar 
triplets are absent in the SM. No Majorana neutrino masses are generated ei- 
ther perturbatively or non-perturbatively, due to the presence of an exact B — L 
symmetry. 

We consider an arbitrary extension of the SM in which the gauge structure 
and the interactions of the leptons with the WF, photon, and Z, are identical 
to the SM case—see eqns (12.8) and (12.9): 


g 
L gauge = V2 


+22, [orvs + (s8 - b) Trlr + teva). (25.30) 


(Wrory'l, + Wr lLY"vL) + eAy (iny"l, + lry"lr) 


We introduce n’ right-handed neutrinos vpr, which are singlets of SU(2)@U(1). 
The most general Dirac and Majorana mass terms for neutrinos and charged 
leptons are 


Lmass = -l Mıilr -ULM UR + ` vi CTMU + 5 vC MRUR +H.c., (25.31) 


where M; is the n, x ng charged-lepton mass matrix, My is the ng x n' neutrino 
Dirac mass matrix, Mz is the ng X ng matrix of Majorana masses for the vz, and 
Mr is the n’ x n’ matrix of Majorana masses for the vr. Both My, and Mp are 
symmetric without loss of generality—their antisymmetric parts give vanishing 
contributions to eqn (25.31). The Dirac masses M; and M, are generated in the 
usual way, through the Yukawa couplings of the standard Higgs doublet. The 
right-handed mass terms in Mp are SU(2)@U(1)-invariant, and therefore they 
should in general be included independently of the assumed spectrum of scalar 
fields. At tree level, Mz can arise through the Yukawa couplings of a Higgs triplet. 
However, even in a minimal extension of the SM, where vp are introduced but 
the Higgs structure is standard—i.e., no scalar triplets—the Majorana masses 
for the left-handed neutrinos in My will be perturbatively generated, since L is 
no longer a symmetry of the Lagrangian, being explicitly broken by the right- 
handed-neutrino Majorana masses in Mp (provided M, £ 0 too). 

It is often useful to rewrite the neutrino mass terms in eqn (25.31) in terms 
of left-handed fields only, or of right-handed fields only. This may be done by 
defining 
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1 = PE Cur’, 
E vil UL (25.32) 
Up. = (ur) = = CUR! : 


One can then write the neutrino mass terms in terms of right-handed fields only: 


— Mr; My 
Lmass = —lL Mılr + ł (Un up ) Gg p Mr 7 a) + H.c.; (25.33) 


or, alternatively, in terms of left-handed fields only: 


M, M* UL 
| ORE — -lz Mılr + 4 (vf or) Oo Ha M (o) + H.c.. (25.34) 


Without loss of generality, we may choose to work in a weak basis where the 
charged-lepton mass matrix M, is diagonal and real. The (ng +n’) x (ng + 7’) 
Dirac-Majorana mass matrix can be diagonalized with the help of a unitary 
matrix; the lepton mixing matrix appearing in the charged current will consist 
of the first ng columns of that unitary matrix. The charged-current interaction 
of the leptons can be written 


LY = Wi (Dr Tz > Un tnt) Ky*y_ | r | + Hic. (25.35) 


The lepton mixing matrix K is an (ng +n’) X ng matrix. One may ask how many 
CP-violating phases appear in it. That number may be evaluated with the help 
of the method in Chapter 24, leading to 


Nphases = 5 (My — 1) (ng -2 + 2n') + ng +n' -1 (25.36) 
n'ng + iny (ng — 1). (25.37) 


Indeed, right-handed neutrinos in the leptonic sector are analogous to vector-like 
isosinglets in the quark sector—they cor yond to left-handed fields which are 
singlets of SU(2). Thus, in eqn (25.36), + (ng — 1) (ng — 2 + 2n’) is the number 
of CP-violating phases in a model with i standard quark generations together 
with n’ isosinglet vector-like quarks of like charge. The extra ng + n' — 1 phases 
in eqn (25.36) result from the Majorana character of the neutrino fields. Indeed, 
the physical neutrinos having Majorana masses, one is no longer free to rephase 
them, since that would introduce phases in the masses. There are thus ng +n’ — 1 
phases in the mixing matrix that we are unable to absorb through redefinitions 
of the neutrino fields; those phases have physical consequences, viz., they are 
CP-violating. 

In the special case of no right-handed neutrinos, i.e., when n’ = 0, one has 
hass s ing (ng — 1). In particular, a model with two neutrinos with Majorana 
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masses may violate CP. It is worth giving a simple explanation why this is so, 
while three generations are needed in order to have CP violation in the quark 
sector. The crucial difference lies in the Majorana masses. If only Dirac masses 
exist, CP violation in the quark and lepton sectors arises under the same condi- 
tions. If, however, neutrinos have Majorana masses, there are extra observable 
phases in the lepton mixing matrix K. Indeed, the Majorana mass terms for the 
physical neutrinos, 


(vf Out — HOTT) + (v Otn - C7") , (25.38) 
do not allow the neutrino fields to be rephased, lest mı and mz become complex. 
The charged-lepton fields may be rephased, and we may thus eliminate two 
phases from the lepton mixing matrix; for instance, we may set Ky; and Kj 
to be real by rephasing the e and p fields, respectively. One physical phase still 
remains in K, and that phase is the source of CP violation. 


25.5 Conditions for CP invariance 


The absence of neutrino masses in the SM leads to CP conservation in the lep- 
tonic sector of that theory. We want to consider the case of non-vanishing neu- 
trino masses, and find out the conditions for CP invariance of L = Leauge +Lmass- 
For definiteness, we shall deal only with the CP violation arising from the clash 
between Leauge and Lmass, Which manifests itself as physical CP-violating phases 
in the charged-current and neutral-current weak interactions. The interactions 
of the scalar fields, which are needed to break the gauge symmetry but which 
we have not introduced explicitly, may constitute extra sources of CP violation 
in the complete theory (beyond Leauge and Lmass).°° 

We start as usual with Leauge. The CP transformation of the gauge bosons 
was written down in eqns (13.7), (13.9), and (13.10). It must be accompanied by 
the following CP transformation of the lepton fields: 


(CP) lz (CP)t = iew UL yP CT, 5880) 

(CP) tz (CP)! = ie#®w ITC-149UT, ) 
(CP) uz (CP)! = iU yP OTT, BA 
(CP) vz (CP) = ivt Cut, 

CP) Ip (CP) = iew ULY CIR, 

(CP) lp (CP)! = ie Clr (25.41) 


(CP) Tr (CP) = iew IEC UL! 
We have omitted the space-time coordinates, and introduced arbitrary ng x ng 
unitary matrices Uz and U a For later convenience, we inserted explicit phase 


66 An analysis of the sources of CP violation in the Yukawa interactions of the Gelmini- 
Roncadelli model (Gelmini and Roncadelli 1981) was given by Bernabéu et al. (19866). They 
concluded that no extra sources of CP violation beyond those already present in Cgauge + 
Lmass occur in that specific model. As those authors have emphasized, that result cannot be 
generalized to other models for Majorana masses. 
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factors 2 in the definition of those unitary matrices. We have also inserted phase 
factors exp (+iéw) which cancel out similar phase factors in the CP transforma- 
tion of W+. Notice that, just as in Chapter 14, the same matrix Uz appears in 
the CP transformation of both lr, and vz, because those fields are connected by 
the charged-current interaction. 

We require that Lmass be invariant under CP. We first face the problem that 
the CP transformation of vpr is not defined, because that field does not enter 
Leauge. But, invariance of the Dirac mass term 0; Myur + ORM} v_, together 
with eqns (25.40), implies 


(CP) ur (CP)! = iU8YP CTR", 


25.42 
(CP) dR (CP)! = vt youst, (\ 
with 
Ut MUS = M?. (25.43) 
Analogously, we have 
Ul MU! = My. (25.44) 
For the Majorana mass terms the CP-invariance conditions are the following: 
U} M,U, = Mj, (25.45) 
UXTMRUŁ = Mj. (25.46) 


The existence of matrices Uz, Ub, and U#, such that eqns (25.43)—(25.46) hold, 
is necessary and sufficient for CP invariance of Lgauge + Lmass- 

The unitary matrix Uh may be eliminated from eqn (25.44) by considering the 
Hermitian matrix Hı = MıM 2 The CP-conservation conditions then simplify to 
the following: an ng X ng unitary matrix Uz and an n’ x n' unitary matrix Up 
should exist, such that 


Ut H,U; = Hy, (25.47) 
Uf M,U, = Mj, (25.48) 
Ut M.U} = Mž, (25.49) 

Up’ MU = Mp. (25.50) 


These CP-invariance conditions are invariant under a change of weak basis. 
If we transform 


lr, = Zılı, 
UL = ZLUL, (25.51) 
UR = ZRUR; 


with an ng X ng unitary matrix Zz and an n’ x n' unitary matrix ZR, we obtain 
H, = ZÝ MıZı, 
M, = ZI M_1Z_, 
M, = ZI M,Z}, 

Mr = Z% MpRZ}. 


(25.52) 
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Now, if the conditions in eqns (25.43)—(25.46) hold, analogous conditions with 
tilded matrices also hold, provided that we define 


Ur = Z'ULZ*, 


: ; (25.53) 
E ae 


Since eqns (25.47)—(25.50) are weak-basis independent, one may analyse the 
restrictions on the lepton mass matrices that they imply in a conveniently chosen 
weak basis (WB). Let us consider the WB where Mz; and Mp are diagonal, 
with diagonal elements real and non-negative. In general, those diagonal matrix 
elements will be non-zero and non-degenerate. In that case, eqns (25.48) and 
(25.50) constrain Uz and Uj} to be of the form 


U; = diag (e'*?!, e'7P2,...,e'™Pno) , 


, 25.54 
U} = diag (et e2... e], ( ) 


where the numbers p; and q; are integers. The index j runs from 1 to n’. From 
eqns (25.47) and (25.49) one concludes that CP invariance constrains H; and 
M, to have the following phase structure: 


arg (Hi), = (pi — py ) 7/2, 
arg (My);; = (pi — qj) 7/2. 
Since H; is an ng xX ng Hermitian matrix, while M, is an arbitrary ng xn’ matrix, 


the number of independent restrictions implied by eqns (25.55) is precisely equal 
to Mphases in eqn (25.37). 


(25.55) 


25.6 The case with no right-handed neutrinos 


We now concentrate on the simple case in which there are no right-handed neu- 
trinos vr. CP invariance of Leauge + Lmass is then equivalent to the existence of 
an Ng X Ng unitary matrix U such that 


UHU = H*, (25.56) 

UTMU = M*, (25.57) 

where we have unloaded the notation by writing H instead of H; and M instead 
of M,L 


From eqns (25.56) and (25.57) one may derive, through elimination of the 
matrix U, necessary conditions for CP invariance. For instance, if r is an odd 


integer, and a,...,e are arbitrary integers, then 
tr [(M*M)’, H']" =0, (25.58) 
Imtr Gi (M*M)? (M*H*M)*] =0. (25.59) 
A particular case of eqn (25.59) is 
Im tr (HM*MM*H*M) =0. (25.60) 


Equation (25.60) is a necessary condition for CP invariance. 
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The charged-current-interaction Lagrangian is as in eqn (25.35), only with 
n' = 0. The matrix K is the lepton mixing matrix. Thus, 


e 
D 9 pee 
ee = ae (Te Tp e) yt ‘ + Hic. (25.61) 
e 
= Lwt (T T3) Kya, | P | +H. (25.62) 


We see that (T Vp + -) = (Ti T2 -+ ) K. Therefore, in the WB in which the 
charged-lepton mass matrix is diagonal, one has 


H = diag (m2,m2,...), 


25.63 
M = KT diag (m1, m2,..) K, ( 


where the physical-neutrino Majorana masses m; are real and non-negative by 
definition. Alternatively, it may be useful to consider the WB in which M is 
diagonal: 
-= M = diag (mı, m2,...), 
H = H = Kdiag (m, m?,...) Kt. 


We denote H the special form that H has in the WB in which M is diagonal. 

For ng = 3, the matrix K may be parametrized using, for instance, the 
Kobayashi-Maskawa parametrization in eqn (16.1). One must however remember 
that, since the Majorana masses do not allow the neutrino fields to be rephased, 
there are two extra physical phases. Thus, 


(25.64) 


C1 — 8103 — 81583 
K = diag (lee) x | S1C2 C1C2C3 — 8283e" C1C283 + Socze” |. (25.65) 
$182 C1$9C3 + €283e" 18283 — CoC3e"* 


For n = 2, one may use 


oe id cos@ —sin@ 
K = diag (1,e’®) x & ee |: (25.66) 


25.6.1 The CP-parities of the neutrinos 


Let us analyse the case in which CP is conserved. For definiteness, we work out 
the three-generation case; the extension of our results to n Æ 3 will be obvious. 
If CP is conserved, then the phase 6 in the mixing matrix K of eqn (25.65) must 
either vanish or be equal to 7, i.e., exp (iĝ) = +1. One then has, in the WB of 
eqn (25.64), 


M = diag (m1, M2, M3), 


H = diag (1, e*®, e*®2) O diag (m2, m? , m2) OT diag (1, e7**1, e~ #42) , 


(25.67) 
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where O is an orthogonal (real) matrix. Assuming that mı, m2, and mg are all 
different, eqn (25.57) tells us that 


U = +diag [1,(-1),(-1)’], (25.68) 


a and b being integers. Remembering eqns (25.40), one thus sees that the CP- 
parities of the physical neutrinos are +7, 


(CP) (CP)! = HiP CTT, 
(CP) va (CP)! = +(-1)ti yP Cr, (25.69) 
(CP) v3 (CP) = +(—1)*iy Cos", 


which agrees with the conclusion in § 25.2.2. Now, the absolute CP-parity of each 
neutrino—whether it is +i or —i—is a matter of convention, but the relative 
CP-parities of any two neutrinos—the numbers (—1)? and (—1)®—are physically 
relevant. Indeed, the CP-invariance condition in eqn (25.56), when applied to 
the matrix H of the second eqn (25.67), tells us that 


(-1)2 = e?ii, 
(—1)? = e262, 


Thus, CP is conserved if exp (iġı) and exp (i¢2) are either +1 or +i. If one of 
those exponentials is +7, this does not represent any CP violation, it just means 
that there are neutrinos with opposite CP-parities. 
One may look at the situation from a different perspective if one uses the 
WB of eqns (25.63). There, one has 
H = diag (m2,m2,,m2) 
M = O' diag (m1, mae”?! , mge?*??) O. 


(25.70) 


(25.71) 


In this WB one realizes that the physical phases are not really exp (i¢,) and 
exp (i¢2), rather they are exp (2iġı) and exp (27¢2). One sees moreover that the 
presence of neutrinos with opposite CP-parities is equivalent to the Majorana 
mass matrix M having eigenvalues with different signs. Indeed, if M has a neg- 
ative eigenvalue, then one must multiply the corresponding neutrino field by +2 
in order to make its Majorana mass become positive; that phase transformation 
of +i does not correspond to CP violation (Wolfenstein 1981). 


25.6.2 Two generations 


Let us now consider the case ng = 2. Equation (25.60) reads, in the weak basis 
of eqns (25.64), 


0 = Imtr(HM*MM*H*M) 
= Mm 1M? (m? — m?) Im H?, 
= mımə (m? — m?) Im (m Ka Ki}, + m2 KK) | 
= mım (må — m?) (m? - m2)” Im (K? K37) , (25.72) 


in which use was made of Ky2K3, = -Kı K314. 
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Theorem 25.1 Equation (25.72) is a necessary and sufficient condition for CP 
conservation. 


Proof We already know that eqn (25.72) is necessary for CP conservation, 
therefore we only have to show that it is sufficient too. We have to demonstrate 
that, if eqn (25.72) holds, then a unitary matrix U exists such that. eqns (25.56) 
and (25.57) are satisfied. If eqn (25.72) holds then either mı = 0, or mz = 
0, or mı = me, or Hig is real, or His is purely imaginary. If Hı is real we 
choose U to be the unit matrix; if Hı is purely imaginary we choose U = 
diag (1, —1); if mı = 0 we choose U = diag (ene Hı2 1); if mz = 0 we choose 


U = diag (i et arg fa), Finally, if mı = m2 we choose 


_ fcos¢ sin¢ 
ca by: — a i (25.73) 
with the angle ¢ given by E 
2 Re His 
tan ¢ =e, 25.74 
$ Hı; — H22 ( 


o 


Thus, the invariant Im tr (HM*MM*H*M) occupies, in the case of two gen- 
erations with Majorana masses for the left-handed neutrinos, the same central 
role in CP violation that Im tr [Hp, H,]° has in the three-generation SM. If we 
parametrize the lepton mixing matrix K as in eqn (25.66), one obtains, from 
eqn (25.72), 


Im tr (H M*M M* H* M) = —4 mymz (m5 — mî) (må - m2)° sin’ 20 sin 2¢. 
(25.75) 
One sees once again that exp (id) = +i does not lead to CP violation. 


25.6.3 Neutrinoless double beta decay 


Let us proceed with the explicit computation of an effect in which the Majorana 
character of the neutrinos is essential: neutrinoless double beta decay. This is a 
process in which two neutrons in a nucleus decay into two protons by emitting 
two electrons, with no neutrino emission. This can only occur if L is violated, 
which typically happens because neutrinos are Majorana particles. The Feynman 
diagram for neutrinoless double beta decay is presented in Fig. 25.1 (a). It is 
convenient to redraw it as in Fig. 25.1 (b), with all leptonic arrows pointing in 
the same direction. The computation can then be easily performed. First we note 
that 


Cp ILY = -vT O Oyi yi C Ce" = —V°YL Ype? = -VEY YRES. (25.76) 


Thus, as v = v°, one may write the leptonic part of the diagram in Fig. 25.1 (b) 
as 
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(b) 


Fic. 25.1. Feynman diagram for neutrinoless double beta decay. 


2 2 
, g , K+mi E gee Mi 
z (xi, 4) Yu YL (: E) WYR = iz Kie WWIR TS m2’ (25.77) 
] v 


where k® is the momentum flowing along the neutrino line. Taking the simple 
case ng = 2 for the sake of illustration, one has 
o Mi m,cos?@ məsin?ð _,,. 
K? Bm = Pom + Bm ene? (25.78) 

This simple computation illustrates two points. Firstly, the effects of the Majo- 
rana nature of the neutrinos are proportional to the neutrino masses in a theory 
with left-handed currents only. Those effects vanish in the limit of vanishing neu- 
trino masses.” Secondly, the masses arise multiplied by phase factors exp (279), 
just as in eqns (25.71). CP violation arises when sin 2¢ 4 0, but not necessarily 
when sing Æ 0. 

It is clear from eqn (25.78) that one may have destructive interference between 
the contributions of two given neutrinos ewen if there is CP invariance, provided 
the two neutrinos have opposite CP-parities (Wolfenstein 1981). 


25.6.4 Mass-degenerate neutrinos 
We now return to the general case n, > 2, and prove the following theorem: 


Theorem 25.2 When all ng neutrinos have the same mass m, CP conservation 
is not automatic if ng > 2. 


Proof We work in the WB of eqns (25.64), where now M = mln,. We may 
make an extra change of WB, H > ZHZ and M > ZTMZ, cf. eqns (25.52), 
which preserves the form of M if Z is orthogonal. We choose Z such as to 
diagonalize the symmetric matrix Re H. Thus, there is a WB in which M is 
proportional to the unit. matrix and Re H is diagonal. In that WB, the matrix 
U should, because of eqn (25.57), be orthogonal. Equation (25.56) then reads 


UT (ReH)U = ReH, (25.79) 


67 Kayser (1982) has called this ‘the practical Dirac-Majorana confusion theorem’: in the limit 
of vanishing neutrino masses, and in a theory with no right-handed currents, it is irrelevant 
whether one considers the neutrinos to be Majorana particles or not. See also Kayser and 
Shrock (1982) and Nieves (1982). 
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UT (Im H)U = -Im dH. (25.80) 


In general, Re H is non-degenerate. Equation (25.79) then implies 


p= diag (ex, C0564 45 En, ) ; (25.81) 
where each e; may be either +1 or —1. In general, no off-diagonal matrix element 
of Im H vanishes. Equation (25.80) then implies that ¢;¢€; = —1 for all pairs 
i # i’. Clearly, this is impossible for nọ > 2, although for ng = 2 it is possible 
(with €; = +1 and e2 = —1). Thus, there is in general no matrix U satisfying 
both eqns (25.79) and (25.80), and therefore CP is violated. o 


The interest in the limit of exact mass degeneracy is more than just academic. 
The data on the atmospheric-neutrino anomaly and on the solar-neutrino deficit, 
together with the assumption that relic neutrinos constitute the hot dark matter 
in the Universe, suggest, in a framework with three left-handed neutrinos and no 
other neutral fermions, that neutrinos are almost mass-degenerate. Therefore, it 
is worth analysing in more detail the features of mixing and CP violation for 
three Majorana neutrinos in the case of exact mass degeneracy. Let us now work 
in the WB of eqn (25.63), where 


M =mK"K. (25.82) 


The Majorana mass terms only allow us to redefine the mass eigenstates through 
an orthogonal matrix, and not through an arbitrary unitary matrix. Since K is 
in general not orthogonal, the leptonic mixing cannot be rotated away. From 
eqn (25.82) it follows that M is proportional to a unitary symmetric matrix. 
Such a matrix may be parametrized by two angles and one phase. Starting from 
eqn (25.65), one makes c3 = C2, $3 = $2, and exp (iġı) = exp (iġ2) = —1, and 
one obtains 


Cj —$81C2 — $152 
M 2 2,16 iô 
— = | -s}Cg —c1c + s5e —C1C282 — C2 82€ ; (25.83) 
m A a id 2 2 ið 

S182 —C1C28S2 — C282€ —C€185 + C3€ 


The phase ô is CP-violating. 

It may be shown (Branco et al. 1999) that a necessary and sufficient condition 
for CP invariance in the case of three generations with degenerate Majorana 
masses is 

0 = tr[MHM*, H*}° (25.84) 
= mtr [KTKHKtK*, H" 
= 6im® (m? — m?)° (m? — m2)” (m? — m2)” 


xIm [(K7K),, (K7K) 9, (K7K)i,(KTK)3,]. (25.85) 


This is a weak-basis-invariant condition. 
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25.7 Main conclusions 


As neutrinos do not carry any conserved quantum number, they may have 
Majorana mass terms. Those mass terms cause the physical neutrinos to 
be Majorana particles, i.e., to be identical with their antiparticles. 

The presence of Majorana masses does not allow the physical-neutrino 
fields to be rephased at will. This causes the appearance of n — 1 extra 
physical phases ¢ in the theory, if n is the total number of Majorana 
neutrinos. 

The phases ¢ violate CP when sin 2¢ Æ 1. The case exp (i¢) = +i does not 
correspond to CP violation. 

In the SM with Majorana masses for the neutrinos, CP violation in the 
leptonic sector may arise already for nọ = 2, and there may be CP violation 
even when the neutrinos are mass-degenerate for n, > 3. 


26 


THE LEFT-RIGHT-SYMMETRIC MODEL 


26.1 Overview of the model 
26.1.1 Introduction 


The main motivation for considering a left—right-symmetric model (LRSM) (Pati 
and Salam 1974; Mohapatra and Pati 1975; Senjanovi¢ and Mohapatra 1975) is 
having an extension of the standard model in which parity is a spontaneously 
broken symmetry. This means that the Lagrangian is symmetric under a parity 
transformation and this symmetry is only broken by the vacuum. In the SM the 
left-handed fermions are in doublets and the right-handed fermions are singlets of 
an SU(2) gauge group. This arrangement is not parity-symmetric, because parity 
must interchange left-handed and right-handed fermions. The simplest way of 
having a left—-right-symmetric extension of the SM is through the introduction 
of a second SU(2) gauge group which transforms the right-handed fermions as 
doublets and the left-handed fermions as singlets. The gauge group of the LRSM 
is thus SU(2)_@SU(2)R@U(1). When one considers grand unified theories, the 
gauge group of the LRSM can be elegantly interpreted as a subgroup of SO(10). 
The lepton fields are in doublets 


u(i) O æ 


of SU(2) and SU(2)pr, respectively. The quark fields are in doublets 


QL = hq ; QR= ba (26.2) 


of SU(2), and SU(2)r, respectively. Parity interchanges fermionic and bosonic 
multiplets of SU(2), with analogous multiplets of SU(2)r; for each multiplet 
of SU(2), there is a similar multiplet of SU(2)r. Therefore, under parity the 
fermion fields transform as 

Le L R, 


QL > QR, 


while the gauge bosons Wz and Wrz (k from 1 to 3) associated with the gauge 
groups SU(2); and SU(2)r, respectively, transform as 


Wrk  Wre. (26.4) 


(26.3) 


Parity invariance of the Lagrangian constrains the gauge coupling constants gz 
of SU(2), and gr of SU(2)R to be equal. So one has gy = gr = g. The covariant 
derivative is 
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3 
Ə — ig X` (WreTre + WreTre) — ig’ BY, (26.5) 
k=1 
where g’ is the U(1) coupling constant and Y denotes the (weak) hypercharge, 
which in the LRSM takes values different from the SM ones. The Trk and Trk 
are the generators of SU(2) and of SU(2)r, respectively. 

The formula for the electric charge should be a left—-right-symmetric extension 
of the SM expression Q = 73 + Y. An attractive feature of the LRSM is that, if 
one makes the obvious extension Q = Trs + Trs + Y, then the hypercharge Y 
acquires a simple physical meaning. As the lepton doublets in eqn (26.1) have 
hypercharge —1/2 while the quark doublets in eqn (26.2) have hypercharge 1/6, 
one concludes that a general formula for the hypercharge is Y = (B — L)/2, 
where B and L denote the baryon number and the lepton number, respectively. 
Therefore in the LRSM one has 


-L 


B 
Q = Trs + Tr3 + 5 


(26.6) 


In view of eqn (26.6), the U(1) factor of the LRSM gauge group is often denoted 
U(1)B_x. 
26.1.2 Gauge couplings 


We proceed in a fashion similar to what was done in the treatment of the SM in 
Chapter 11. We define 


T L Tri ae iTr2 T _ TR a ITR? 
Liz = E T; Reks Ss 
v2 v2 (26.7) 
wi — Wri T iWL2 w+ = Wri + IW R2 
R A E 


Then, 


2 
XO (WisTrk + WreTre) = WE TL+ +W TL- +WETr} +WpTr-. (26.8) 
k=1 


The gauge bosons WF and Wie in general mix, i.e., they are not eigenstates of 
mass. 

In the neutral sector, instead of g and g’ it is convenient to use the angle ĝu 
and the electric-charge unit e, defined by 


I 


g 


g? + g'? (26.9) 
g? J 2g’? 2 


Sy = sin by 


Cy = cos by, 


C=, 2954. 
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It is useful to introduce the neutral gauge bosons A, X1, and X2, defined by the 
orthogonal transformation 


—Sy Cy 0 

Wr3 A 

Wr3 | = — Sw —s? / cw a) C2, = 82) Cay Xi |, (26.10) 
B Vc2, — 82, Syrfc?, — 82,/cw Sw/Cw X2 


where A is to be identified with the photon, and we choose the sign of y c2, — s?, 
such that it equals g/,/g? + 2g'?. The neutral gauge couplings are given by 


g (Wr3T 13 + WasTrs) + g'BY = —eAQ + =x (Trs - Q32) 
w 
I a? 2 
pN w tuy, (Trs syo ) (26.12 
Cri ct, — 82, 
With the above definitions, X; interacts like the Z of the SM. However, X, is 
not in general an eigenstate of mass, it mixes with X2. 


26.1.3 Scalar multiplets 
The Higgs sector has several important functions to perform: 


1. It should lead to an appropriate spontaneous breaking of the SU(2),® 
SU(2)R&QU(1) gauge group. In view of the left-handed character of the 
observed charged-current interaction, the breaking of the LRSM gauge 
group should occur in two steps (Senjanovi¢ 1979): at a first stage—at 
high energy—the breaking should be to SU(2),®U(1)y, where Y denotes 
the hypercharge of the SM. Parity invariance is broken at this stage. The 
non-observation of right-handed charged currents at low energies requires 
that the mass my, of Wi be substantially larger than my, .°° At a sec- 
ond stage—at a lower energy—the SM gauge group should be broken to 
the U(1) of electromagnetism. 


2. It should give quarks and charged leptons a mass, while at the same time 
giving either zero or naturally small masses to the neutrinos. 


Let us first consider the requirement of fermion masses. A general SU(2),, trans- 
formation is represented in the doublet representation by the 2 x 2 unitary matrix 
Uz. Similarly, an SU(2)r transformation is represented in the doublet repre- 
sentation by the 2 x 2 unitary matrix Ug. The quark doublets transform as 
QL —> ULQL and Qr — URQR. Therefore, a scalar multiplet @ which gives 
mass to the quarks via a Yukawa coupling Q,¢Qr must be a 2 x 2 matrix of 
fields transforming as ¢ => U LUL. Moreover, as Qz and Qpr have the same 
hypercharge, the hypercharge of ¢ must be zero. Then, 


°8Explicit lower bounds on mw, vary between 240 GeV and 1600 GeV, depending on the 
experimental technique and on the specific variant of the LRSM that one is considering. The 
Particle Data Group (1996, p. 231) recommends my, > 406 GeV. 
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of + 

d= ( Pl %4 (26.12) 
Pi 2 


where we. have already displayed the electric charge of each component field. 
The multiplet 


S ot + 
$E not n = ( ra. ei) (26.13) 
—Po Pı 
transforms under a gauge transformation in the same way as @. Notice that 
+ + 
Pı Pa 
and 26.14 
( yt ( p9 ) ee 


are doublets of SU(2),; from this point of view, the LRSM is like a two-Higgs- 
doublet model with an extra SU(2) symmetry. Indeed, 


+ + 
Pı ) and ( P2 ) 26.15) 
(S -p9 l 
are doublets of SU(2)r. 


The VEV of ọÙ is kı and the VEV of ¢§ is k2. Both kı and kg are in 
general complex. We assume that the scalar potential is such that the other 
components of ¢ do not acquire a VEV. The Yukawa couplings of @ and ¢ will 
generate Dirac masses for all fermions, including neutrinos. However, ¢ is not 
sufficient, other Higgs multiplets have to be introduced. Both y? and y} have 
Tr3 = —1/2, Tr3 = 1/2, and Y = 0. Therefore, when they acquire a VEV 
they keep unbroken the two U(1) groups generated by Tr3 + Tr3 and by Y. 
Thus, kı and ky keep two neutral gauge bosons massless, instead of giving mass 
to every gauge boson but the photon. Furthermore, kı and k2 cannot perform 
the spontaneous breaking of parity symmetry. This is because both y and y$ 
are components of doublets of SU(2) and SU(2)r, and they cannot distinguish 
between the two gauge groups. We must introduce some extra Higgs multiplets 
which distinguish between the two SU(2) groups. In the first versions of the 
LRSM, this was achieved by introducing, apart from ¢, multiplets xz and xR 
transforming as doublets of SU(2), and of SU(2)p, respectively, while being 
singlets of the other SU(2) gauge group, and having B — L = 1. At present, a 
more attractive choice is introducing a triplet of SU(2) which is a singlet of 
SU(2)p, together with a triplet of SU(2)r which is a singlet of SU(2),. Both 
triplets are chosen to have B — L = 2. The advantage of using these triplets 
is that their Yukawa couplings can generate |AL| = 2 Majorana masses, thus 
leading to naturally small neutrino masses through the seesaw mechanism (see 
§ 25.3). We may write a triplet A’ of SU(2) as 


A'=| A, }. (26.16) 
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An infinitesimal SU(2) transformation of A’ reads 
A' > [1 +i (847) + 6,7 +TP )| A’. (26.17) 


The infinitesimal parameter 63 is real but the infinitesimal parameter 0, is com- 
plex. It is convenient to write the triplet in the form of a 2 x 2 traceless matrix 


A = VI (AT? + ATP -A TË) = a asa) (26.18) 


By using the commutation algebra of the SU(2) generators, we find that the 
SU(2) transformation in eqn (26.17) may be written 


A [1 +i (0,7 +657 +0T®P)] A [1 -i (0,79 +.65.7° + oTP)|. 
(26.19) 
Generalizing to a non-infinitesimal SU(2) transformation, represented in the dou- 
blet representation by the unitary matrix U, this means that A > U AUH. 
Thus, the triplets are 2 x 2 traceless matrices 


(Ais Ar. _ (Ar/v2 -AR 
Aps ( Ae SATIY? and Ar = A9, -At/V2 ; (26.20) 


which transform as Az > ULALU} and Ar > URALU}, and have B — L = 2. 
This form of writing triplets is particularly convenient since eventually we want 
to build gauge singlets out of tensor products of triplets and doublets of SU(2)L 
and SU(2)r. The VEV of A? is Fr and the VEV of A®, is Fr. We assume that 
all other Higgs fields have vanishing VEV, so that the U(1) of electromagnetism 
remains unbroken. 


26.1.4 Gauge-boson masses 


The covariant derivative of yy is 


wr Wt at 
Opy —i lo (“Ee a ) — eAp] 
2 2 2 2 
+ flee ey + ed (26.21) 
w w 


Substituting the fields by their VEVs and taking the squared modulus, we obtain 


2 
Wiki — Wg k3) 


g 
Be (26.22) 


Analogously, from the covariant derivatives of yi, y}, and y}, we obtain 
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g 2 
Ss (Wike - Wak) 


2 
E (-x, + yc — 53X2) 
gk2 

Cw 


} 


(26.23) 


? 


2 
(-xı + V c2, Em 57X2) 


p] 


respectively. The covariant derivatives of Af* and of A$* do not yield any mass 
term for the gauge bosons, but the covariant E of AT, TA h, AZ, and 
A®, yield 


(26.24) 


respectively. Putting everything together, we obtain the mass terms for the 
charged gauge bosons, 


2 2 
Lal aa —ktk3 we 
2 (W7 W3 2 25 
g (W, Wg) Ik1|2 + [k2]? w+ , (26.25) 
— kı ko e A R 


and for the neutral gauge bosons, 


2 X 
I 2—2 : 
a (X Ve EX) M ( woes) (26.26) 


where 
[ki |? + [kəl [ki |? + |k2l" Sy 
SUE + FP -AEL + IF? 
a w w 
Pte s pp (RP + Uhl? SB LFLI? + ob FaP 
4 c2, — 82, 4 Cia 


(26.27) 

In eqn (26.25) we see that WF and WÈ mix if kı and kz are simultaneously 
non-zero.°? The product kıkə has T3 = —1 and Trg = +1. We may therefore 
without loss of generality choose a gauge in which kıkə is real, rendering the 


69It is difficult to have k2 = 0 when kı Æ 0 (or vice versa), because the scalar potential 
contains terms linear in k2 when ki, FL, and Fr do not vanish. Those terms draw k2 away 
from k2 = 0. See eqn (26.36) below. 
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We-Wz mixing real. The physical charged gauge bosons are the eigenstates of 
the mass matrix in eqn (26.25) and can be written 


Wı \ _ fcos¢ —sin¢ WL 
ea 7 bs. cos Ç hal 26:28) 
It will be shown in § 26.2 that there is a region of parameters of the Higgs 
potential which leads to a minimum with |Fr| 4 |F|. In this case, parity is 
spontaneously broken. The crucial assumption of the LRSM is that |Fpr| is much 


larger than |k;|, |k2|, and |F |. In this case, the mixing angle ¢ and the masses 
of W, and W- are approximately given by 


kik 
|FR|?’ 


Miy, ~ g’ (ALP T 


¢ 


[a |? + |k2l” 
) ) 
[ki |? + ar) 


(26.29) 


my, © g (\FaP? F > 
Since C < 1, Wi and W2 coincide, to a good approximation, with Wz and Wp, 
respectively. Similarly, Xı and X2 are approximate eigenstates of mass, with 
squared masses 


2 2 2 
g“ [ \kil- + |ke| 
mx, ~ c2 Gea + 2|F,|? ’ 
(26.30) 
ph. es g? | (kil? + lkel?)(c%, — 8%) 4 gSulFal’ + c4,|FR|? 
X2 X C2, 2 c2, — 82, 


Both WÈ and X% are much heavier than W# and Xj, and therefore the inter- 
actions mediated by the former gauge bosons are suppressed when compared to 
the ones mediated by the latter. In particular, the charged gauge interactions of 
the right-handed fermions are much weaker than those among the left-handed 
fermions. The gauge boson wF is identified with the W+ of the SM, and X; is 
identified with the Z of the SM. 

We would like the mass of X, to be approximately equal to the mass of Wr 
divided by cw, because this is an experimental fact. From eqns (26.29) and (26.30) 
we see that, in order to obtain this, we must assume |F; |? to be much smaller 
than |k,|* + |k2|?. Indeed, the SM relationship mw = cymz is a consequence 
of the fact that the breaking of SU(2)L is effected by doublets. The VEV of a 
triplet of SU(2) must be very small compared to the VEV of at least one of the 
doublets. 


26.2 Spontaneous symmetry breaking 


This section contains an analysis of the scalar potential of the LRSM, and of the 
conditions under which spontaneous P and CP breaking may be obtained. Some 
readers may prefer to skip all but the first subsection. 
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26.2.1 The scalar potential 
Under a gauge transformation, 

p => ULU}, ¢7U,dUt, (26.31) 
ot > Urdtul, gt > Ur¢tut. : 


Parity interchanges Uz and Ur. Therefore, ¢ should transform under parity into 
some unitary combination of ¢' and ¢!. We shall assume that ¢ is transformed 
into ¢'. It can be shown (Ecker et al. 1981a,b) that this is the only choice leading 
to realistic quark masses and mixings. Thus, we assume that the Higgs multiplets 
transform under parity in the following way: 


od, Ar & Ap. (26.32) 
After elimination of all redundant terms, the scalar potential may then be written 
V = mtr (od) + matr (414 + øt) 

+1 [tr (4'4)]” + rote (stadt + otot) 

+Astr (Ø'4) tr (dtd + od) + Astr (dt9) tr (t8) 

+ustr (A$ Az +AbAR) +dstr (AL AL AT AL + AL ArALAR| 

tetr (ALAL ALA, + ALA ARAR) + Artr (AL Az) tr (AR An) 

me [tr (A, Az) tr (akah) +tr(ARAR)tr aA 

Jistr (AL Arde! + ALA rote) + Aotr (at Ar d¢t + ALA nd'd) 

+Autr (Af Arod! + At Ard'd) +X tr (AL Ard¢t + Ay And'¢) 

+otr (Ab dAndt + AhGtALd) + Astr (AL dAndt + Ah dt Are) 

FAtr (Alga nol AL.dt Ard) l (26.33) 


We have used the letter u for couplings with dimension of mass squared, and 
the letter À for dimensionless couplings. All couplings except maybe Aj, are real 
because of Hermiticity together with parity. 

Let us consider the vacuum expectation value of the potential. The terms 
in the potential with coefficients Ag and Ag have zero VEV. We introduce the 
notation 

|ki| = K coss, 
|k2| = K sins, 
|Fr| = F cosr, 
|F L] = F sin r, 


(26.34) 
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where K and F are two positive quantities with mass dimension, while s and 
r are two angles of the first quadrant. Also, we denote the two gauge-invariant 
vacuum phases 

ô = arg (kık2 F} FR) , 


26.35 
a = arg (kk3). ( ) 


One then obtains 


Ag + Ai0 


(O|V 0) = p K? + \,.K* + ug F? + às F^ + F° K? 


+2u K? sin 2s cosa + àz K* sin? 2s cos 2a 


+23 K* sin 2s cosa + \4K‘ sin? 2s 
— -À 
+ Aa is ps sin? 2r + 2 Ao pag? cos 2s 
+ F? K? sin 2s (Re 11 cosa — Im 4; cos 2r sin a) 


+F? K? sin 2r [A12 sin s cos s cos 6 
+13 cos? s cos (6 + a) + à14 sin? s cos (6 — a)]. (26.36) 


26.2.2 Spontaneous breaking of P 


In order to analyse whether parity can be spontaneously broken, one has to 
examine in detail the r-dependence of the Higgs potential. We shall assume that 
the parameters of the scalar potential are chosen so that F is much larger than 
K. In order to obtain this, one clearly has to make some fine-tuning of the 
couplings in the potential. We shall assume, though, that no other fine-tuning of 
parameters beyond this one is done, i.e., that no coupling, and no combination 
of couplings, is assumed to be ~ K?/F? in order to obtain spontaneous breaking 
of either parity or CP. 

As F > K, the r-dependent part of the potential is dominated by the term 
(A7 — 25) Ft sin? r cos? r. If \7 — 2As5 < 0, the minimum of this term occurs for 


sinr = cosr = aH © |Fr| = |FLI. (26.37) 
For A7 — 2As5 > 0, one has two possible minima: 


sinr = 0 & Fr = 0, 


26.38 
sinr = 1 & Fr =0. ( ) 


The extremum of eqn (26.37) is parity-conserving, while those of eqns (26.38) lead 
to spontaneous parity violation. Obviously, we are interested in the minimum 
corresponding to Fz = 0, at this level of approximation. 

We next consider the subleading r-dependent terms in the potential. There 
are two such terms, one proportional to F? K? cos2r and another proportional 
to F? K? sin2r. These subleading terms pull the minimum of the potential to 
sin 2r ~ K?/F?, thus leading to 

K? K? 


A 


r (26.39) 
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One has thus a minimum characterized by F2 >> |ki|? + |ko|? >> F?, ensuring 
that mw  Cymz, as desired. The vacuum state is related by parity symme- 
try to another possible vacuum with the same energy density, characterized by 
|Fr/Fr| ~ K*/F?. We assume that it is the first vacuum which is realized in 
nature, or at least in that part of the Universe in which we live. Then, the lowest- 
energy charged-current weak interaction is among the left-handed fermions and 
not among the right-handed ones, as experimentally observed. 


26.2.3 Spontaneous CP breaking 


We next investigate whether CP can be spontaneously broken in the minimal 
LRSM. In the LRSM it is natural to assume CP to be a spontaneously bro- 
ken symmetry, since parity is spontaneously broken too. We impose CP at the 
Lagrangian level, assuming the trivial CP transformation: 


p3o0 eS ake SA: (26.40) 


CP invariance then constrains 1; to be real. It is convenient to write the VEV 
of the potential as 


Ag + A 
(O|VO) = m K? + M1 Kt + uaF? + Ag F* + TAN pap? 
FAK Sir 26:4 aa Si gy? cos 2s 
+(m3K? hR + l7F? K?) sin 2s cosa + lg K4 sin? 2s cos 2a 
nA (26.41) 


with 


V, = lg F4 sin? 2r + F? K?V; sin 2r, 


A (26.42) 


Vs = lio sin 2s cos ô + 1,1 sin^ s cos (ô — a) + 1,2 cos? s cos (ô + a). 


We have changed the notation in the following way: 2u2 — m3, 2A3 — le, 
Re À11 =? l7, AQ =? lg, A7 = 2A5 => Aly, 12 =>} 2lio, A14 => li, and A13 => lio. All 
the d-dependent terms are in V5, and all the r-dependent terms are in V,. 

Consider the minimization of V, as a function of r. We choose ly > 0 as in the 
previous subsection. We may always obtain V < 0, if necessary by transforming 
ô — n +ô. With Vs < 0, the minimum occurs at the extremum 


VK? 


sin 2r = ~ DoF? 


<1. (26.43) 
This gives V, = —V2K*/(Alg). 
We proceed with the minimization relative to 6. Defining 


A = [hosin2s + (liu sin? s + 112 cos? s) cos a| + (lı sin? s — 112 cos? s)” sin? a, 


(26.44) 
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the minimum is given by 
(111 sin? s — liz cos? s) sina 


vA | (26.45) 


— osin2s + (lii sin? s + li> cos? s) cosa 
= JK : 
which leads to Vs = VA at the minimum. As we want V; < 0, we choose the 


negative sign for the square root. 
Under these conditions, the extremum condition for a is 


sind = 


cos 6 


0= s AOO = K*sin2ssina _ bo (141 sin? s + 112 cos” s) K? 
Oa 2 
+m3 + lK? T l,F? 
+ (ars 2 ae) K? sin 2s cos a (26.46) 
9 


The trivial solution of eqn (26.46) is sina = 0, which implies sind = 0, see 
eqns (26.45), and is therefore a CP-conserving solution. If we want to have spon- 
taneous CP breaking we must choose the non-trivial solution of eqn (26.46), 
_ 2lo (m3 + l K? + lF?) = lio (lii sin? S+ lie cos? s) K? 26.47 

one (hiliz — 8lglg) K? sin 2s l ( ) 
However, because |cos a| cannot exceed 1, this solution only exists if l7 ~ K?/F?, 
or else if some cancellation occurs in the numerator such that it ends up being of 
order K? instead of being ~ F°, as one should a priori expect. We conclude that 
having spontaneous CP violation in the minimal LRSM requires fine-tuning. 

Our derivation was based on the assumption that under CP the scalar fields 
transform as in eqn (26.40). We might try and define CP symmetry in a different 
way. However, it can be shown that no spontaneous-CP-breaking solution ever 
exists in the minimal LRSM unless some unnatural fine-tuning is assumed, in 
the sense that some quantity which should be of order F? is assumed to be of 
order K? instead. Thus, spontaneous CP violation is unnatural in the minimal 
LRSM (Branco and Lavoura 1985). 

There are however extensions of the LRSM, with an enlarged scalar sector, 
in which spontaneous CP breaking is possible without any contrived fine-tuning. 
The simplest extensions of the minimal LRSM which can lead to natural spon- 
taneous CP breaking are: 


1. Add a real scalar singlet 7 which transforms under P and under CP in the 
following way (Chang et al. 1984): 
n> =n, n> =n, (26.48) 


while the fields ¢, Az, and Ap still have the transformation properties in 
eqns (26.32) and (26.40). In this case there are new terms in the Higgs po- 


tential, in particular in tr (at¢ — p'e) and 7? tr (ate + gt), which make 
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it possible to have spontaneous CP violation without fine-tuning of cou- 
plings. 

2. Add another scalar multiplet ¢’ transforming under the gauge group in the 
same way as @. In this case, there are many more phase-dependent terms 
in the Higgs potential and, again, a CP-breaking vacuum can be obtained 
without fine-tuning. 


26.3 Quark masses and mixing matrices 
26.3.1 Mass matrices 
The Yukawa couplings of the quarks are given by 


LP = Qr (4r: + 62) Qr t+ Qn (GT + dh) Qr, (26.49) 


where I; and [> are ng X ng matrices in generation space. We shall assume 
that ¢@ transforms under parity as in eqn (26.32). As we have mentioned, this 
is the only choice leading to a realistic quark spectrum. Taking into account 
that parity interchanges QLa and Qra—where a = 1,2,...,n, is a generation 
index—it is clear that parity invariance constrains the Yukawa-coupling matrices 
to be Hermitian, i.e., T} = T? and [> = ri. 

The mass matrices for the up-type and down-type quarks, defined by the 
mass terms pr Mppr and np M,, np, are, respectively, 


Mp = kil: + kšľ2 


26.50 
Mn = kəli + kilo. ( ) 


These are not the most general complex matrices, still they do not lead to any 
constraints on observable quantities like the quark masses. 


26.3.2 Mixing matrices and CP-violating phases 


The quark mass matrices are bi-diagonalized in the usual way, see eqns (12.14) 
and (12.15). The charged-current Lagrangian can be written in terms of the 
quark mass eigenstates as 


g _ J Lays Ñ 1+ 5 
$a! (wi. -E + WA, Vr =Ë ) d+ He, (26.51) 
where ; 
Vr = UP'UP, 
a ; 7 (26.52) 
V= URU? 


are the charged-current mixing matrices. They are ng X Nng unitary matrices. 
Just as in the SM, the neutral-current Lagrangian does not change its form 
when expressed in terms of the quark mass eigenstates ua and dg. This is due to 
the fact that all quark fields of a given charge and helicity have the same Tz3, 
Tpr3, and Y. Hence, the neutral gauge interaction is not a source of CP violation 
in the LRSM. 
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In the charged-current Lagrangian we should take into account the fact that 
Wz and Wi are not the eigenstates of propagation, because they mix. However, 
as we have stressed before, the Wi-Wx mixing may be made real by a gauge 
choice, and therefore it is not a source of CP violation. 

In general, the two mixing matrices Vr and Vr contain a total of ng(n, + 1) 
phases. However, we may rephase the quark fields, 


Ula = exp (if La) ULa; 
“Ra = exp (Pra) URa (26.53) 
dig = exp (iXLk) dLk, 
nk = EXP (ÎXRk) dRk- 
Then, 
(Vidar = EXP li (Ora — Xrk)] (Vr) ak > 
V! = ) 0 a” V , 
( ak exp [i (Ora — XRk)] (VR) ot (26.54) 


my = exp [i (Ora — 9Ra)] Ma, 
m, = exp [i (XLk — XRk)| Mk. 


We see that, if we require the mass ma of the up-type quark @ to remain real 
and positive, we must impose ÎLa = ÎRa. Similarly, we must set XLk = XRk in 
order that the mass m, of the down-type quark k remains real and positive. This 
means that the rephasings of the left-handed and right-handed quark fields must 
be identical, and as a consequence we can only eliminate 2n, — 1 phases from Vz 
and/or from Vr by means of rephasings. The total number of meaningful phases 
is thus 

NR se = (Mg +1) — (2ng — 1) =n? — ng +1. (26.55) 


Therefore, even in the one-generation case there is one CP-violating phase re- 
maining. We shall soon see the origin of this phase. 

In general, the total number of CP-violating phases in the LRSM is given in 
eqn (26.55). However, the distribution of these phases by the mixing matrices 
Vz and Vpr has some arbitrariness, since it depends on which phases we choose 
to eliminate. A convenient choice consists in using the rephasing freedom to 
eliminate the maximum number of phases from Vz. With this choice the number 
of CP-violating phases in Vz and in Vr will be given by, respectively, 


(ng — 1)(ny — 2) 
9 ? 

Ng(Ng + 1) 

DE 


N; = 
(26.56) 
NR = 


For two generations one has N; = 0 and Nr = 3, and in this case all CP violation 
arises from the right-handed charged currents.”° 


70The fact that even for two generations one can obtain CP violation in the LRSM provided 
some of the original motivation to introduce this model. One should keep in mind that at the 
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(b) 

Fic. 26.1. Diagram generating an electric dipole moment for the down quark 
in the LRSM with one generation of quarks. (a) The diagram is drawn in 
the basis of the unphysical gauge bosons Wz and We. (b) The diagram is 
drawn in the basis of the physical gauge bosons ws and Ws. 


The origin of the extra CP-violating phases in the LRSM lies in the fact 
that we now have two mixing matrices, Vg and Vr, with the same rephasing 
properties. This means that arg (Vz) ak (VR) il: for any up-type quark a and 
for any down-type quark k, is a meaningful phase; the sine of any of these phases 
is CP-violating. In practical calculations these phases always appear multiplied 
by the masses of the corresponding quarks. Indeed, from eqns (26.54) we see 
that the rephasing-invariant quantities are m*m, (VL), (Vr).,- Of course, in 
practice one takes Mma and mz, to be real and positive. 

We now see the reason why in the LRSM there is one CP-violating phase 
even in the case n, = 1. Indeed, if there were only the up and the down quarks, 
then the quantity (Vz),,,(Vr),4 might be complex and cause CP violation. In 
a practical calculation such a quantity might arise in the interference of two 
diagrams, one of them with a V — A interaction and the other one with a V + A 
interaction; or in a single diagram with both interactions, like for instance a 


diagram for the electric dipole moment of a quark mediated by a Wz mixing 
with a Wx (Fig. 26.1). 


26.3.3 Manifest and pseudo-manifest left-right symmetry 


In the above analysis, we have assumed that the quark mass matrices are arbi- 
trary, i.e., that they are neither Hermitian nor symmetric. This leads to Vz; and 
Vr being completely independent, with different mixing angles and phases in the 
left-handed and right-handed charged currents. This case is often referred to as 
having ‘non-manifest left-right symmetry’ and it can be realized if T; and To 
are complex and a Æ 0. Next we shall consider two particular scenarios: 


time when the model was proposed, only two incomplete generations were known, since the 
charm quark had not yet been discovered. 

When there are only two generations, eqns (26.56) imply that we may set Vz real. All CP 
violation then arises from the right-handed gauge interactions and, as such, it is expected to be 


2 
suppressed by (mw, /mwp ) . This suppression of CP-violating effects (Chang 1983a,b) was 


another attractive feature of the LRSM; however, it does not hold for three or more generations 
(Branco et al. 1983; Mohapatra 1985). 
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1. CP is explicitly broken, but a = 0. This means that we may choose kı and 
kə simultaneously real which, in view of the fact that the Yukawa-coupling 
matrices are Hermitian, leads to Mp = M} and M, = MÌ. This case is 
called ‘manifest left-right symmetry’. 

2. Spontaneously broken CP (a # 0). Let us assume that CP is a good sym- 
metry of the Lagrangian, with the scalars transforming as in eqn (26.40). 
CP invariance then constrains [; and I, to be real, while P invariance 
enforces Hermiticity. The mass matrices Mp and Mn are then symmetric. 
However, they will in general be complex, since a # 0. This case is often 
referred to as displaying ‘pseudo-manifest left-right symmetry’. 


One should emphasize that the scenario of manifest left-right symmetry is quite 
contrived. Indeed, once CP is not assumed to be a symmetry of the Lagrangian, 
there are in general terms in the vacuum potential dependent on sin a and other 
terms dependent on cosa (see eqn 26.36), and it is difficult to see how a can 
turn out to vanish. 

In the case of manifest left-right symmetry Mp and Mn are Hermitian. They 
are diagonalized by unitary transformations, i.e., U? = URX? and UP = URX™, 
where X? and X” are diagonal orthogonal matrices, needed to render the quark 
masses non-negative. As a result Vg = X?VRX", i.e., the mixing matrices ap- 
pearing in the left-handed and right-handed charged currents are essentially the 
same. In this case, the number of CP-violating phases coincides with the corre- 
sponding number in the SM. 

In the case of pseudo-manifest left-right symmetry the quark mass matrices 
are symmetric. From the first eqn (12.15) one obtains 


U?' M,MtuP = UR? MÌ M,U?, = M2. (26.57) 
Taking into account that Mp is symmetric, one derives from eqn (26.57) 
U?" M*M,UP* = U2'M*M,U® = M2. (26.58) 


From eqn (26.58) one concludes that UP” = U2K?, where K? is a diagonal 
unitary matrix. Similarly, for the down sector one has U?* = URK”. This leads 
to 

Vr = tevin. (26.59) 


Taking into account that K? and K” contain 2n, — 1 meaningful phases, one 
concludes that the total number of phases in this case is ng (ng + 1)/2. Ifn, =1 
or ng = 2 this is the same as the general case in eqn (26.55): one phase for one 
generation, three phases for two generations. For three generations, however, the 
general case admits seven CP-violating phases, while the case of pseudo-manifest 
left-right symmetry only has six phases. 

Another way to look at this case consists in using the rephasing freedom of 
the quark fields to transform 


Vh = (KP)? Vp (K")?, 


26.60 
Vi = (Kr)? V; (Kn)? ( ) 
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One then obtains Vp = V7". 

Thus, in the case of manifest left-right symmetry the two mixing matrices 
may be chosen to be equal; in the case of pseudo-manifest left-right symmetry, 
they may be chosen to be the complex-conjugate of each other. 


26.4 Weak-basis invariants and CP violation 


In this section we study the CP properties of the LRSM through the method of 
weak-basis invariants, which was derived and applied to the SM in Chapter 14. 


26.4.1 Conditions for CP invariance 


Let us consider the Lagrangian of the LRSM, assuming that the original gauge 
symmetry has already been broken into the U(1) of electromagnetism. The most 
general CP transformation of the quark fields which leaves invariant the gauge 
interactions is 


(CP) pr (t, F) (CP)! = KLP CTT! (t, -7), 
(CP) nz (t,7) (CP)! = KLP CTT! (t,-7), 
i yas (26.61) 
(CP) pr (t, r) (CP) = Kry Cpr’ (t,-17), 
(CP) nr (t,7) (CP)? = KRP CTR (t, -7), 


where Kz and KR are ng X ng unitary matrices acting in family space. Note 
that, due to the presence of the right-handed charged current, pr and nrg must 
transform in the same way under CP; this is the crucial difference between the 
CP properties of the LRSM and of the SM. 

One readily concludes that, in order for CP invariance to hold, the quark 
mass matrices must satisfy 


K! M Kpr = My, 


P (26.62) 
Kİ MKr = M?. 


One may thus state 

Theorem 26.1 The gauge interactions of the LRSM, together with the quark 

mass terms, are CP-invariant if and only if the quark mass matrices Mp and 

Mn are such that unitary matrices Kr and Kr exist which satisfy eqns (26.62). 

26.4.2 Weak-basis transformations 

In the LRSM, a weak-basis transformation is more restricted than in the SM: 
QL = WLQ1, 
Qr = WrQp. 

The right-handed quarks pr and np now transform in the same way, because 


of the presence of the right-handed charged current. The quark mass matrices 
transform as 


(26.63) 
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M! = Wi MWh, 
M! = WÌ M Wp. 


Following a line analogous to the one in § 14.3, it is easy to show that Theo- 
rem 26.1 is weak-basis independent. 


(26.64) 


26.4.3 CP restrictions in a special weak basis 

In order to understand the restrictions that eqns (26.62) imply on Mp and Mn, 
it is useful to work in the weak basis in which M, = M, is diagonal and real. 
Such a weak basis always exists in the LRSM, as was also the case in the SM. 
Assuming the up-type-quark masses to be non-degenerate, one then finds 


K; = Kr = diag [exp (iô; )] ; (26.65) 


and 
Ôj — Ôk 


arg (Mn), = (mod 7). (26.66) 


Thus, CP invariance constrains Mn to have cyclic phases in the weak basis where 
M, is diagonal and real. 

The matrix M, is in general complex, having n? independent phases. The 
requirement that it has cyclic phases corresponds to n? — (ny — 1) independent 
restrictions. As expected, this number coincides with the number NIR se of in- 
dependent CP-violating phases appearing in the left-handed and right-handed 
charged currents, in the mass-eigenstate basis. 

It is useful to compare the LRSM with the SM. In the SM, CP invariance 
requires the Hermitian matrix M,M) to have cyclic phases in the weak basis 
in which M,M} is diagonal. In the LRSM, CP constrains an arbitrary complex 
matrix Mn to have cyclic phases in the weak basis in which M, is diagonal. 
Thus, CP invariance is a much stronger requirement on the LRSM than on the 
SM. One understands in a simple way why in the LRSM it is possible to have 
CP violation for one or two generations, while in the SM this is not possible. 
Indeed, 1 x 1 and 2 x 2 Hermitian matrices automatically have cyclic phases, 
while a 1 x 1 or a 2 x 2 general matrix does not necessarily have phases with 
that property. 


26.4.4 Weak-basis invariants 
In this subsection we shall construct necessary conditions for CP invariance, 
expressed in terms of weak-basis invariants (Branco and Rebelo 1985). From 
eqns (26.62) one obtains 

Kl kpea HT, 


26.67 
K!H,K, = HT, l ) 

where H, = M,M} and Hn = M„MÌ. It follows that 
tr [Hp, Hn] =0 for r odd. (26.68) 


These are the weak-basis-invariant conditions for CP invariance which were al- 
ready encountered in the SM. The LRSM has, however, other WB invariants 
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which must also vanish in order for CP to be conserved. Indeed, one also obtains 
from eqns (26.62) that 


KLH Kp = Hi’, 


26.69 
KLH' Kr = Hi’, oes 

with H, = M}M, and H}, = M} Mn. It follows that 
tr [H), H}]".=0 for r odd. (26.70) 


The matrices H, and H, are diagonalized by unitary transformations of the 
right-handed quark fields. Therefore, the conditions of eqn (26.70), when written 
in terms of quark masses and mixing angles, have the same form as those of 
eqn (26.68), with the mixing angles of Vz substituted by those of Vr. 

Obviously, the lowest value of r for which the conditions of eqn (26.68) and 
eqn (26.70) are non-trivial is 3. Therefore, those invariants have mass dimensions 
of at least twelve. In the LRSM there are other WB invariants, relevant for the 
study of CP violation, which have no counterpart in the SM and have a much 
lower mass dimension. Indeed, from eqns (26.62) one obtains 


K}M,MiK, = MŽ MĪ. (26.71) 
Taking the trace, one obtains 
Im tr (M,M!) = 0. (26.72) 


This is a necessary condition for CP invariance of the LRSM for any number of 
generations. The remarkable feature of eqn (26.72) is that it is non-trivial even 
for one generation. Indeed, eqn (26.72) reads 


Q 


NO X mamelm [(Va)ak (Vi) ie] = 0. (26.73) 
k 


In particular, for one quark generation, one has 
Im [(Vr)ua (Vr zal == (26.74) 


This result agrees with our considerations in § 26.3.2. 


26.5 Phenomenological implications 


The phenomenological implications of left-right-symmetric models depend to a 
large extent on whether the left-right symmetry is manifest or pseudo-manifest. 
Considering the latter case, with spontaneously broken CP, a detailed phe- 
nomenological analysis was carried out by Ecker and Grimus (1985), who ex- 
tended earlier work by Chang (1983a,b) and by Branco et al. (1983). Imposing 
the requirement that the absolute value of the new contribution to Am in the 


K°-K® system should not exceed the experimental value, they obtained the 
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bound my, > 2.5 TeV, which improved the earlier bound derived by Beall et 
al. (1982). It has also been pointed out by Ecker and Grimus (1985) that the 
ratio ¢'/e in the LRSM can have either sign, and is correlated with the value of 
the neutron electric dipole moment. The possibility of having a small value of 
e' /é€ was, at the time of their calculation, very interesting, since the prediction of 
the SM was thought to be e’/e > 2 x 1078. At present, and taking into account 
the high value of the top-quark mass, values ~ 1074 for |e’/e| can be obtained 
within the SM, and therefore that ratio is no longer a very useful parameter to 
distinguish between the SM and the LRSM. 


26.6 Main conclusions 


e Due to the presence of a charged current with the right-handed quarks, 
there are new sources of CP violation in the left-right-symmetric model. 
These arise from the possibility that the corresponding matrix elements 
for the left-handed-quarks mixing matrix and for the right-handed-quarks 
mixing matrix might have different phases. 

e In the LRSM, CP violation may be present even in the case of only one 
family. 

e In the LRSM, there are weak-basis invariants relevant for CP violation of 
much lower mass dimension than in the SM. 


It should also be pointed out that the scalar sector of the LRSM is quite com- 
plicated, and may be the source of various effects, including CP violation. 


27 


THE STRONG CP PROBLEM 


27.1 Introduction 


In this chapter we make a short introduction to an intriguing problem of the 
standard model of the strong and electroweak interactions: the ‘strong CP prob- 
lem’. This problem might as well be called the ‘strong P problem’, because its 
crux is the possible presence in the strong-interaction Lagrangian of a P- and 
CP-violating term called the ĝ-term. We shall focus our attention on possible 
implications of the strong CP problem to model-building. Although the strong 
CP problem is, to a great extent, still an open question in particle physics, it 
is possible to construct models for the electroweak interaction which keep the 
strong CP problem at bay. The hope is that the strong CP problem may provide 
a clue to the ‘true’ model of CP violation. 

We shall consider only briefly the origin of the strong CP problem. Thus, in 
§§ 27.2 and 27.3 we make a rather perfunctory introduction to the U(1)a problem 
and to instantons; indeed, it is the U(1)4 problem which forces the inclusion into 
Lacp of the 6-term, which is justified by the existence of special solutions to 
the equations of motion of the Yang-Mills theory in the Euclidean metric, called 
instantons. Readers who do not want to delve into these side issues may prefer 
to skip both sections. We proceed to explain, in § 27.4, the strong CP problem 
itself, and in the following sections we review some possible ways of solving it. 


27.2 The U(1)a problem 


The strong CP problem is closely related to the U(1)4 problem of quantum 
chromodynamics (QCD) and to its solution as proposed by ’t Hooft (1976). 
Therefore, we shall start by briefly recalling the main features of the U(1)a 
problem. For a detailed analysis of that problem and its solution the reader may 
consult the reviews on the subject (Coleman 1978; Crewther 1978; Christos 1984; 
’t Hooft 1986). 

Let us consider the QCD Lagrangian for two massless flavours u and d: 


a 
Lacno = -iF F + SO (Tint Oua. + Js" Gu = wv) (27.1) 
q=u,d 
cf. eqn (3.90). We have omitted the quark mass terms. In this limit, Cacp has 
a global symmetry SU(2)p@SU(2),@U(1)R@U(1)L. The vectorial part of that 
symmetry is SU(2)v=SU(2)rit and U(1)vÆU(1)r+L. This corresponds to the 
transformations 
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SU(2)y: e — exp (iT) er 


U(1)v: o — exp (iĝ) P y 


where 7° (a = 1,2,3) are the Pauli matrices. The symmetries in eqns (27.2) 
are manifestly realized in nature: SU(2)y is isospin, and U(1)y corresponds to 
baryon-number conservation. 

The symmetry SU(2)a=SU(2)r-L, on the other hand, is spontaneously bro- 
ken by quark condensates 


(27.2) 


(Olaiul0) ~ (0|dd]0}, (27.3) 


leading to three Goldstone bosons, which are identified as the isotriplet of pions. 
The pions are massless in the chiral (massless quarks) limit; once non-vanishing 
but small quark masses m, and mg, are included, the pions acquire a mass which 
is small when compared to the strong-interaction mass scale Aqcp. 

We now turn our attention to the symmetry U(1)4=U(1)R_1, which corre- 
sponds to the transformation 


H + exp (i730) a | (27.4) 


If U(1)a stayed unbroken, this would imply a parity doubling of the hadron 
spectrum, which is not observed in Nature. On the other hand, if U(1)4 were 
spontaneously broken, one would expect a fourth Goldstone boson, with mass 
comparable to the one of the pions. Indeed, taking into account the quark masses 
Mm, and mq, Weinberg (1975) has shown that the mass mp of the Goldstone boson 
associated to U(1)a should satisfy the relation 


mo < V3m,z. (27.5) 


However, there is no experimentally observed particle which can be identified 
with this Goldstone boson. The meson 77 has the right quantum numbers, since 
it is a zero-isospin pseudoscalar, but it is too heavy: m, = 547 MeV while m, = 
138 MeV, grossly violating eqn (27.5). 

If one considers QCD with three flavours instead of two, the spontaneous 
breakdown of the chiral symmetry SU(3), leads to eight Goldstone bosons, which 
acquire mass once the light-quark masses myu, mg, and m, are introduced. There 
is again a symmetry U(1)a corresponding to the transformation of eqn (27.4), 
where now s — exp(i750)s too. The spontaneous breakdown of this symme- 
try should lead to a ninth Goldstone boson, which is not observed. This is the 
U(1)a problem: the spontaneous breakdowm of the symmetry U(1), predicts 
the existence of a ninth light pseudoscalar, beyond the eight light pseudoscalars 
resulting from the spontaneous breakdown of SU(3)a4. Experimentally one only 
observes eight light pseudoscalar mesons: the three pions, the four kaons, and 
the 7. The ninth light pseudoscalar is not found in Nature. 
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27.3 Instantons 


The solution of the U(1)a problem is related to the complex structure of the 
vacuum of QCD. An important role is played by topologically non-trivial solu- 
tions of QCD named instantons. Instantons (for a review see Rajaraman 1982) 
are finite-action solutions of the classical field equations for non-Abelian gauge 
theories in Euclidean space. 

For simplicity, let us consider an SU(2) Yang-Mills theory (Yang and Mills 
1954), whose structure constants are given by the completely antisymmetric 
tensor €7°: se . 

F a 2 pete (27.6) 
where 7° denote the Pauli matrices. There are three gauge fields, G4. The field- 


strength tensor is 
Fi, = ô GY — LG, + ge G? GS, (27.7) 


cf. eqn (3.92). It is convenient to write both the gauge fields and the field-strength 
tensor in the form of 2 x 2 matrices: 


Q 
C= -iga 


ya (27.8) 
Fu = 19 Fy >: 
Then, eqn (27.7) may be rewritten as 
Fiv = OnGy = OG yu + (ea G] . (27.9) 
The gauge Lagrangian is 
a apvV 1 V 
-4 Fp F” = J Big a (27.10) 
Under a gauge transformation given by the matrix of SU(2) 
T? 
U = exp (iga) (27.11) 


one has, if ¢ is a doublet of SU(2), ¢ + Ud. The covariant derivative 0,¢+G,¢ 
should transform in the same way as ¢ itself; therefore, 


G, > UG,U~' — (0,U)U™. (27.12) 
If the parameters a° are infinitesimal, this translates into 
Go GO + gG? a° + ôa’, (27.13) 


cf. eqns (11.27). 
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One is looking for solutions of the classical Yang-Mills theory for which the 
Euclidean action is finite, i.e., 


K00. (27.14) 


J dtz tr Fy FY” 


In order to have this condition satisfied, F,» should approach zero when |z| goes 
to infinity. This implies that G, is a gauge transform of zero at infinity, i.e., 


G,(z) = — (3 U) UT! (27.15) 


for x at infinity in the four-dimensional Euclidean space.”! Those points x form 
a three-dimensional sphere, S3. Therefore, we must have a mapping of S? (the 
points z at infinity) into SU(2) (the matrix U). Now, SU(2) is topologically 
equivalent to S3. This is because a 2 x 2 unitary matrix with unit determinant 
can always be written as 2° + iz*r®, with (20)? + (21)? + (23° + (23)? = 1. 
Therefore, one has to consider mappings of S? into S3. Those mappings can be 
classified in homotopic classes. Two mappings belong to the same homotopic 
class if one of them can be continuously deformed into the other one. Each 
homotopic class is characterized by a winding number. In order to understand 
this concept, it is useful to examine the simple case of a mapping S'—+S!. Take 
the function 

f(y) = exp [i (np + 9)], (27.16) 
where n is an integer. Consider two such functions, fı (y) and fo(y), having the 
same value of n but two different values 6, and 02 of 0. Then, fı and f2 belong 
to the same homotopic class, since fı can be continuously deformed into fz by 
letting 0, approach 62. On the other hand, two functions with different values of 
n belong to different homotopic classes. The function f corresponds to a mapping 
of a circle onto another circle, and n tells us how many times one winds around 
the second circle when one goes around the first circle once. In this case, one 
may write the winding number as 


Analogously, in the case of mappings S* >S%, a winding number exists which 
may be expressed as (Coleman 1978; Rajaraman 1982) 


"OR 1 
167? 


where FH” is the dual of F”: 
PPY = Leteo pg. (27.19) 


Here, e””?7 is the totally antisymmetric tensor with four indices. 


2 
PHV g a papv 
J Martr FF" = -753 / CE (27.18) 


Ti Notice that G, must have the form in eqn (27.15) only for |z| —> oo. In particular, the 
gauge function U need not be well defined over the whole four-dimensional Euclidean space. 
It is the possible existence of singularities in U that leads to the introduction of topological 
indices. 
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In order to gain some familiarity with the above expression, it is useful to 
show that it is a total divergence. Indeed, 


tr Fp F" = Lere? ty Fil gg 
= Ler tr {(9,G, — Gy + (Gu, Gr]) (pGo — O2Gp + [Gp Go])} 
= ca P. tr { (3 Gv) (3 Go) + (O,GL) [Gp, Ge] + ; [Gu Go] [Gp, Gol} 
= 2e "P7 tr {Ou [GL (3 Go )] + tð, (Gy (Gop, G,|)} 
= 28,” tr {G, (0,Go + §[Gp,Go])}. (27.20) 
We have used the cyclic property of the trace and the fact that, due to 
Gy, [Gp, Gol] + [Go (Gr, Gol] + [Gp,[Go, Gr] = 0, (27.21) 
one has 
EM Potr (1G, Gr] [Gz Gr] = 0. (27.22) 
Thus, we have found that the integrand in eqn (27.18) is a total divergence: 


tr Fu F” = ô, J", (27.23) 
with 


JY = 2”? tr {Gy (OpGo + 4 [Gp Go])} 
= MP7 tr (Gy (Foo — £GpGo)] - (27.24) 


Out of all finite-action gauge fields, i.e., fields which satisfy eqn (27.14), there 
are some which solve the Yang-Mills equations of motion. In particular, Belavin 
et al. (1975) found the following n = 1 solution: 


2 
r = 
G(x) = Eee (3 LU) U i (27.25) 


where r? = (x?)? + (x1) + (x2) + (x3)* and U is an SU(2) matrix: 


0 maa 
(22 (27.26) 
T 
The solution of Belavin et al. (1975) also involves an arbitrary positive number 
d*. It is clear that, for points x at infinity, i.e., for r — oo, the field in eqn (27.25) 
approaches a pure gauge. 

It has been shown by Atiyah and Ward (1977) that there are no other in- 
stantons with n = 1 in the SU(2) gauge theory. 

Although Belavin et al. (1975) have only considered the case of the SU(2) 
gauge theory, their results apply to any non-Abelian simple group G, due to 
Bott’s theorem, which states that any continuous mapping of S3 into G can be 
continuously deformed into a mapping of S? into an SU(2) subgroup of G. 
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27.4 The strong CP problem 


Within the framework of the path-integral approach to the quantization of non- 
Abelian gauge theories, instantons correspond to paths connecting initial and 
final vacuum states with different winding number, thus leading to tunnelling 
between topologically distinct vacuum configurations (°t Hooft 1976; Callan et 
al. 1976; Jackiw and Rebbi 1976). It was shown by ’t Hooft (1976) that the in- 
clusion of instantons in the path integral leads to the breaking of the U(1)a 
symmetry without producing a Goldstone boson, thus solving the U(1)a prob- 
lem. An essential feature of this solution to the U(1), problem is that the QCD 
Lagrangian must include a term 


2 
g VT 
Lo = gon tg FO Fit, (27.27) 


where Oqcp is a free parameter. The inclusion of the 0-term is essential for the 
solution of the U(1)a problem, yet it creates another problem. The point is that 
Lo violates P and T. Indeed, it follows from eqns (3.96) that 


PEE P Seen ees. 


pv~ po 
FEET SE, (27.28) 
Cb =F 
As €4¥°7 = —éuvpo, P and T are violated by Lg, while C is conserved. This is 


puzzling, since prior to these developments it was considered that one of the nice 
features of QCD is the fact that it automatically enjoys the symmetries C, P, and 
T, in agreement with all our experimental knowledge of the strong interaction. 

One might think that the inclusion of Lg in the QCD Lagrangian would not 
affect physics, since the 9-term is a total divergence (see eqn 27.23). However, 
the complex nature of the QCD vacuum, with gauge fields which do not fall 
off to zero at infinity, both requires the presence of the -term and justifies its 
importance to physics. 

One could try and avoid the strong CP problem by postulating the P or CP 
invariance of the Lagrangian, thereby setting gcp = 0 by hand. However, the 
situation is more involved, for the following reason. In QCD, although the axial 
vector current J i is conserved at classical level, at loop level one has, due to the 
chiral anomaly (Adler 1969; Bardeen 1969; Bell and Jackiw 1969), 


2 
5 _ Fg UE 
ONS = Tgrt Faw 


(27.29) 


where ny is the number of flavours. It follows from eqn (27.29) that a U(1)a 
transformation induces in the Lagrangian a term proportional to pow pe, i.e., 
a ĝ-term. Now, in the standard model (SM) the quark mass matrices M, and 
Mn, generated upon the spontaneous breaking of SU(2)®U(1), are in general 
arbitrary complex matrices, which are diagonalized by the bi-unitary transfor- 
mations of eqns (12.15). These transformations include in particular the chiral 
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transformation necessary to make M„ and M, real. This induces a contribution 
to 6acn, : 
6acp >00 = ÎQcD + OQFD, (27.30) 


where 
ÎQFD = arg det (M,M,) : (27.31) 


Under a chiral transformation of the quark fields both 6gcp and 8qrp change, 
but their sum @ remains invariant. Indeed, 6 is the physical parameter which 
measures the strength of the P- and CP-violating effects in QCD. 

In the SM, in order to have CP violation in the charged weak interaction 
one has to allow for complex Yukawa couplings, and thus M, and Mn are in 
general complex matrices. Therefore, there is no reason for OgFp to vanish. In 
fact, within the context of the SM, even if one puts Ogrp = 0 at tree level, this 
condition will not be stable under renormalization, since arp receives divergent 
contributions at higher orders of perturbation theory (Ellis and Gaillard 1979). 

The most stringent constraint on the 9-term arises from its contribution to 
the electric dipole moment of the neutron, D,, which is P- and T-violating. 
Indeed, using a bag model Baluni (1979) obtained 


Dn = (2.7 <10-** 6) ecm. (27.32) 
Crewther et al. (1979) evaluated Dn in chiral perturbation theory and obtained 
Dn = (3.6 x 1077 6) ecm. (27.33) 


Using the experimental limit (Altarev et al. 1992) D, < 1.1 x 107% ecm, one 
thus finds E 
ð <3 x 107”. (27.34) 


Why should a dimensionless free parameter have such a small value? The con- 
straint in eqn (27.34) implies a serious fine-tuning problem for the SM. It is 
unnatural, in the sense of ’t Hooft (1980), to choose an extremely small value 
for 9, since the SM does not acquire a larger symmetry when 8 = 0. This is the 
essence of the strong CP problem (for reviews see Kim 1987; Cheng 1988; Peccei 
1989). 


27.5 Ma =0 solution 


Various solutions to the strong CP problem have been proposed. Most of them 
belong to one of the following three categories: 

è M, = 0 solution; 

e Peccei—Quinn solution; 

e solution with calculable and naturally small 6. 
The first category is the simplest one: we just assume that one of the quarks (the 


best candidate is the up quark) has vanishing mass. If the up-quark mass m,, is 
zero, then 0 may be eliminated through a chiral transformation of the up-quark 
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field. One may view this in another way: if one of the quarks has zero mass, 
then Qrp is arbitrary because det (M,M,) = 0. This means that we can set 
6 = 0 with no loss of generality, and there is no strong CP violation. This is the 
simplest solution to the strong CP problem. 

However, a careful analysis by Gasser and Leutwyler (1982) and by Leutwyler 
(1996) indicates that none of the quark masses vanishes. Although this analysis 
is generally considered to be the most reliable one, it should be mentioned that 
a different point of view has been put forward by Kaplan and Manohar (1986) 
and by Choi et al. (1988). 


27.6 Peccei—Quinn solution 


An elegant solution of the strong CP problem was suggested by Peccei and Quinn 
(PQ), who have pointed out that one could have a global chiral symmetry U(1)paq 
under which both the quarks and the Higgs multiplets transform non-trivially. 
The parameter 6 then becomes a dynamical variable and it was shown (Peccei 
and Quinn 1977) in specific examples that ĝ is dynamically set to zero. 

Soon after the PQ proposal, Weinberg (1978) and Wilczek (1978) pointed 
out that, since U(1)pq is a global continuous symmetry spontaneously broken 
by the vacuum, there is a Goldstone boson, named the axion, whose bare mass is 
zero, but which acquires a small mass through instanton effects. For definiteness, 
let us consider the SM with two Higgs doublets ¢, and ¢2, and let us introduce 
the following global continuous symmetry: 


od, > edi, 
+ edo, 
- i (27.35) 
PR > epr, 
NR > e np. 
The most general Yukawa couplings of the quarks may then be written 
cY = -Q7 (Tedene + Aidipr) + Hc., (27.36) 


cf. eqn (22.18). After spontaneous symmetry breaking the neutral components of 
the doublets acquire vacuum expectation values (VEVs) (0|¢°|0) = va. Both vı 
and v2 are real and positive, without loss of generality, because there is no term 
in the scalar potential which feels the relative phase of (0|¢9|0) and (0|¢9|0). We 
expand the neutral components (see Chapter 22) as 


Pk + ink 
V2 
Since for non-vanishing vı and v2 the rephasing symmetry in eqns (27.35) is 


broken by the vacuum, just as the gauge symmetry, one is led to two Goldstone 
bosons. One of them is 


oy = UR + (27.37) 


_ vim + vnz 
vV 


(27.38) 
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with v = \/v? + v2, and is absorbed by the longitudinal component of the Z; 
the other one is eee 
A= 8 (27.39) 


which is a physical particle, the axion. Using current algebra, Weinberg (1978), 
Wilczek (1978), Bardeen and Tye (1978), and Kandaswamy et al. (1978) have 
obtained the following estimate for the axion mass: 


ng Mnfxv? V2G rmymams 
MA PNJ I aa ssn si i a 
4V1 Və (MuMa + MuMs + Mams) (Mu + Ma) 
_ NfMr fro? VV2Grmyma (27.40) 
Av, v2 Mu +M ` l 
For ns = 6, and taking Mms/Ma = 20 and ma/m, = 1.8, one obtains 
a2 
ma & 51—— keV. (27.41) 
U1 V2 


This initial version of the PQ model and the corresponding axion have been ruled 
out by experiment (see Kim 1987; Raffelt 1996). 

A simple way of avoiding the experimental bounds is by noting that both 
the axion mass and its Yukawa couplings are inversely proportional to the scale 
vpo at which the PQ symmetry is broken. In the initial version of the PQ model 
vpo was identified with the weak scale, vpo ~ v ~ Gee *_ If one considers 
instead that vpo is much larger than the weak scale, then one has very light 
and very weakly coupled axions. Models with vpo > Gar * are often designated 
‘invisible-axion models’. Two important instances are the model of Kim (1979) 
and of Shifman et al. (1980) (KSVZ model) and the model of Zhitnitsky (1980) 
and of Dine et al.(1981) (DFSZ model). We shall describe the latter, which 
is especially interesting since only standard quarks are introduced, and which 
furthermore can be easily incorporated into grand-unified theories. 


27.6.1 The DFSZ model 


We add to the two-Higgs-doublet model a complex scalar singlet of SU(2)@U(1), 
denoted S. The symmetry U(1)pq in eqns (27.35) is extended by 


S = eS. (27.42) 


The most general scalar potential consistent with U(1)po and with the gauge 
symmetry includes only one term depending on the relative phases of ¢1, ¢2, 
and S. That term is 

ia —ia 2 

e (dio2) S? +e (so) Si. (27.43) 


Then, (0|S|0) = Ve-**/? and we may expand S as 


338 THE STRONG CP PROBLEM 


(27.44) 


S = eia/2 (v P meda) 


V2 
The Goldstone boson which is absorbed by the longitudinal component of the Z 
is x in eqn (27.38); the axion is 

_ 20, V2 A + vV Io 


and there is a massive scalar No = (4v?v3 + y2y2) 1 * (WV A — 2u, v2I9). The 
couplings of the axion to the quarks are given by 


(a) V2G F = = 
£9) =.. — 2iAo4 | Wes Vv? (v3uMuysu + vidMa7sd) . (27.46) 


The mass of the axion is 


Ao (27.45) 


NfMr frv? J/2G rm mam, 


24/40202 + v2V2 \ (Muma + mums + Mams) (My + Ma) 


Since S is a singlet, it is natural to have V > v. It then follows from eqns (27.46) 
and (27.47) that the axion is both very light and very weakly coupled to the 
quarks. 

In spite of their weak coupling to matter, there has been a serious effort 
in searching for ‘invisible’ axions—see the contributions by Murayama, Raffelt, 
Hagmann et al. to the Particle Data Group (1998, pp. 264-271). Axions could be 
produced in hot plasmas, leading to energy loss by stars. A limit on the interac- 
tions of axions with photons, electrons, and nucleons can then be derived from 
the requirement that axions do not affect the observed stellar evolution. Axions 
are also a good candidate to constitute the hot dark matter of the Universe, and 
various microwave-cavity experiments, as well as telescope searches, have been 
performed under that assumption. In spite of all these experimental efforts, no 
axion has ever been found, leading to the bound Maxion < 1077 eV. 


MA, X (27.47) 


27.7 Solutions with calculable and naturally small 6 


In this class of solutions of the strong CP problem one introduces a symmetry 
through which 6 no longer is a free parameter, rather it is a calculable and 
naturally small quantity. In order to achieve this, it is necessary that ĝ vanishes 
at tree level. Since Fo, Porr is both P- and CP-violating, the simplest way to 
have ĝQcp = 0 is to impose either P or CP invariance at the Lagrangian level. P 
or CP are then spontaneously broken. When this happens, one has to guarantee, 
by means of some other symmetry, that Ogrp also vanishes at tree level. 


27.7.1 A model with spontaneous CP breaking 


The first models of this type which were suggested (Bég and Tsao 1978; Mo- 
hapatra and Senjanovi¢ 1978; Barr and Langacker 1979; Bég et al. 1979; Segré 


SOLUTIONS WITH CALCULABLE AND NATURALLY SMALL 6 339 


and Weldon 1979; Georgi 1981) had CP as a good symmetry of the Lagrangian, 
broken at the electroweak scale. Some of those models were based on low-energy 
left-right symmetry while others were based on SU(2)@U(1), but introduced two 
or more Higgs doublets, in order to obtain spontaneous CP breaking. 

A different and very interesting subclass of models was suggested by Nelson 
(1984) and generalized by Barr (1984). Among the essential features of this sub- 
class of models are the existence of heavy exotic fermions, and the fact that CP 
is spontaneously broken at a high-energy scale. The Nelson—Barr (NB) criteria 
for models of this type are the following: 


1. The fermions are divided into two sets belonging to representations F 
and R of the gauge group. The representation F is complex and contains 
fermions with the same SU(3)@SU(2)@U(1) quantum numbers as the SM 
fermions. On the other hand, R is a real representation with respect to 
SU(3)@SU(2)@U(1). 

2. The VEVs which break SU(2)@U(1) only contribute to fermion mass terms 
of the type F-F, and not to F-R, R-F, or R-R mass terms. 

3. Scalars having complex VEVs only contribute to F-R and R-F mass 
terms, but not to F-F and R-R mass terms. 


The initial model proposed by Nelson (1984) was based on SU(5), with an addi- 
tional SO(3) flavour symmetry. An interesting realization based on SO(10) was 
given by Barr (1984). In order to show how the NB mechanism works, we shall 
describe a minimal extension of the SM in which the mechanism is implemented 
(Bento et al. 1991). 

Let us consider the SM with three generations, extended through the addition 
of an isosinglet vector-like quark with charge —1/3, and of a complex electroweak- 
singlet scalar S. This model was previously considered in § 23.6 and 24.7, where 
it was described as an example of a minimal extension of the SM in which 
spontaneous CP violation can be achieved. So we shall impose CP symmetry 
at the Lagrangian level, but the Higgs potential and the Yukawa couplings will 
be such that the vacuum spontaneously breaks CP through a complex value 
(0|.S|0) = Ve'*. The fact that CP is imposed as a symmetry of the Lagrangian 
leads to 6acp = 0. In order to make the model fulfil the NB criteria, we introduce 
a Zə symmetry under which all the SM fields are even, while the new isosinglet 
quark N and the complex scalar S change sign. 

The scalar potential has been given in eqn (23.37). The most general Yukawa 
couplings invariant under SU(2)®U(1)@Z» were given in eqn (24.50). Upon spon- 
taneous symmetry breaking by the VEVs of ¢ and S in eqns (23.38), masses are 
generated for the Q = 2/3 and Q = —1/3 quarks. The 4 x 4 mass matrix for the 
Q = —1/3 quarks is given by eqn (24.52): 


_f vr 0 
Maa (22°), or 


where | | 
F=aeF+e CF". (27.49) 
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Note that, although there is only one CP-violating phase a, F is an arbitrary 
1 x 3 complex matrix. 

Let us describe how the NB criteria are realized in this simple extension of 
the SM. The fermions F are the SM ones; the fermions R are Nz and Nr. The 
scalar S, which has a complex VEV, contributes to the F—R mass term VF, but 
it contributes neither to F-F nor to R-R mass terms. The VEV of ¢, which 
breaks SU(2)@U(1), only contributes to the F-F mass terms vI’. The discrete 
symmetry Zz prevents the appearance of couplings of the type Q,¢Nrp, thus 
leading to the zero column submatrix in eqn (27.48). 

Because of the CP invariance imposed at the Lagrangian level, the Yukawa- 
coupling matrix A is real; hence, the up-type-quark mass matrix is real. Further- 
more, since both the 3 x 3 matrix vI and the 1 x 1 matrix p are real, det Mn is 
real. Therefore, 

(OQFD)iree = 0: (27.50) 


Since the vanishing of 6 at tree level results from a symmetry of the Lagrangian, 
and not from the particular values assumed by the coupling constants, higher- 
order contributions to ĝ are finite and calculable. 

It is worth recalling that, in the limit V, u > v, this model is equivalent to the 
SM in what respects CP violation. This is, in fact, a general feature of models 
which satisfy the NB criteria. 


27.7.1.1 Evaluation of 0 At loop level, the quark mass matrix M becomes 
M +, where © originates in the quark self-energies: 


LAs = TE (M +) an + Ta (M +3)" qr. (27.51) 
The parameter 6grp then becomes 


Oarp = arg (det (M + 5)] 
~ arg { (det M) [1+ tr (M~*d)]} 
= argdet M + arg [1+ tr(M~*S)] 
~ Imtr(M~*X). (27.52) 


where we have used the fact that & is small compared to M, and that det M is 
real. 

The self-energies of the quarks receive, at one-loop level, two kinds of contri- 
butions: tadpoles, and diagrams in which the quark emits and then reabsorbs a 
boson. Tadpole diagrams are equivalent to a change in the VEVs of the scalar 
fields; however, the fact that the determinant of the mass matrix is real does not 
depend on the specific values of the VEVs. Hence, tadpole diagrams do not con- 
tribute to 6grp. Diagrams in which the quark emits and reabsorbs a WŒ do not 
contribute to the quark mass matrix, since the couplings of that boson are purely 
left-handed. Diagrams in which the quark emits and reabsorbs a photon yield 
%2% x M, because the couplings of the photon are flavour-conserving; they there- 
fore do not contribute to 6grp ~% Imtr (M+). The couplings of the Z have 
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two components: one of them is flavour-conserving, and the other one is purely 
left-handed; as a consequence, diagrams in which quarks emit and reabsorb a Z 
do not contribute to 6grp either. 

The only diagrams that can lead to a non-vanishing 0gFp are those with a 
scalar in the loop. Bento et al. (1991) have evaluated those diagrams and con- 


cluded that - z 
- FF — F'F' 2 


is suppressed by the small ratio v/V. 


27.7.2 A model with spontaneous P breaking 


The strong CP problem is also a strong P problem, because Lọ violates not only 
CP but also P. Thus, if we want to have Ogcp = 0, we may impose P symmetry 
at the Lagrangian level, instead of imposing CP symmetry. This possibility has 
been advocated by Babu and Mohapatra (1990) and by Barr et al. (1991); here 
we shall present a simple example suggested by Lavoura (1997). 

The model has gauge group SU(2),@SU(2)R@U(1) (see Chapter 26). The 
electric-charge formula is Q = Tr3 + Trg + Y. Besides the quark doublets in 
eqns (26.2), in this model one also has n, quarks Nz and ng quarks Nr which are 
singlets of both SU(2) and SU(2)r and have Q = Y = —1/3. Parity symmetry 
interchanges Qr © Qr and Nz © Np. 

The scalar sector of the model consists of a bi-doublet ¢ as in eqn (26.12), 
together with a doublet xz of SU(2) and a doublet yr of SU(2)R; these doublets 
have Y = —1/2 so that their lower components are neutral. Under parity ¢ > ¢! 
and XL © XR- 

One imposes a discrete symmetry Z4, under which 


$ — 19, 
XL > —XL; 
XR >? “XR, (27.54) 
Qr > iQR, 
NR > —NR, 


while Qz and Nz remain invariant. Because of this discrete symmetry, and of 
parity, the Yukawa interactions of the quarks are given by 


Lid = -Qr¢AQn — Ord AQ — (QLXLGNrR + QRXRGNG, + Hc.) . (27.55) 


The ng X ng matrix of Yukawa couplings A is Hermitian, while G is an uncon- 
strained ng X ng matrix. 

The most general scalar potential consistent with parity and with the discrete 
symmetry in eqns (27.54) has the property that it leads to the following VEVs: 


oloo = (bp, J 
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(O|x1|0) = ( j ) (27.56) 


UL 


(O|xz|0) = (>) 


with k2, vz, and vpr simultaneously real. The VEV of the neutral field yf (see 
eqn 26.12) is assumed to vanish. This is a self-consistent assumption, because 
there is no term in the vacuum potential linear in y?. 

The mass terms of the quarks are 


£19) = —pikj Apr = NLULGNR = NivpG'nr + H.c.. (27.57) 


As the VEVs are real and A is Hermitian, the determinant of the mass matrix 
is real, and 06gFp = 0 at tree level. 
This model has the following interesting features (Lavoura 1997): 


1. it does not have W*-W = mixing; 

2. it does not have flavour-changing neutral Yukawa interactions; 

3. it does not have CP violation in the scalar sector: neutral scalars are either 
pure CP-even or pure CP-odd, they couple to fermions with a Dirac matrix 
which is either 1 or 2175; 

4. the lepton sector may be arranged in such a way that neutrinos are exactly 
massless. 


In this model, because of the absence of CP violation in the scalar sector, the 
neutral scalars do not generate a complex X. CP violation lies in the complex 
mixing matrix (CKM matrix) of the charged gauge interactions, just as in the 
SM. A non-zero 8arp is generated only at three-loop level, and it is expected 
to be no larger than ~ 1071 (Lavoura 1997), and thus the model provides a 
possible solution to the strong CP problem. 


27.8 Appraisal 


The strong CP problem is far from being fully understood, and it is often ignored 
by present-day research on CP violation. Yet, the strong CP problem may give 
us a Clue to the origin of CP violation. At present, most of the proposed solutions 
to the strong CP problem belong to one of the following categories: 

e A Peccei—Quinn symmetry, giving rise to a (visible or ‘invisible’) axion. 

e CP invariance is imposed at the Lagrangian level (guaranteeing 0gcp = 0) 
together with an extra symmetry which leads to the natural vanishing 
of Oagrp = argdet (M,M,,), after spontaneous breaking of CP and of the 
gauge symmetry. 

e The same as before, with P symmetry instead of CP symmetry. 

The first kind of solution leads to 6 being dynamically driven to zero; the other 
solutions lead to a calculable 6 = Ogrp © Im tr (M~!Z), which may arise either 
at one-loop level or, preferably, at higher order in the perturbative expansion. 
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It seems clear that all solutions proposed so far are somewhat ad hoc and 
have shortcomings. The Peccei—Quinn solution has the virtue of leading to the 
prediction of a new particle, the axion. However, this virtue is also the source of 
difficulties, since no axions have been experimentally found up to now. The other 
solutions have the disadvantage of requiring the introduction of an additional 
symmetry which has no other rôle, apart from leading to the natural vanishing 
of in tree approximation. One would like to have a solution to the strong CP 
problem which could shed some light into other open questions of the SM, such 
as the origin of CP violation, or the pattern of quark masses and mixings. No 
such solution exists at present. 


Part IV 


CP violation in B decays 


28 


INTRODUCTION 


28.1 B decays as a testing ground for the SM 


In this part of the book we apply the observables described in Part I to the study 
of CP violation in the Bj-B9 and B)—B® systems. These mesons, together with 
Bt = bu, can be found in Table 28.1. There is also experimental evidence for 


Table 28.1 Masses and lifetimes of the B mesons. 


Meson Quark content Mass (MeV) Lifetime (1071? s) 
Bt bu 5278.9 + 1.8 1.62 + 0.06 
B9 bd 5279.8 + 1.6 1.56 + 0.06 
B? bs 5369.6 + 2.4 1615 as 


Bt = bc, but at present little is known about its properties. We shall sometimes 
use the notation B® to refer to either B? or B?. When specifying the flavour of 
the light quark clarifies a particular expression, we shall use instead Bi, where 
q may be either d or s. 

The resonance Y(4S) = bb, with mass 10580.0 + 3.5 MeV, width 21+ 4 MeV, 
and parity and C-parity —1, is experimentally very important. It is copiously 
produced at the ete™ colliders called B factories, like those at SLAC and KEK. 
The branching ratios for the decays of Y(4S) into Bt-B™ pairs and into BI-B9 
pairs are close to 50% each. 

The most compelling reason to study the decays of B mesons is to learn 
more about the mechanism behind CP violation. In particular, we would like to 
test the Standard Model with three generations of quarks and leptons (SM). In 
the SM, CP violation is accommodated through a single irremovable complex 
phase present in the Cabibbo—Kobayashi-Maskawa (CKM) matrix V. This may 
be represented in a rephasing-invariant manner by J = Im (Vus Veb Via Vas) (Jarl- 
skog 1985; Dunietz et al. 1985)—see eqn (13.23). The fact that there is only one 
independent CP-violating quantity in the SM means that this is a very predic- 
tive model. Thus far, the SM picture of CP violation has only been tested to 
the extent that it is consistent with the experimental value of the CP-violating 
parameter €x in the neutral-kaon system. Experiments with B decays will enable 
us to learn more about the CKM matrix. 

Unfortunately, this is not a straightforward endeavour. First, there are exper- 
imental errors and uncertainties. Besides, the SM and other theoretical models 
are written in terms of quarks, while experiments are performed with hadrons. 
The relation between quarks and hadrons involves low-energy strong interactions 
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and, as a consequence, the extraction of CKM parameters from experiment is 
generally plagued by theoretical uncertainties. Furthermore, |J| ~ 3 x 107° is 
very small. As a result, large CP-violating asymmetries should only be found in 
channels with small branching ratios; conversely, channels with large branching 
ratios are likely to display small CP-violating asymmetries. This fact drives the 
need for large statistics and, therefore, for experiments producing large numbers 
of B mesons—the B factories. 

As a consequence of both the theoretical and the experimental uncertainties, 
one should try to determine the CKM matrix elements in various different ways. 
Our final aim should be to overconstrain the SM and, thus, test it. | 

In B physics in general, and in particular when discussing the B9-B? system, 
an important role is played by the unitarity triangle discussed in § 13.5. This 
triangle represents the unitarity equation 


Vua Vao + Vea Va + Vta Væ = 0 (28.1) 


in the complex plane—see Fig. 13.1. The angles between the sides of the unitarity 
triangle are 


a = arg (— Via Vub Vip Vua) » 
B = arg (Vea Va VAV), (28.2) 
y = arg (— Vud Veb Vab Ved) - 
In § 18.5 we have summarized the constraints on the unitarity triangle. Those 
constraints follow from the available experimental information on the moduli of 


the CKM matrix elements, together with the SM fits of the mass difference in 
the B9-B9 system and of ex in the K°-K® system. This results in’? 


—0.9 < sin 2a, 
0.4 < sin28 < 0.9, (28.3) 
0.33 < sin? y. 


The main goal of experiments at B factories will be to measure the phases 
in eqns (28.2), thereby testing the consistency of the SM. Towards this end, a 
number of experiments will be performed looking for CP-violating asymmetries 
in the decays of neutral B mesons into CP eigenstates. 


28.2 CP-violating asymmetries 
28.2.1 The parameters A+ 


We have defined in Chapter 7 the parameters Ay for the decays of two mixing 
neutral mesons P? and P® into a final state f: 


aa (28.4) 


72We recall that the bound on sin? y is very sensitive to the input parameters and to the 
treatment of errors. We use the rather conservative bound derived by Ali and London (1997). 


CP-VIOLATING ASYMMETRIES 349 


where As = A(P° > f) and Ay = A(P° — f) are the decay amplitudes of P® 
and P®, respectively. The parameters q and p describe the transformation from 
the flavour basis into the basis of the eigenstates of evolution: 


|Px) = p|P°) + q| P°), 


ne (28.5) 
|P) = p|P°) — q|P). 


In B decays one generally assumes, based on both experimental and theoret- 
ical arguments, that there is no CP violation in the mixing: |q/p| = 1. There are 
then two possible forms of CP violation: direct CP violation, and CP violation 
in the interference between the mixing and the decays. For decays into a CP 
eigenstate f, these two forms of CP violation are measured by |A;! — |A| and 
by Im Af, respectively. Most of the study of CP violation in B decays hinges 
on measuring these quantities, and interpreting the meaning of the measured 
values, for various CP-eigenstate final states fep. 

A good gauge to evaluate our progress in the study of CP violation is to see 
whether we are able to disprove the superweak theory of Wolfenstein (1964). As 
described in § 7.3, the superweak theory asserts that there is no CP violation 
in the decay amplitudes. This has two consequences. Firstly, there is no direct 
CP violation: |Ay| = |Az| when f is a CP eigenstate. Secondly, all parameters 
Af are equal up to their sign. Thus, if f and g are two CP eigenstates with CP- 
parities nf = +1 and ng = +1, respectively, then the superweak theory predicts 
Af = NfNg Ag- 

28.2.2 Definition of the CP asymmetries 


We have derived in Chapter 9 the basic formulae for the decays of tagged mesons 
P? and P° into final states f which are common to both mesons. In this part of 
the book we shall usually work under the approximations AT = 0 and |q/p| = 
1.73 Using these approximations we get 


A 
T[B°(t) > f] = a [1 + JA]? + (1 — |p|”) cos Amt + 21m Aș sin Amt] , 
_ 2-1 
I(B°(t) > f] = | _ [1 + [Az]? — (1 — |Az|?) cos Amt — 21m A; sin Amt] . 
(28.6) 
For the time-integrated decay rates one has 
= 2 
[[B° > f] = ls E 1 |As|" + 2rImàs 
1 +z? 
a L [AF]? + 2rImà a 
TIB’ > 1+)? tls + 2alm Aj | 
Bs f= |i yp - Ae 


We can see from these expressions that the parameters Aş are observables. They 
are crucial in the study of CP violation in neutral-meson systems. 


"3The general formulae, with no approximations, are given in eqns (9.9) and (9.3), for the 
time-dependent decay rates, and in eqns (9.10) and (9.4), for the time-integrated decay rates. 
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Most articles in the literature refer to the CP-violating asymmetry built from 
tagged decays into CP eigenstates f. Using the decay rates in eqns (28.6) we find 


[[B°(t) > f] -T[B? (t) > f] 


‘= mae 
oP) = Tipo) > f+ TB) > fl 
= a“ cos Amt + al™ sin Amt, (28.8) 
where we define 
„ 1L=|A;|? 
dir f 
= ———__ 28. 
a T+ [ay (28.9) 
; 2Im A 
int f 
= ——. 28.10 
1+ |A;|? ( 


Similarly, from eqns (28.7) one derives 
a WB) f= Be y) 
* ~ TIB? > f]+P[B° = f] 
qadi! a rqint 


ey 28.11 
1+ 2? ei) 


The asymmetries Agp(t) and Acgp violate CP when the final state f is an 
eigenstate of CP, which we denote fep: indeed, a'™* œ Im Asf measures interference 
CP violation, and a! œ 1 — |As|? œx |A;|? — |Ap|? (remember that we are 
assuming |q/p| = 1) measures direct CP violation. 


28.3 Decays dominated by a single weak phase 


Let us consider the decays of B° and B° into a CP eigenstate f, and assume 
that they are dominated by a single weak phase ġa: 


Af = Aeta +ò). 
Af = np Aet tat), 


We have used the CP symmetry of the strong interactions to go from the first 
to the second equation; in this chapter we neglect spurious phases in the CP 
transformation, which will however be carefully taken into account in the fol- 
lowing chapters. The weak phase ¢,4 can usually be determined directly from 
the Lagrangian. In the SM, it is the phase of a certain combination of CKM 
matrix elements. On the other hand, the computation of the modulus A and of 
the strong phase 6 of the decay amplitudes is usually plagued by uncertain or 
unknown hadronic matrix elements. 
Since |q/p|=1, we may write q/p = —e”*®™. As a result, 


X _ _ tid np Aet 9a+9) 
f= Aei(oat) 
= —ne 2ba—om) (28.13) 


We conclude that, under these conditions, Af is a pure phase. This occurs because 
we may relate the numerator Ay and the denominator Ay via the CP symmetry. 


(28.12) 
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Due to the presence of a single weak phase ¢,4, both the magnitude A and the 
strong phase 6 of the decay amplitudes cancel out in the ratio. This is welcome, 
because these quantities suffer from hadronic uncertainties. In As only the weak 
phase 2(¢4 — ¢m) remains. Notice that ¢4 and dy are not separately rephasing- 
invariant; however, their difference ¢4 — dy is rephasing-invariant, and it can 
be measured, as shown by eqns (28.6) and (28.13). 

When eqn (28.13) holds, there is no direct CP violation, because |A;| = 1 
and then af" = 0. Moreover, the interference CP violation is given by Im Af = 
ns sin2(¢4 — dm). As a result, the tagged, time-dependent CP asymmetry in 
eqn (28.8) reduces to 


Acp(t) = nf sin? (¢4 — dm) sin Amt. (28.14) 


This is the Holy Grail of CP-violation measurements in B decays: when the 
decays into a CP eigenstate are dominated by a single weak phase, the CP 
asymmetry measures directly a weak phase in the Lagrangian. For certain decays 
in the SM, that phase is related to a, 8, and y. 

It is important to notice the oscillatory dependence on the sine of Amt of 
the CP asymmetry in eqn (28.14). As seen in eqn (28.8), this happens because 
direct CP violation, represented by a", vanishes when the decays are dominated 
by a single weak phase. In the presence of direct CP violation there is another 
oscillatory term, but now involving the cosine of Amt. 

It is also important to stress the advantages of working with final states 
which are CP eigenstates. If f # f, we must compare the decays into f and 
into f in order to study CP violation, and the experimental task becomes more 
demanding. 


28.4 Penguin pollution 


Thus far, CP violation has only been detected in the quark sector, and we are 
unavoidably confronted with strong interactions. They bring with them several 
difficulties to be faced: 


e Besides tree-level diagrams there are also gluonic penguins. These dia- 
grams complicate the analysis because, typically, they carry a weak phase 
which differs from the weak phase of the tree-level diagrams. (Electroweak 
penguins also play a crucial role in certain decays in which the tree-level 
diagrams are very much suppressed.) 

e Though we can compute reliably Feynman diagrams and effective Hamil- 
tonians incorporating short-distance effects, the hadronic matrix elements 
are non-perturbative and they are not known to the desirable precision. 
This is responsible for the large errors in the determination of the sides 
of the unitarity triangle and, unless those matrix elements cancel out—as 
happens in eqn (28.13)—they also produce errors in the interpretation of 
CP asymmetries. 

e Strong phases are induced by the final-state interactions (FSI). At least 
two such phases are needed if there is to be direct CP violation in a decay 
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channel. On the other hand, the FSI phases obscure the interpretation of 
the interference CP violation measured in a™*. 


We now discuss the impact that these effects have on the measurement of weak 
phases with CP asymmetries. 

In § 28.3 we have shown that, if there is only one weak phase contributing 
to the decay amplitudes, then the CP asymmetry measures that weak phase. In 
general, the presence of another diagram with a different weak phase destroys 
that simple result. In most cases, this is due to the presence of penguin diagrams, 
in which case this effect is referred to as penguin pollution. 

When there are two weak phases contributing to the decay amplitudes, the 
latter may be written as‘ 


Ay i Ayet(eaitdi) + Aget(dartda) | 


Af =n [A eitas) Ka Azet -9a2+ô2)] l (28.15) 
The real numbers A; and A% are the moduli of the interfering amplitudes. The 
weak phases ģ41, $42, and ġm are not rephasing-invariant. On the other hand, 
the differences ¢ = ¢41—¢m, $2 = $42 —6m, and A = ô —6; can be measured. 

Let us see how the observables in eqns (28.9) and (28.10) are related to the 
weak and strong phases. In the approximation where r = A2/Aj is small, we find 


1 + re(4—-¢2+¢61) 


2ER aA V 
AREE re a Oi) 
œ —nfe™?™® [1 + 2r sin A sin (%2 — ¢1) — 2ir cos A sin (2 — ¢1)] .(28.16) 
Then, 
a" ~ 2r sin (ġı — 2) sin A, (28.17) 
a™t a np [sin 2¢1 — 2r cos 2d; sin (¢1 — $2) cos A]. (28.18) 


When the decays are dominated by a single weak phase, i.e., when either r 0 or 
do & $1, there is no direct CP violation and a'"* measures a single weak phase 
ġı. This is the situation discussed in § 28.3. However, it is a very particular 
situation; in general, a'™* does not measure a single weak phase. 

This problem is not rooted in the presence of direct CP violation. Indeed, if 
we assume the FSI to be vanishingly small, we have A = 0 and there is no direct 
CP violation—a*" = 0. The parameter A; is then a pure phase but, still, a'”t 
does not measure a single weak phase (Gronau 1993). Indeed, when A = 0 we 
can write 

Af = —npe 291-541), (28.19) 


74Tn the SM, the decays b —> k (where k may be either d or s) may always be brought to 
the form in eqns (28.15), with only two interfering amplitudes. This occurs because there are 
three relevant combinations of CKM matrix elements—V,,V,",, Veb Veg, and Vio Vip but their 
sum is zero because of the unitarity of the CKM matrix. As a consequence, there are only two 
independent weak phases. 
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where 6, is defined by 


rsin (¢, — ¢2) 


1+rcos(¢, — ¢2) ee) 


tan Og: = 

Therefore, | 
a'™ = nz sin 2 (¢1 — 69,)- (28.21) 
The presence of a second amplitude with a different weak phase, d2 # $1, may 
spoil the measurement of sin 2¢,, even if the second amplitude has the same 


strong phase as the first one. This occurs even for moderate values of r (Gronau 
1993). 


28.5 The four phases in the CKM matrix 


We shall allow for new phases to be present in B°-B° mixing, see § 24.8.2 and 
30.4.2. On the other hand, we shall in general assume that the decay amplitudes 
are given by SM diagrams. For decays that occur through unsuppressed SM tree- 
level diagrams, it is likely that no new physics can occur at a competing level, 
since that new physics should have been detected elsewhere. The situation is of 
course different for decays that are strongly suppressed in the SM. 

We shall also allow for a possible non-unitarity of the CKM matrix. If the 
CKM matrix is not unitary, eqn (28.1) does not hold; the usual relations between 
the angles a, 3, and y and the sides of the unitarity triangle are destroyed, and 
the bounds in eqn (28.3) cease to be valid. Nevertheless, if the decay amplitudes 
are dominated by SM diagrams, as we assume, then the weak phases in those 
decay amplitudes will still be controlled by the phases in the CKM matrix. 

The three phases introduced in eqn (28.2) are not independent; they satisfy 
by definition 

a+ p +y=arg(—1) =r (mod 2r). (28.22) 
It is important to stress that using these three phases is redundant, because they 
are linearly dependent. In general, we shall take @ and y to be the fundamental 
phases, and we shall consider a as just a linear combination of 8 and y. 

In any model, as in the SM, in which eqn (28.1) holds, the phases a, 3, and 
y may be geometrically pictured as the angles between the sides of the unitarity 
triangle. Then, a + 8 + y may be either m or 5r, but not 3r (Grossman et 
al. 1997a). Indeed, if the angles are interior to the triangle, then they lie in the 
range [0,7] and add up to 7; if the angles are exterior to the triangle then they 
lie in the range [7, 27] and add up to 5r. This is a restriction on eqn (28.22). 

Aleksan et al. (1994) have introduced two further phases, € and ¢’: 


€ = arg (—Veb Vts Va Vi), 
€ = arg (— Vus Vea Via Vas). 


They have shown—see § 16.3.3—that, in the SM, one can parametrize the 3 x 3 
unitary CKM matrix V, moduli and phases alike, with only four phases 8, y, €, 


(28.23) 


T5šĪn spite of the identical notation, these phases have nothing to do with the parameters €g 
and e}, measuring CP violation in the two-pion decays of the neutral kaons. 
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and e' (Aleksan et al. 1994). These four phases are useful even in the presence 
of new physics. Indeed, it is easy to see that 8, y, €, and «' parametrize all the 
phases in the usual 3 x3 submatrix of the generalized CKM matriz. This happens 
because the 3 x 3 submatrix of the generalized CKM matrix has nine phases. By 
rephasing the six quarks it is possible to redefine away five phases. Therefore, 
there are only four physical phases in the submatrix. We may choose a phase 
convention such that its phase structure is given by 


0 €e -¥ 
argV~| r 0 O |]. (28.24) 
-B t+e 0 


The choice of phases in eqn (28.24) is useful in order to identify rapidly the phase 
of any rephasing-invariant combination of CKM matrix elements. 


28.5.1 SM values of € and eé' 


We have seen in § 18.5 that, in the SM, the angle 8 is quite well determined: 
10° < B < 30°. The angle y should lie between 35° and 135°. Finally, a is 
expected to lie between 35° and 120°. These values correspond to the bounds in 
eqns (28.3). 

Thus, a, 8, and y are in principle large angles. On the other hand, as Aleksan 
et al. (1994) pointed out, within the three-generation SM e€ and e’ must be very 
small: e £ å? ~ 0.05 and e' < A* ~ 0.0025. This can easily be checked by con- 
sidering the Wolfenstein parametrization of the CKM matrix, and in particular 
eqns (16.27) and (16.29). One sees that 


e = arg [1 — à? (5 —p—in) + O (A*)| 


x d?n, (28.25) 
e' = arg [1 — A*X* (5 — p—in) +O ()°)] 
~ A*\Mn. (28.26) 


Notice that 7 = 0.33 + 0.10—see § 18.5—entails a further suppression of the 
values of € and e’, beyond the one given by the powers of A = 0.22. 

We conclude that, in the SM, the CKM matrix contains only two independent 
large phases. Once ĝ is measured, only one large phase—say, y—remains to 
be determined. From our point of view, measuring a is just a different way of 
measuring y. 


28.5.2 Smallness of €' in models of new physics 


When there is new physics the bounds on a, ĝ, and y given in § 28.5.1 are 
relaxed. Also, € can in principle be large. On the other hand, in most models 
of new physics the 3 x 3 CKM matrix is a submatrix of a larger n x n unitary 
matrix V; this holds, in particular, in the SM with more than three generations, 
as well as in a model with vector-like isosinglet or isodoublet quarks, or with 
mirror quarks. In those models, one may use the fact that, experimentally, |Viq| 
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and |V.,| are very close to one, together with the orthonormality of the first and 
second columns of V, to prove that ¢’ will still be rather small. One derives 


n 
> Vai Vey 
a=3 
n 2 n : 
< D [Ya] D [Poe 
a=3 b=3 


~ 42? ja We aB ise 92 
= (1- ia = ia (1- Map| = Pao ) .@8.27 


2 


AA aA AA A 2 
* x = 
Vii Vio + Var A = 


a 2 
Va 1 | 


As a consequence, 
—] F Vaal” F Val Eg Vaal? F iV = Vara uz Vial 


2 Vita Vus Ved Ves | 
> 0.983; (28.28) 


cose’ > 


in the last step we have used the lower bounds from Chapter 15, 


Vua] > 0.9726, 
Vis > 0.2187, 
[Vea] > 0.208, 
Veg] > 0.83. 


(28.29) 


Thus, |e’| < 0.2 (Kurimoto and Tomita 1997). This is a much poorer bound 
than in the SM, where |e’| is two orders of magnitude smaller, but it holds in 
most models of new physics. Only rather contrived models, which change the 
normalization of the CKM matrix, might avoid this conclusion; it is difficult to 
imagine such models which pass all the experimental constraints. In particular, a 
large «’ may lead to problems with the CP-violating parameter ex of the neutral- 
kaon system: this is because 2; « \2, while M2 has pieces proportional to A2, 
AuAc, and A2, where Aq = Vý Vua. If €' is large then the phase difference between 
Ay, and A, is large, and the phase of M2; may turn out too different from the 
one of ['2;, destroying the fit of ex in the SM. 


28.6 Outline of Part IV 


Several important issues arise when one considers the precise conditions to be 
faced in a real experiment. Extracting information on A+ is not as simple as the 
discussions in Chapter 9 might lead us to believe. In general, there are several 
meson configurations in the initial state; tagging the initial flavour of a decay- 
ing meson may not be trivial; and the ability to trace the time dependence of 
the decays is limited by the capabilities of vertex reconstruction. Some of these 
problems are discussed briefly in Chapter 29. 

In order to compute the rephasing-invariant parameters Af one needs to com- 
pute the phase-convention-dependent quantities q/p and A; /Ay; separately. Each 
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of these two quantities depends on the CP-transformation phases for the quark 
fields and for the hadron state vectors; in their product, however, those spurious 
phases cancel out. The computation of q/p for the neutral-meson systems K°- 
K°, B°-B®, and B°-B? is the subject of Chapter 30. We show that, in all these 
cases, |q/p| is very close to unity.” This is done using only phenomenological 
arguments and the known experimental values. We then proceed to find out the 
phase of q/p in the SM; in other models, we parametrize the phase of q/p in the 
B3-B° system by means of an extra phase 64. 

The decay amplitudes are the subject of Chapters 31 and 32. We discuss the 
decay amplitudes in the SM from a diagrammatic point of view in Chapter 31. 
A more formal presentation, using effective Hamiltonians, is left to Chapter 32, 
which however is inessential for most of the rest of the book. The elementary 
quark-decay-diagram analysis of Chapter 31 is most convenient in order to iden- 
tify the weak phases present in each amplitude. 

Throughout Part IV, we assume that the strong-interaction rescatterings 
among the various final states of the weak decays are negligible or, at least, they 
do not affect the result of a given calculation. This is a central assumption in most 
treatments of CP violation in the B°—B° systems; indeed, no one really knows 
how to treat the FSI, both because of their non-perturbative nature and because 
they may mix many different final states. Another restriction in this book is that 
we concentrate on decays into two-meson final states. These are the easiest final 
states to describe, and the ones most commonly treated in the literature. We 
shall concentrate on decays into final states that are either flavour-specific or 
CP eigenstates. We also consider some decays into non-CP eigenstates. We men- 
tion only briefly other possibilities like inclusive decays, semi-inclusive decays, 
and decays into states where an angular decomposition permits the distinction 
between CP-even and CP-odd components. These have been summarized by 
Dunietz (1994), where references to the original literature can be found. 

We emphasize that, for the methods analysed in this book, we assume that 
the strong-interaction final-state rescatterings do not mix decays which occur 
through different quark processes. This allows us to estimate the relative con- 
tributions of the different quark-level diagrams, as is done by most authors. Al- 
though useful, such estimates should not be taken too seriously. Rescattering ef- 
fects may alter them—see, for example, Blok et al. (1997), Ciuchini et al. (1997a), 
Gérard and Weyers (1997), and Neubert (1997). 

Chapters 29-32 contain detailed discussions which may be skipped in a cur- 
sory reading. Readers eager to get a quick acquaintance with CP violation in 
B decays may want to proceeed to Chapter 33 immediately, and refer to ear- 
lier chapters as the need arises. Chapter 33 is the crucial one of Part IV. In 
it, we put together the results for q/p and A r/Ayz and compute the parameters 


76In the neutral-kaon system the observed CP violation is essentially mixing CP violation, 
i.e., 1 — |qx/pK| © k 7 3.3 x 1073. However, the CP asymmetries in the B°-B° systems 
are often expected to be of order 1; the effect on them of 6x ~ 107° is small and may be 
neglected. For this reason, here we take |qx /pxK| to be 1. 
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Ay. In particular, in § 33.1 we assume that only the tree-level SM amplitudes 
contribute to the decays, and show that the CP asymmetries in B9 > atx, 
Bo + J/wKs, and B? — pKs measure sin 2a, sin 23, and sin 27, respectively. 
Unfortunately, the penguin pollution spoils the theoretical interpretation of the 
first and third asymmetries as sin 2a and sin 27, respectively. On the other hand, 
the CP asymmetry in the decay BY + J/Kg measures sin 28 almost without 
hadronic uncertainties. 

In Chapter 34 we study decay chains that involve an intermediate neutral- 
meson system. As shown in Appendix E, the mixing in the D°-D° system is 
very small in the SM. Therefore, we assume that this mixing vanishes when we 
consider decay chains which include D? and/or D° at an intermediate stage. This 
restriction will be lifted in § 34.6, where we discuss the most general cascade 
decay chain. That decay chain requires the introduction of new CP-violating 
parameters, beyond the ones used in most of this book. 

Several methods have been devised to overcome the problem of penguin pol- 
lution. Decays of the type B => D — f have been used by some authors to 
gain access to the phase y. Other possibilities to determine weak phases involve 
the use of isospin or SU(3)-flavour symmetries in order to relate different decay 
channels. Methods using the decays of the B9-B® system are treated in Chap- 
ters 35 and 36; those using the decays of the B?-B? system are presented in 
Chapter 37. 

All these methods give access to trigonometric functions of the weak phases, 
rather than to the phases themselves. The extraction of the values of phases from 
the values of trigonometric functions thereof suffers from discrete ambiguities. 
In Chapter 38 we discuss ways to resolve these ambiguities. 

Chapters 35-38 include mostly relatively recent contributions by a variety of 
authors. Many proposals must still be tested in order to check their feasibility. As 
a result, the subjects covered in those chapters are likely to evolve more rapidly 
than those in the rest of the book. 
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SOME EXPERIMENTAL ISSUES 


29.1 Introduction 


Phenomenologically, the study of the mixing and CP-violation observables in- 
volves three steps: 


1. preparation of the initial state; 
2. time evolution; 
3. detection of the final states. 


In the subsequent chapters we shall focus almost entirely on questions related 
with the second step. However, it is important to appreciate the impact that 
the form of the initial state and the detection capabilities have on the CP- 
violation experiments. For example, one usually refers to ‘tagging’ as if that 
were a Clear and straightforward procedure. But, as we have seen in Chapter 10, 
the presence of several b-hadrons in the initial state complicates the analysis 
considerably. Similarly, the need to follow the time dependence of the decays is 
subject to experimental constraints. Indeed, the technological limits on vertex 
reconstruction mean that we can only measure time intervals larger than a certain 
amount. This has a decisive impact on the need to build asymmetric B factories. 
In this chapter we make some elementary remarks about these experimental 
issues. 


29.2 Preparation of the initial state 


Since the strong and electromagnetic interactions preserve flavour, the experi- 
ments always produce a b antiquark in association with a b quark. Hence, there 
are always two b-hadrons of opposite beauty flavour. The various possibilities 
have been discussed in Chapter 9. They can be represented schematically as 
(Bigi and Sanda 1981, 1987) 
A) BTB’, 
0p- ROR+ pO ROA, 
B) b, B7, BU Bt, B^., By ^o, 
070 
Ce 
D) BiB}, BS Bi, 
where we have only shown the two b-hadrons involved. These will be produced in 
connection with other particles, in such a way as to preserve charge and flavour. 
The problem is that these different states evolve differently: only the neutral 
mesons mix and, in case C), the two neutral mesons can even be correlated. 
The analysis is complicated whenever there are several of these initial states in 
a given experimental sample. 
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29.2.1 Experiments at the T(4S) 


The CLEO, Babar, and Belle experiments start with the production of Y(4S) 
from ete” collisions, which then decays into a mixture of A) and C). 


The Y(45) decays about 50% of the times into B?-B? pairs. The resulting 
B9 B? state has parity and C-parity —1, and may be written 


|®-) = J, [|B9(B)) @ [BY(—)) - IBI) @ |BG(—A))], (29.1) 


where k and —k are the three-momenta of the left-moving and right-moving 
meson, respectively. The meson with momentum k decays at time tı into the 
final state f, and the meson with momentum ~k decays at time tz into the final 
state g. The amplitude for this process is given by (f, t1; 9, te|T|®~), as studied 
in § 9.7. 

The branching ratio of the decay of Y(4S) into B* B- is also close to 50%. In 
this case, there is no mixing and all we can test is direct CP violation. Still, the 
presence of B+ B~ in the experimental sample may render the tagging of B? and 
B? difficult. As illustrated in § 10.3, this difficulty is present when one studies 
observables involving the semileptonic decay of both mesons. There, the relative 
production fraction of Bt-B~ and B?-B9 pairs must be known before one can 
extract information about the mixing of neutral mesons from the experimental 
results. 


29.2.2 Other experiments 


Another important class of experiments takes place at pp collisions, Z? decays, 
and on the ete~ continuum. This includes studies made at LEP, LHC, Tevatron, 
as well as the HERA-B experiment. Generically, in these experiments one pro- 
duces a combination of all the particle contents in A), B), C), and D). Tagging 
is then rather involved. 

Here, the B°-B° pairs of case C) are no longer correlated. They are produced 
in an uncorrelated initial state, #“. There is an equal probability that at the 
initial instant the left-moving meson was a B® and the right-moving meson was 
a B°, or vice versa, and the two possibilities are incoherently superposed—see 
§ 9.9. 


29.3 Tagged decays 
29.3.1 Tagging one meson with semileptonic decays 


Our aim is to study the observables involved in the tagged decays of eqns (28.6) 
and (28.7). In order to measure those observables one uses the fact that a b quark 
is always produced in association with a b antiquark. The flavour-specific decay 
of one meson is used as a tag, and one looks for the decay into a CP eigenstate 
of the other neutral meson.” 


TT In specific environments, other tagging strategies are possible, such as same-side jet charge, 
opposite-side jet charge, and kaon tag. In particular, the same-side jet charge tagging strategy, 
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One can use the semileptonic decay of the b/b to tag the flavour of one B 
meson. We denote by I a state of the type ltnıX, and by I~ a state of the 
type L-0 X. The leptons may be identified as coming from the decay of a b/b 
with the aid of some high-pr cut. The sign of the charge of the charged lepton 
in the final state is equal to the sign of the charge of the decaying b or b. In 
general, one assumes that there is no direct CP violation in these semileptonic 
decays, as predicted by the SM. As a result, one substitutes |(X—I+v,|T|B°)| 
and |(X+1-i%j|T|B°)| by a common value |Aj|. 

We stress that detecting only the charged lepton does identify the flavour 
of the b/b, but not the meson in which this quark is contained. For example, a 
positively charged electron may come from either B9, B®, or Bt, since they all 
contain b. If there is no other information about the final state, then we must 
know the production fractions of the various initial states that might be present 
in a given experiment. In this respect, studies performed at the Y(4S) in which 
one tags the flavour in one side of the detector and also reconstructs the final 
state f in the other side, are much cleaner than others. The reason is that the 
charge of f tells us whether we initially had a BtB- pair or a B9B? pair. 


29.3.2 Tagging neutral mesons 


Even after we allow for the several initial meson configurations present in a 
given experiment, we still have to take into account the fact that, in most cases, 
detecting the flavour of the meson in one side of the detector does not identify 
the flavour of the neutral meson in the other side. Indeed, suppose that one tags 
the meson in one side through its semileptonic decay at time t2; this identifies 
the flavour of that meson at that time. If the tagged meson is neutral, then we 
do not know its flavour at the time of the creation of the bb pair. This occurs 
because the tagged neutral meson might have oscillated in between the time of 
its creation and the time of its decay. Therefore, we also do not know the initial 
flavour of the meson in the opposite side of the detector—the one that we wished 
to tag in order to follow its tagged, time-dependent decay rate. 

There are only two situations in which the semileptonic decay of one meson 
really identifies the flavour of the other meson. The first situation is when the 
neutral B meson is produced together with a charged B meson (or with a b- 
baryon)—case B)—, and we look for the semileptonic decay of the latter. Here 
the tagging is effective because the charged meson does not oscillate. Strictly 
speaking, eqns (28.6) and (28.7) only apply to this case. The second situation 
is when we produce two neutral B mesons in an antisymmetric wave, as at the 
Y(4S). Here, the tagging is due to the fact that two identical bosons can never be 
in an overall antisymmetric wave; determining the flavour of one neutral meson 
through its semileptonic decay at time t2 ensures that the other neutral meson 
has the opposite flavour at t2, and evolves thereafter as a tagged meson, with 
time variable t_ = tı — t2. Thus, 


which has been applied successfully at LEP and CDF, does not make use of the opposite side 
in the associated production. 
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2 
merru = Ebre) > s, 
° (29.2) 
ite rirusy? = EEr) > f 


Here we have assumed that t_ > 0. The expressions for t_ < 0 are found by 
replacing t_ by |t_| in the exponentials in eqns (28.6)—-see eqns (9.69) and (9.71). 

In all other cases we must take ‘mistags’ into account, i.e., we must consider 
cases in which looking at a flavour-specific decay of one meson does not determine 
the flavour of the other meson. This is due to the oscillations of the meson before 
it decays into the flavour-specific final state. The resulting mistags lead to a 
dilution of the signal, which is related to the dilution factor Dy = (1—y?)/(1+ 
xz?) = 1 — 2x0, see Chapter 9. 


29.4 CP asymmetries at the Y(4S) 


We emphasize the conclusion of the previous subsection: for t- < 0, the de- 
cay rate for a tagged decay originating in the Y(4S) is not given simply by 
eqns (28.6). This has important implications for the CP asymmetries at the 
T(4S). 

Using eqns (29.2), we see that the time-dependent asymmetry has the same 
form as in eqn (28.8), 


ATE) = F507; t_ITIL(45))/° — (F; 1t; t_ITIV(45)) 1° 
CP S O filt- TILS? + [fits [7 IT (48)? 


However, one must remember that the interference-CP-violation terms appear 
multiplied by e~!!#-! sin Amt_. This function is odd under tı © t2, and therefore 
it disappears when we integrate over time from t- = —oo tot_ = +00. To see this 
explicitly, let us start again from eqns (29.2) and compute the time-integrated 
decay rates for t_ > 0 and for t_ < 0: 


or dt- (F; 1; t-ITIT(49))}? = Aai Lia +4 ae 
f2,,at_Kgt-se_trrras))P = Beast h ‘aha aired: 
fe aterase = BALE fi agp - 1al + etm ay) 
Podi Kh tITITUS P = east i+ app -Aai mA 
(29.4) 


The terms Im A disappear from the fully time-integrated decay rates: 
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ae 2 _ AAs? >, 1-|Ay?? 


2 _ [AA EJA a 
.]+ = Oe ges. 
ermas = BEL fis ayp - HAE]. 
Therefore, the fully time-integrated CP asymmetry is 
arts) = MACITITAS)T = KA IITITUS)I 
S = 
KFI ITILSII? + [FU IT |L(43)) |? 
adi! 


Comparing eqn (29.6) with eqn (28.11) we see that a™* is not present in the 
tagged, fully time-integrated asymmetries at the Y (4S); these can only be used 
to measure direct CP violation (Deshpande and He 1996). 

On the other hand, if we keep track of the time ordering of the decays, we 
may construct data samples in which one collects all the events with a given sign 
of t_. These may then be used to construct the CP asymmetry 


oe SP - fer dt- I;I- TITUS 


e O TER E P NA = Acp. 
Da AN + fo" e 
(29.7) 
The quantity Acp is the same as in eqn (28.11). Thus, if we retain the time- 
ordering, we avoid discarding the term that interests us most, i.e., ai". 

The result in eqn (29.6) does not mean that it is impossible to measure 
interference CP violation in fully time-integrated measurements at the T(45S); 
this no-go theorem is only valid for tagged decays. In fact, it has long been 
known that one can, in principle, detect interference CP violation in the decays 
into two CP eigenstates: T(45) > B9B}? —> fepfep (Wolfenstein 1984; Gavela 
et al. 19856; Bigi and Sanda 1987). This is also true for time-integrated decays 
into two non-CP eigenstates (Silva 1998). However, the decays of B® into CP 
eigenstates have branching ratios which are typically smaller than 107°. For 
example, BRB? > J/WKs] = (3.7 + 1.1) x 1074 and BR[B9 > arta] < 
2.0x 107° (Particle Data Group 1996). The semileptonic decays have much larger 
branching ratios, e.g., BR[B9 > I*1X] = (1.03 + 0.10) x 107+, and BR[B? > 
D-I*™] = (1.9 + 0.5) x 107? (Particle Data Group 1996). Therefore, the decays 
into fepfcp have branching ratios that are, typically, orders of magnitude smaller 
than the tagged decays of the type [+ fep. This is why one focuses on tagged 
decays. 


29.5 Consequences of the limits on vertexing 
29.5.1 The need for asymmetric T(4S) factories 
We want to comment on the need to construct asymmetric B factories at the 


Y(4S), rather than symmetric ones. The objective is to detect CP violation with 
theoretically clean, easily measurable observables. The ideal experiment should: 
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e have clean sources of B°—B° pairs; 

e look for decays into CP eigenstates—in the hope that they might be dom- 
inated by a single weak phase; 

e produce large numbers of events. 


The first requirement leads naturally to (4S), since this resonance decays pre- 
dominantly into B9-B9 and B+-B™ pairs. The second requirement is satisfied 
by two important classes of experiments: those comparing the decays into I~ fep 
with decays into I+ fep; and those looking for final states fep fep. But, as discussed 
above, the branching ratios of T(4S) > fcpfcep are many orders of magnitude 
smaller than the branching ratios of T(4S) — l* fep. Therefore, one is led into 
the standard experimental set-up: production of Y(4S), and search for tagged 
decays into CP eigenstates. 

Now, as pointed out before, due to the antisymmetric nature of the wavefunc- 
tion, the interference-CP-violation terms drop out of the tagged time-integrated 
decay rates into [+ fep. This feature is common to all methods based on tagged 
decays of the T (4): one must follow the time dependence—or, at least, the time 
ordering—if one wants to measure interference CP violation. Towards this end, 
one must look for the distance between the primary vertex and the position at 
which the neutral B meson decays into fep. This can be done with silicon vertex 
detectors, as long as the B meson travels far enough before decaying. The limits 
on vertexing vary from experiment to experiment, and depend on whether the 
measurements are made along the beam or perpendicularly to the beam. A rule 
of thumb for current vertexing limits is that they preclude measurements of flight 
paths $100 wm.” 

In symmetric ete” colliders working at the (4S) this resonance is produced 
at rest. The small difference between the mass of Y(4S) and the mass of the 
B$ B9 pair implies that those mesons move very slowly, travelling ~ 30 um in 
one lifetime. This inhibits the time-dependent measurements needed to extract 
at from tagged decays. The ingenious solution is to build asymmetric ete” 
colliders; the boost of the Y (4S) also boosts the B mesons. Thus, the B mesons 
will travel farther in the laboratory than they do when the Y (4S) is produced 
at rest. This is the principle behind the Babar and Belle experiments. 


29.5.2 Tracing the time dependence in the B?-B? system 


This is a good point to comment on another consequence of the limits of vertexing 
technology. We have seen in Chapter 9 that all time-integrated rates appear 
multiplied by a dilution factor 1 — 2x9 = 1/(1+ x”). The current limit z > 9.5 
for the B°-B° system implies that this is a suppression factor £1072. Hence, we 
need to study time-dependent rates in order to probe the B?-B9 system. 
However, the term Im Aș in the time-dependent tagged decay rates appears 
multiplied by sin Amt. The same limit on xz puts an upper bound on the period 


78 As an example, the HERA-B Collaboration (1995, p. 12) will be able to measure flight 
paths down to ~ 500 um in the beam direction, and ~ 25 um in the direction perpendicular to 
the beam. 
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of a complete oscillation: t = 27/Am, < 1.1ps, in the reference frame of the 
B? meson. The flight path during one oscillation (liosc), as measured in the 
laboratory frame, depends on the momentum p of the B}? meson: 


2TCT BO p 10 p 
s — s ———— AJ — as e 2 e 
hose Ts Mpo eee (2) (= E) 228) 


For example, taking z, = 17, a B? with momentum p = 121 GeV/c—the average 
momentum expected by the HERA-B Collaboration (1994, p. 10)—will travel 
~ 4mm in one oscillation. Let us assume that one needs to measure lengths 
down to [osc /(27) in order to trace the oscillation adequately. In our example, 
this requires measurements down to around 600 ym, which is similar to the vertex 
resolution for HERA-B. This means that HERA-B will be able to measure zs 
and to perform time-dependent B? decay measurements, up to £s ~ 17. If z, is 
much larger than this value, the HERA-B Collaboration (1994, 1995) will neither 
measure it nor be able to measure Im A; in B? decays. The precise numerical 
value varies from one experiment to another, but it is clear that, as the limit on 
£s increases, the B°-B® oscillations may become too fast to be traced, i.e., it 
becomes impossible for detectors to follow the oscillations in time. Fortunately, if 
ys is large enough, untagged decays allow for a new class of experiments (Dunietz 
1995)—see § 37.5. 


29.6 Decays into lighter neutral-meson systems 


Many decays of interest involve a light neutral meson in the final state, such as D® 
or Ks. Decays of this type, known as ‘cascade decays’, will be analysed in Chap- 
ter 34. For the moment, we only want to address the following question: which 
combinations of P? and P® can one detect experimentally? For definiteness, let 
us concentrate on the decays B9 — J/i + kaon. We wish to find out which 
combinations of K? and K? can be identified experimentally in a straightfor- 
ward way. The issue is complicated by the fact that there are two time variables 
playing a role in the decay chain: the time tg it took for the initial B meson 
to decay, and the time interval tg in between the creation and the decay of the 
light neutral meson. 

We can certainly identify flavour eigenstates and mass eigenstates. In order 
to detect the flavour of the intermediate kaon we can use its subsequent decay 
into a flavour-specific final state. For instance, we can look for J/W+(x—I*™) to 
determine the flavour of the kaon. As for the mass eigenstates, we can separate 
out the AK; component of the beam by choosing events in which the kaon lives 
much longer than the Ks lifetime: th > TK. 

A more subtle question is whether one can detect CP-eigenstate combinations 
of the lighter neutral-meson systems. In our example, the question is whether or 
not we can identify final states J/WK + and J/wK_, where 


Ka) = +, (|K°) + eifk KO) | (29.9) 
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If one neglects CP violation in the neutral-kaon system the answer is affirmative. 
There are good reasons to neglect CP violation in that system when looking for 
CP violation in B decays. The reason is that the CP violation in the mixing 
of neutral kaons is ~ 1073, and the direct CP violation in kaon decays is even 
smaller. Both are negligible in comparison to the CP-violating effects that we 
are looking for in B decays. Therefore, the final state J/YKs can be treated as 
a CP eigenstate—which, strictly speaking, it is not. 

On the other hand, if we do not neglect the CP violation in the neutral- 
kaon system we must look for the subsequent decays of the neutral kaon into 
a CP eigenstate. For instance, we may look for J/q (a*m—),, where (x+2~)K 
stands for a pion pair with invariant mass equal to the mass of the neutral 
kaon. The pions can arise either from the CP-allowed decay of K+, or from the 
CP-forbidden decay of K_. In a correct calculation, both contributions must be 
taken into account, as will be discussed in Chapter 34. 

The analysis is similar for decays into neutral D mesons, except that, in this 
case, both the mass and the lifetime differences, Am and AT, are very small. As 
a result, one usually neglects D°—D° oscillations. Therefore, we consider decays 
into D°, D°, and D;,,—where Df. stands for the linear combination of D? 


and D? which decays into the CP eigenstate fep. Note that D fep Should not be 
confused with the CP eigenstates 


Dz) = 4 (|D°) + eD ID») | (29.10) 


The difference is that, in our notation, Dy. refers to a specific final state fep; 
thus, any phase in the decay of the D meson to fep must be taken into account 
in the computation of the overall CP-violating observable. This point will be 
emphasized again in Chapter 34. 
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THE MIXING PARAMETERS 


30.1 Introduction 


In this chapter we review the determination of the mixing parameters q/p for 
the various neutral-meson systems. We need them because they enter in the 
rephasing-invariant quantities A required for the calculation of the CP-violating 
asymmetries. We identify the conclusions which follow directly and (almost) 
model-independently from experiment, as opposed to expressions characteristic 
of the standard model (SM). Extensive use is made of the formulae in Chapter 6. 

The analysis presented in this chapter is based on a very simple observation 
about eqn (6.58), 


_ 12 — iTi 2(Mh — iTia) 


q 
ieS = - 30.1 
P Mie = 5[12 Am — SAI ( ) 


That observation is the following. If |Mj2| > |[12|, or else if w = arg (My,Ti2) 
is very close either to 0 or to 7, then we can approximate eqn (30.1) by 


a Mia 
Dp |My2| 


(30.2) 


This equation uses our choice of Am > 0 for all neutral-meson systems. On the 
other hand, if |Mj2| < |[12|, or else if w is very close either to 0 or to 7, then 
we can approximate eqn (30.1) by 


(30.3) 


[* 
R sign( AT) —# 
p 2 


[Pie] 


If either of these conditions hold, then q/p is a pure phase, which is determined 
either by the phase of M12 or by that of 12, respectively. The validity of these 
approximations can be tested either experimentally—see § 30.1.1—or using the- 
oretical arguments—see § 30.1.2. 


30.1.1 Extracting experimental information on q/p 


The magnitude |q/p| = y (1 — 6)/(1+ ô) is a function of ô. This quantity has 
only been measured for the neutral-kaon system. For the B-B? system there is 
a direct bound on 6, while for the B?-B? system that bound arises indirectly, 
through the bound on the mixing parameter y. 
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The current experimental bounds may also be used in order to place con- 
straints on the deviation of the argument of q/p from that of My,, without 
recourse to theoretical assumptions. One starts from eqn (6.71): 


q 1-6 ~. Ltidu 

— = 4| — exp (i arg Mfo) ————, 30.4 

N ae Mi) Fe p 
which is exact, and where we have used our convention that Am is positive. It 


follows that 
tan arg $ exp (i arg Mis)| <0 max| Ulma (30.5) 


Analogously, we may use eqn (6.70), 


q 1-6 u — iĝ 

= = —4| — To) —— : 

| ; +g © (targ 13) Tara (30.6) 
to show that 
AOT 
— julmin 
The bounds in eqns (30.5) and (30.7) are very useful in the case of the neutral- 
kaon system. For the B systems they are not that good. There, it is customary 
to use instead the following theoretical argument. 


| (30.7) 


tan arg -2 exp (i arg ra) 


30.1.2 A theoretical argument 
Suppose that one has an upper bound on the quantity 


(30.8) 


This quantity is real and non-negative by definition. Let us assume that one 
can find some argument to show that it is small, t < 1. Now, it follows from 
eqn (30.1) that 


2 * “Tx . ; 
q 2M — ilio l «~ 1 — itcosw — tsin w 
— = ——__ = exp (2 Mi) a. ; 
p? 2Mı2 — il`i2 g Mi) l — it cos w + tsin w ey) 
From this equation one easily derives 
Lee la? _1+t 
—— < |=| <——. 3 
1+t7 |p| ~1-t (9010) 


Thus, if we know that ¢ is very small, we learn that q/p has modulus very close 
to 1, and, therefore, that it is almost a pure phase. From eqn (30.9) one may 
also derive 


t? 
< : 
T V1-t4 
Thus, if we know that t is very small, we learn that the phase of q/p is very close 
to that of Miz. 


2 
tan arg 5 exp (2i arg Mia)| (30.11) 
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It is interesting to observe that, while the deviation of |q/p| from unity is at 
most ~ t, the deviation of arg(q/p) from arg M+, is ~ t°, and therefore much 
smaller. This is readily checked by a glance at eqn (30.9): both tcos@ and tsin w 
must be non-zero in order that (1 — it cos w — t sin w) (1 — it cos w + tsin w) be 
non-real. 


30.1.3 An assumption about the decay amplitudes 


We shall assume that the decay amplitudes corresponding to the dominant decay 
channels are determined by the SM tree-level diagrams. If there is new physics, 
then it should affect primarily the mixing in the neutral-meson systems and/or 
the decays which are suppressed in the SM either by CKM factors, by loop 
factors, or otherwise. This assumption is useful in order to get an estimate of 


Pin = $ (fITIP°)* (FIT IP). (30.12) 
f 


The assumption will be used, in the BS-Be and B?-B9 systems, to place limits 
on |I:2|, and thus on t. Equations (30.10) and (30.11) are then used to determine 
q/p through the argument of M12. 


30.2 qK/PpK 


In the K°-K° system all the necessary ingredients are experimentally known and 
model-independent statements are possible. The determination of q/p follows 
most easily from eqn (30.6). Remember that in the derivation of this equation, 
which is exact, we have used our convention that Am is positive. Experimentally, 
u = —AT/ (2Am) = 1.054 + 0.004, while 6 = (3.27 + 0.12) x 107°. It follows 


that 

1—46 

=|=,/—— x 1l-dnr1 ; 
x EY 1-06 ; (30.13) 


and therefore q/p is almost a pure phase, which is given by 


| q 


arg : wa+argl yj, — ô. (30.14) 


In the calculation of argI’j, one first uses the result (Lavoura 1992a)’® 
larg (T124049)| <x 1075 (30.15) 


to trade the phase of T'*, for that of Ao Að. One then assumes that, even if there 
is physics beyond the SM, the |AS| = 1 decay amplitudes are dominated by the 
usual charged-current weak interaction. Then, as in eqn (17.5), 


Ao — eilx+ba—€s) Vis Vua (30.16) 


= x` 


Ao Vus Vz 


79 This follows from the fact that the sum in eqn (30.12) is dominated by the channel 27, I = 0. 
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One concludes that 
qk mw — ellk téa-&s) Vi Vis Vua (30.17) 
PK Vu s Vud 
This result hinges on experimental facts and on the assumption that the kaon 
decays to 27, I = 0 are dominated by the tree-level diagram with an intermediate 
W boson. Equation (30.17) neglects a term ô ~ 1073 in the phase of qx /pxK (see 
eqn 30.14). 
Instead of eqn (30.17), one may write 


qk UEK +Ea— ~é,) Ves Ved Ved ote’ 30.18 
—=-e , ; 
PK Ves VA l ) 


making use of the phase e’ = arg (—VusVedVýaVes) introduced by Aleksan et 
al. (1994). The equality between the right-hand ade of eqns (30.17) and (30.18) 
is exact: it holds in any model, because it follows from the definition of e’ (Cohen 
et al. 1997). 

In the SM, e’ ~ 107° may be safely neglected. In most models beyond the SM 
e' is still very small—see § 28.5.2. Moreover, models in which e’ is altered usually 
produce a large effect on B°—B° mixing—see for instance Nir and Silverman 
(1990). For this reason, many authors set e’ = 0 in eqn (30.18). Indeed, if € ~ 
1073, then neglecting €’ is just as good an approximation as neglecting ô, as we 
did when writing down both eqns (30.17) and (30.18). On the other hand, if in a 
model beyond the SM ¢' turns out to be large, then it makes sense (Kurimoto and 
Tomita 1997) to use eqn (30.18) while neglecting 6, because the latter quantity 
is experimentally small. This is why we prefer to keep e’ explicit in our formulae. 


30.2.1 The phase of My, 


Instead of starting from eqn (30.6) as we did, we might start from eqn (30.4). 
As ô is small and u = 1 one may write 


arg x arg My, +ô. (30.19) 


Comparing eqns (30.14) and (30.19) we see that w = arg (M7,Ti12) & T — 206, cf. 
eqn (8.15). 

At this juncture, we should stress the important constraints placed by the 
experimental value of 6 on model-building. We have discussed the standard- 
model computation of My, in Chapter 17. The short-distance contribution comes 
from the box diagram. If we omit the spurious phase ég +&€4—€,, that contribution 
may be written as the sum of three pieces, proportional to \2, AyAc, and A2, 
respectively, where Ag = Vi,Vaa. There is also a long-distance contribution to 
Mj,; its phase is that of \2. 

Thus, the calculation of Mj, involves three terms with different phases. By 
contrast, the calculation of —I'y, involves a single weak phase, that of \2. But 
the phases of Mf, and of —I'y, have to coincide up to corrections « 6 ~ 107%. In 
the SM this constraint is satisfied, because the phases of A,, and of —A, coincide 
up to e ~ 107°. 
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The same argument should hold if there is physics beyond the SM. Let us con- 
sider a model with no new contributions to ['j,, but with an effective |AS| = 2 
contribution to Mo. It is an experimental requirement that this extra contri- 
bution to My, should retain a phase close to that of —Ij,. One also has to be 
careful that the phases of —A, and of A, do not get too different from each other; 
otherwise the box diagram produces My, with a phase very different from that of 
—I},.— barring large cancellations between the box diagram and the new-physics 
contributions to Mï. This is another argument for the smallness of e’ even when 
there is physics beyond the SM. 


30.3 Relating arg (qp,/pp,) to arg Mj, 
30.3.1 The Bg case 


The CLEO Collaboration (1993c) has established that |ô| < 0.09 in the B9-B® 
system. We also know that Am must be greater than |AT|; this arises from the 
combination of the observed oscillation in time-dependent measurements, with 
the time-independent determination of x, as discussed in Chapter 10. The Par- 
ticle Data Group (1996) finds = 0.73 + 0.05, while, based on the data, one 
may conclude that |y| < 0.3 at 95% confidence level (Moser, personal commu- 
nication). It follows that |u| = |y/z| < 0.47, and |uéd| < 0.043. From eqn (30.4) 
one then knows that q/p is almost a pure phase, and, using eqn (30.5), we find 
that that phase does not deviate from that of Mj, by more that 2.5°. 

One may do much better than this by using the theoretical argument in 
§ 30.1.2. For this we need a bound on t. The experimental bound is rather poor. 
Indeed, as || is very small and |AT| < Am, one learns from eqn (6.64) that 
|Mi2| + Am/2. Combining this with |[12| < T we find the constraint 


D2 r 20 


2 
— —— x — = — <3. 30.20 
Mi2| Z IMi2l Am Po ( ) 


This is rather useless. 

But, let us assume that the contributions to Ij from decay channels common 
to both BY and B? do not differ much from the standard-model expectations. 
This is likely to be the case, since these decays should be dominated by SM 
tree-level diagrams (Nir 1993). The branching ratios to channels common to B9 
and BY are expected to be no larger than 107° in the SM. Moreover, in the 
determination of [2 via eqn (30.12) these contributions should appear with 
different signs. Hence, even if we allow for an enhancement by a factor of 10 due 
to the adding up of different contributions, one finds |I12| /T < 107? (Nir 1993). 
Using this result instead of |[12| < T in eqn (30.20), one obtains 


Ti | < 3 x 1072, (30.21) 


12 


Thus, t < 0.015. This guarantees that the phase of q/p deviates from that of Mf, 
by no more than 0.007°, which is a much better result than those in the previous 
paragraphs. In addition, using eqn (6.28), we also find that |ô| < t < 0.015. 
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30.3.2 The B, case 


In the B°-B° system we take z > 9.5 and |y| < 0.3, cf. Chapter 10. Then, using 
eqn (6.54), 


pa U oje 2x0 (30.22) 
T 1+ 2? 
we find 
lô] < 0.1, (30.23) 
while 
\u| = |y|/xz < 0.03. (30.24) 


Therefore, |u| < 0.003, and the phase of q/p deviates from that of My, by no 
more than 0.18°. RPS 

As |6| is small and |y| < z one may, just as in the B9-B® system, write 
|Mj2| = Am/2. We then find 


li? 


mme 


M2 


2 
<= < 0.2. (30.25) 


As we did in § 30.3.1, we may find a better bound on t if we assume that the 
decay amplitudes to channels common to B? and B? do not differ much from the 
standard-model expectations. The dominant decays common to B? and B® are 
due to the tree-level transitions b > cés; all other decays are CKM-suppressed 
relative to this one and should play a minor role. Therefore, [\2/T is expected 
to be large. Indeed, Beneke et al. (1996) found, in the SM, 


T 1 
= 5 Oo) (30.26) 


in a convention in which no phases are introduced by the CP transformations.®° 


Since the analysis involves primarily tree-level decays, it is likely to hold in many 
models beyond the SM. Using the highest value in eqn (30.26), |[12| ~ 0.147, 
one obtains 

Tio 


Tiz 0.28 
Mı2 


-7 S3 x 0 (30.27) 


By coincidence, one arrives at the same final estimate as for the B?-B? system, 
cf. eqn (30.21). In the B°-B® system the bound on |I'j2|/T is worse, but that is 
compensated by the larger value of x. Therefore, the phase of q/p deviates from 
that of M7, by no more than 0.007°, improving upon the experimental result. 
Again, using eqn (6.28), we find that || < t < 0.015. 


80The negative sign in eqn (30.26) means that it is predicted that the heaviest eigenstate 
lives longer, i.e., that AT < 0 (Beneke et al. 1996). 
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30.4 QB, [PBa and qB. /PB, 
We have shown in the previous section, using only experimental results, that 


Diy exp (i arg Mf) (30.28) 


q 


holds up to a reasonable accuracy. We have then followed Nir (1993) and used a 
mild assumption about the decay amplitudes to argue that eqn (30.28) should, 
in fact, be valid to extremely good accuracy. We must now determine the phase 
of Mi. This is readily done in the SM. 


30.4.1 q/p in the SM 
In the SM, an analysis of the box diagram yields 
DP i2 
M2 


thus vindicating eqn (30.28). Using the determination of M12 in eqn (18.1), we 
find 


m? * Me — My 
—, arg(Mj.T 12) ~ ear (30.29) 
t 


9B, y VibVta i(€n, +€¢—€) 

P sign (Bp, ) Vin A . (30.30) 
The CKM combination VVtq appears because, as explained in Chapter 18, the 
SM box diagram for Mı2 is dominated by the contribution with two internal 
top quarks. Long-distance contributions to Mj, should be negligible. The ‘bag 
parameter’ Bg, is expected to be positive. However, if the vacuum-insertion 
approximation fails badly, Bg, might be negative (Grossman et al. 19976) in 


either the BS—B® system or the B?-B? system, or in both of them. 


30.4.2 qB,/pB, in the presence of new physics 
New physics may change the phase of qB, /pp,, or even lead to |B, / PB, | Æ 1. In 
some models, new physics appears predominantly in the mixing of the neutral 
mesons, while their decays remain governed by SM physics—examples are given 
by Nir and Silverman (1990), Dib et al. (1991), and Branco et al. (1993). This is 
especially likely when the decays occur at tree level in the SM. Then, the effects 
of new physics on CP asymmetries may be parametrized by parameters r and 6 
as 

Miz = MSM (re~‘®)” (30.31) 
It follows that 


SM 
: zx exp (i arg Mi) = (2) ek, (30.32) 


(We take r real and positive by definition. Of course, r and @ are in principle 
different in the B9-B? and B°-B® systems.) We thus have 


qB , Vib Vta ,i(€5, +b, —€0) 2210 
—_ = -sien(B 2 eSB Tsa Sb) Ata | 30.33 
op, 80 (BB) Foye (30.33) 


This treatment of physics beyond the SM is originally due to Soares and Wolfen- 
stein (1993) and to Branco et al. (1993), and has also been used by Deshpande et 
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al. (1996), Cohen et al. (1997), Grossman et al. (1997a), and Silva and Wolfenstein 
(1997).®! 


30.5 Main conclusions 


We have argued in this chapter that q/p is given, to an excellent approximation, 
by a pure phase. In the kaon system this is a direct result of the experimental 
determination of 6. In the Bg and B, systems, we may use the limited exper- 
imental results to ascertain that the phase of q/p differs from the pure phase 
M7,/|Mi2| by no more than 2.5° and 0.2°, respectively. Alternatively, we may 
follow Nir (1993) and assume that the dominant contributions to |[‘j2| arise from 
SM diagrams. We then conclude that the deviation is at most 0.007°, in both 
the Bg and B, systems. 

In the case of qx /pK, we have argued that its phase should retain the ex- 
pression that it has in the SM, even in the presence of new physics effects. 
On the other hand, the phases gg, /pp, could differ significantly from their SM 
values. We parametrize this difference by phases 6,, which arise from possible 
new-physics effects. 


We found 
GK _ __i(€x-+éa—€s) Vea Ved ,~2ie' 
PK Ve Va 
_ [ele tea Eee Bie), (30.34) 
Ba _ : i(£sB +€a- Eb) tb" td Vi Vta e2iba 
—* = —-sien(Bp,) e'\*a 
PBa 8 ( Ba) VaV 
= |—sign (Ba, ) a eba, (30.35) 
qB . Va Vis 
i2» — -sign (B i(EB, +Es—Eb) "tb" ts e285 
Dp, sn(Bp,)¢ A 


= |~sign (Bp,) X62. tE -E) eie] eið., (30.36) 


In each equation, the second line contains in between squared brackets the SM 
result, with the phases in the CKM matrix parametrized following the convention 
of eqn (28.24). We see that, if the mixing is only due to SM diagrams, then q/p 
may be parametrized exclusively in terms of 3, €, and e’, even if the CKM matrix 
is not unitary. 


SlIn some of these papers 0, has been defined differently, but the basic idea has always been 
the same. 
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31.1 Introduction 


In this chapter we work out the amplitudes governing B decays in the standard 
model (SM). We use a quark-diagram description which has the advantage of be- 
ing very intuitive. This description may be combined with a classification of the 
diagrams according to their flavour-SU(3) properties (Zeppenfeld 1981; Chau et 
al. 1991; Gronau et al. 1994a,b, 1995), providing a tool to find approximate rela- 
tions between different decay channels. However, the quark-diagram description 
does not yield exact results. In order to obtain exact results one must first derive 
the effective Hamiltonian governing the transitions, and then one must evalu- 
ate its matrix elements exactly. Unfortunately, the nonperturbative nature of 
quark confinement means that those matrix elements must be computed within 
some model, such as the BSW model (Bauer et al. 1985, 1987), and the results 
thus obtained are model-dependent. The effective-Hamiltonian approach will be 
discussed in the next chapter. 

In this chapter we start by studying the dominant tree-level and gluonic- 
penguin amplitudes, within the spectator approximation. In this approximation, 
one assumes that the B meson decays through the decay of its b quark (or 
b antiquark), with no intervention from the other quark in the meson—hence 
called the ‘spectator’ quark. Later, we discuss briefly the amplitudes involving 
the spectator quark, and the electroweak-penguin amplitudes. These become 
important when the dominant amplitudes are either CKM-suppressed or absent. 

In principle, no non-trivial model-independent statement can be made about 
the decay amplitudes; they must always be computed within a particular model. 
Here, we shall concentrate on the decay amplitudes arising from the SM. More- 
over, we shall consider only the hadronic decays into two mesons. Through- 
out, our notation for the diagrams will be the one put forward by Gronau et 
al. (1994a,b, 1995). 

Hadronic uncertainties arise in any computation of the decay amplitudes 
and decay rates. They are due to uncertain operator matrix elements, and also 
to unknown CP-even phases from the final-state interactions. Thus, the decay 
amplitudes that we need, Ay and Ay, typically end up being unknown. Still, 
one can overcome this problem in special situations where several amplitudes 
can be related to each other. The simplest examples occur in the decays into 
CP eigenstates in which the decay amplitudes are dominated by a single weak 
phase. Then, the CP symmetry of the strong interaction relates Ay with Ay, and 
the hadronic uncertainties cancel out in the ratio As/Ay relevant for Xs. Other 
examples discussed in the literature include relations between the amplitudes 
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for decays into final states with D°, D°, and Dy, (the combination of D? and 


D° that decays into the CP-eigenstate fep); and relations obtained by using the 
approximate isospin or flavour-SU(3) symmetries of the strong interaction. These 
relations involve a comparison among several distinct decay channels, and are 
typically more difficult to implement experimentally. 

The diagrammatic approach discussed in this chapter is commonly used in 
connection with additional assumptions about the relative magnitudes of the 
various diagrams. These assumptions are based on estimates for the diagrams 
in which one neglects rescattering effects. Such final-state interactions will both 
alter the magnitude of the contributions from individual diagrams and mix dif- 
ferent quark-level diagrams. Here, we shall follow the usual practice and neglect 
those effects. We will, however, mention which parts of our analysis are more 
likely to be affected by rescattering effects. 


31.2 SU(3) classification of mesons 


The u, d, and s quarks form a triplet of flavour SU(3). The antiquarks d, —ū, and 
s form an antitriplet. The mesons are defined so that they form isospin multiplets 
without extra minus signs (Gronau et al. 1994a,b; Grinstein and Lebed 1996). The 
flavour-SU(3) octet of light pseudoscalars includes the following SU(2) multiplets: 


K? = d5, Kt = u5, 
n = -dū, n’ = ya(- ua + dd), nt = ud, (31.1) 
K- =-st, K? = sd, 


and E 
ng = z(u — dd + 283). (31.2) 


There is also a light pseudoscalar which is a flavour-SU(3) singlet, 
m = J (ul + dd + s5), (31.3) 


which mixes with ng. Indeed, the mass eigenstates 7 and 7’ are orthogonal com- 
binations of 7, and ns: 
= ng cos — nı sin 9, 

ee L (31.4) 
n = ng sin Â + 7; cosé. 
The angle 0 was found by Gilman and Kauffmann (1987) to be around 20°. A 
good approximation (Chau et al. 1991; Gronau et al. 1994a,b) consists in taking 
6 = 6, = arcsin (1/3) ~ 19.5°. This approximation gives 


1 = M = oq (—uil — dd + s5), es 


' = np = (ui + dd + 283). 


S 


The heavier nine vector mesons have the same quark content. One adopts 
the following notation, as compared to the lighter mesons: 7 > p, K > K*, 
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and n — @. Analogously to ņmı—-ns mixing there is ¢,;-@g mixing; in this case 
the mixing angle is closer to —40°. Here, the mass eigenstates are designated by 
ġ and w. Sometimes (Close 1979) one uses 6 = 6, = arcsin(—1//3) ~% —35°, 
corresponding to the eigenstates 


$ = bv 
W=Wy= vq (ual + dd). (he) 


SS, 
1 


One must keep in mind that this is an approximate result; in particular, ¢ also 
has uŭ and dd components. We shall not need the heavier resonances in this 
book. 

As for the mesons with charm or bottom flavour, we shall be particularly 
interested in 


D? =-cu, Dt=cd, Dt =cs, 
D° =u, D-=éd, Dz =čs. 
: ee eee ie (31.7) 
Bt=bu, B?=ĵbd, B? =bs, 
Bz = —bū, Bľ=bd, B? =bs. 


In addition, there are charmonium cē states. These include the states 7. (with 
Jee = 07+), J/y, and 4 (with J? C = 177). Similarly, we have the bottomo- 
nium bb states Y (with JP? = 177). 


31.2.1 Final states with several possible quark-flavour contents 
In the decays of one B meson to two lighter mesons, one often has to deal with 
final states in which one or both mesons are admixtures of several possible flavour 
contents. We are now ready to list the most important possibilities: 
e Ks and Kz. These are linear combinations of K? = d3 and K® = ds. 
e D;.,. By this we mean that the neutral D meson in the final state is 
observed through its decay into a CP eigenstate. Such CP eigenstates can 


be reached from both D? = —cū and D? = uč. 
e 7° or p? (or heavier resonances). These particles are linear combinations 
of wu and dd. 


e 7 or 7. These are linear combinations of ui, dd, and s3. 
e ¢. This meson, although it is mainly s3, has ua and dd components. 


These cases are special in that there may be quark diagrams with different quark 
content in the final state that lead into the same hadronic final state. 


31.3 Tree-level diagrams 


In the spectator approximation, the simplest diagrams for the decay of a b anti- 
quark involve only one intermediate W+, as shown in Fig. 31.1. The letters ua 
and dą represent a generic up-type and down-type quark, respectively. The final 
quark contents of the various possible decays of b, together with the respective 
CKM factors V% Vsk, in the parametrization of eqn (16.38), have been listed in 
Table 31.1. The decays of b involve the complex-conjugate combination of CKM 
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Fic. 31.1. Tree-level diagram. 
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Fic. 31.2. (a) T diagram, with two charged mesons in the final state, and (b) 
C diagram, with two neutral mesons in the final state. 


matrix elements. 

When using Table 31.1, it is important to bear in mind that the CKM pa- 
rameter Ry = |VuaVusl/|VeaVeo| entails a suppression, since 0.24 < Ry < 0.47 
(Buras and Fleischer 1998). This is due to the fact that |Vub/Veb| is smaller than 
À, being probably closer to 4/2 or A/3. Amplitudes with Rẹ thus suffer from an 
extra CKM suppression, over and above the usual À suppression. 


31.3.1 C and T diagrams 


For an initial Bo meson, the final state has quark content ti,ugd,q. These quarks 
can hadronize into two mesons in two different ways. Either there will be two 
charged mesons with quark content qi, and ugd,, as in Fig. 31.2 (a), or there 
will be two neutral mesons with quark content gd, and UBUa, as in Fig. 31.2 
(b). The two cases have a different colour structure. In the first case, ug and 


Table 31.1 Classification of tree-level decays. 


Decay number b — ŭaugdk b- uaŭgdk VŽ V ak 
1 ccs CČS AX? 
2 Cus cus AX? 
3 ucs ucs Ad? Rye? 
4 uus UUs AAt Re"? 
5 ccd ccd =A 
6 cud cud An? 
7 ticd ucd — A 4 Rye”? 
8 ūud uud AX? Rye? 
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dp, which arise in a colour singlet from the charged current, form a—necessarily 
colour singlet—meson. In the second case, those two quarks are separated into 
different mesons. In that case, ug and ŭa, whose colours are initially independent, 
bind into a colour singlet, the same thing happening with dą and q. Barring 
rescattering effects, this results in a suppression of the second option relative to 
the first one. One says that Fig. 31.2 (a) is colour-allowed while Fig 31.2 (b) is 
colour-suppressed. We shall follow Gronau et al. (1994a,b, 1995) and denote the 
two possibilities in Figs 31.2 (a) and 31.2(b) by T (for tree-level) and C (for 
colour-suppressed), respectively. We shall also use the notation b > dg[ugd,] for 
T and b > [tqug]d, for C. 

Since C is colour-suppressed, we would naively expect |c/t| ~ 1/3. Calcu- 
lations within specific models yield values which are numerically closer to A 
(Gronau et al. 1995),8? 


|F| ~ 0.2 ~A. (31.8) 


The lower-case letters mean that the (potentially different) CKM factors in C 
and T have been explicitly factored out.83 

Naturally, the same quark-decay schemes apply to the decays of the charged 
B mesons. The final quark content is the one in the first column of Table 31.1, 
with the addition of u and c in the decays of B} and Bt, respectively. 


31.3.2 Classification of the decays at tree level 


The final states common to B? and Bo (which we shall designate ‘common final 
states’) are especially interesting, in particular when they are CP eigenstates. 
Common final states that are not CP eigenstates are known as ‘non-CP eigen- 
states’ or ‘CP non-eigenstates’. Of course, there are final states which are not CP 
eigenstates and are not common to B? and B9; these are the flavour-specific final 
states (sometimes known also as ‘self-tagging final states’). In general, the final 
states that are not common to B? and B? can only exhibit direct CP violation. 

We want to classify the decays according to their flavour-changing properties, 
and to see which tree-level diagrams contribute to each type of decay. We may 
classify the decays according to whether they do or do not change the up-type 
quantum numbers of the first two families, and according to the net strangeness 
and down-flavour content of the final state—denoted by Sy and Dy, respectively. 

We find that there are four classes of processes, which we list below, to- 
gether with the tree-level diagrams contributing to each class. The diagrams are 
identified by their number in the first column of Table 31.1. 


1. Decays with Sz = Ds =0 and AC = AU =0 


o Tree-level diagrams: B? — 1, 4; 
Bô — 5,8. 


82 The coincidence of the suppression factor |c/t| in eqn (31.8) with A is, of course, just an 
accident. 
83 Gronau et al. (1994a,b, 1995)—who introduced the diagrammatic notation that we use in 


this book—use only upper-case letters because they always factor out the CKM coefficients 
explicitly; we shall use lower-case letters when we do this. 
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e All final states are common to B? and Bo. 
e All diagrams can lead into CP eigenstates. 
e Each amplitude only gets one tree-level contribution. 


2. Decays with Ss = Dp = 0 and AC £0 4 AU 
e Tree-level diagrams: B? — 2, 3; 
BY — 6,7. 
e All final states are common to B? and B9. 
e Final states that are CP eigenstates must contain Dy. Examples: 
B? > Dy, BY > DfT’. 
e Final states that are CP eigenstates receive two tree-level contribu- 


tions: one from the decay into cu, and another one from the decay 
into Cu. 


3. Decays with Ss 40 A Dy and AC = AU =0 


e Tree-level diagrams: B® — 5, 8; 
Bo — 1,4. 
e Common final states are the ones with Kz or Ks. Examples: B} > 
J/WKs, B9 — WK. 
e Common final states are CP eigenstates too. 
e They have only one tree-level diagram contributing to the decay. 


4. Decays with Ss #0 #4 Df and AC £0 # AU 
o Tree-level diagrams: B? — 6,7; 
By 253) 

e Common final states are the ones with Kz or Ks. Examples: BS — 
D°Ks, B? > D°Ks. 

e The common final states which are CP eigenstates are the ones which 
have simultaneously Kz,s and Dy... 

e The common final states which are CP eigenstates receive two tree- 
level contributions. 


31.3.3 Decay channels common to B? and B® 


The final states in the upper part of Table 31.1, with quark content CcSs, cuss, 
ucss, and wuss, are common to B? and Bo, Similarly, the final states in the lower 
part of the table, with quark content écdd, Gudd, ticdd, and ūudd, are common 
to B? and B®. They account for most of the decay channels common to both 
neutrals. 

But, as we have seen in the previous subsection, there are also final states 
common to B® and Bo that can be reached through the quark decays in the lower 
part of Table 31.1. These common final states must include either Ks or Kz, 
and they occur because Kz and Ks are combinations of K 0 — d3 and K? = ds. 
Similarly, B9 and B9 have common final states to be reached from the quark 
decays in the upper part of Table 31.1; an example is J/yKs—which is almost 
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Pd — = 


Fic. 31.3. (a) Gluonic penguin, and (b) singlet penguin. 


a CP eigenstate, and may be reached by both B9 and B? through the quark 
decays b — écs and b > cés, respectively. 

Common final states are important because they are the ones that may ex- 
hibit interference CP violation; moreover, they are the ones contributing to T12 
through Ty2 = $; A} Ay. The largest terms A% A f are proportional to A*, and 
they occur for the rene in the first line of Table 31.1; they contribute to T12 
in the B°-B® system, but not to T12 in the B9—B® system. This is because the 


decays B? = K? and B? => K° do not occur. s4 Some decays in the sixth line of 
Table 31. 1 also give A} A f ~ àt, but these must always include D;,, in the final 
state. Again, in the boi basis it is easy to see that they do not contribute. 
As a consequence, we expect [12 to be larger in the B?-B® than in the B9-B9 
system and, therefore, yg < Ys in the SM. This is the reason why one nee leets 
y in the Bo-Bo system, while it may be large in the B°-B® system (Beneke et 
al. 1996). Moreover the b => Gcs decays constitute the dominan portion of all 
B? decays that are common to B? and B®. 


31.4 Gluonic penguins 


We now turn to the one-loop diagrams involving one WF and one gluon. They 
are known as gluonic penguins and are shown in Fig 31.3 (a). The diagrams in 
which the gluons attach to the external legs—cf. Fig 20.2—must be included in 
the computation of the gluonic penguins. The q’q’ pairs in the final state may 
be uu, dd, s3, or cc; the CKM factor is always the same. 

In Fig 31.3 (a) we have depicted only one gluon, but there may be any number 
of gluon lines. As the q’q’ pair created by one gluon must be in a colour-SU(3) 
octet state, in diagrams with only one gluon the final state from the initial B} 
can only have the mesons qq’ and q’d,. We may denote this by b > [d,q']q’. One 
may draw other penguin diagrams, leading to mesons gd, and q’q’ in the final 
state. However, such diagrams require more than one gluon; for instance, one 
has the diagram in Fig 31.3 (b), which has been nicknamed the ‘vacuum cleaner 


841t is instructive to reproduce this result in the Ks, Ky, basis. The decays that are common 
to B9 and B9 are those with a Kz or a Kg in the final state. However, in those cases, the 
* 


values of A 7A f are opposite for final states containing a Ks and for the analogous final state 
containing a Kz, so that the total contribution to r12 vanishes. 
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Table 31.2 CKM factors for the gluonic penguins. 
b-—d,q'q Intermediate up-type quark u, Vi, Vyk 


t — Ar? 
sq'q' c AX? 

u AX Rye’? 
AN Ree 
dq' c =A)? 

u AX? Rpe™ 


diagram’ by Gronau (1997). Furthermore, assuming that flavour SU(3) is a good 
symmetry, the q'q’ pair must bind into a flavour-SU(3) singlet.” Hence, one 
refers to b > d,[q'q'] decays as singlet penguins (Dighe et al. 19966), Thus, the 
diagram in Fig. 31.3 (b) pena the decay b > dym or b > dkġı. A similar 
vacuum cleaner diagram, with q’q’ = cc, contributes to final states with a cé 
meson; for instance, BY + J/WKs. 

The CKM factors for gluonic penguins are listed in Table 31.2. There are 
three different gluonic penguins, corresponding to the three intermediate up- 
type quarks running in the loop. We may denote those three amplitudes P;, Pe, 
and P,, for intermediate top, charm, and up quark, respectively. Each amplitude 
is separately divergent; only the sum of the three gluonic penguins, 


P; + Pe + Pu = Va VtkPt + Vp Vek Pe +V ab Vuk Pu; (31.9) 


is finite. 
Within the SM, we may use the unitarity of the CKM matrix to rewrite 
eqn (31.9) in either of the following ways: 


P; + Pe + Pu = VisVix(pe — Pu) + Va Vek (Pe — Pu) 
= Vp Vik (Pt — Pe) + Vab Vuk (Pu — Pe) 
gg Vab Vek (Pe — Pt) T Va Vuk (P Pu — pt). (31.10) 


The differences pa — pg are finite. 

Independently of the hadronic matrix elements and of the CKM factors, glu- 
onic penguins are suppressed by a loop factor with respect to tree-level diagrams. 
On the other hand, gluonic penguins with a top quark in the loop get a GIM 
enhancement due to the high mass of the top quark. Therefore, a rough estimate 


for the ratio between the gluonic penguin and the tree-level diagram is (Gronau 
1993) 


Os as(ms) , mi 2 
ol ~ SD ge © O04 (31.11) 


We have used as(mp) = 0.2, and assumed that the ratio of hadronic matrix 
elements is close to unity. The estimate in eqn (31.11) is used extensively in 


85 Of course, there will be flavour-SU(3)-breaking corrections. 
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the literature. Nevertheless, by computing in detail penguin-dominated decays, 
Kramer and Palmer (1995) have obtained ratios that are sometimes closer to 


ka ays (31.12) 


This is the outcome of calculations using the effective Hamiltonian, factorization, 
and the BSW model (Bauer et al. 1985, 1987). An experimental indication for 
a larger-than-expected importance of the gluonic penguins is the outcome of 
the measurements by the CLEO Collaboration (1998a) of large branching ratios 
for the penguin-dominated decays B+ + K+n'. This highlights the fact that 
eqns (31.11) and (31.12) are crude estimates, not to be taken too literally. 

Two other important points should be made concerning the estimates in 
eqns (31.11) and (31.12). The first observation concerns our use of p; in these 
equations. What we really mean is either p — Pu or pt — pe, according to whether 
one decomposes the gluonic penguin following the first or the second line in 
eqn (31.10), respectively. However, we do not want to obscure the fact that those 
estimates are based on the GIM enhancement of the gluonic penguin, which is 
due entirely to the high mass of the top quark. The second observation concerns 
the validity of this top-quark dominance. Indeed, one assumes that there is no 
enhancement of either pe or pu. However, this assumption may be false for glu- 
onic penguins—nevertheless, Buras and Fleischer (1998) argue that it is a good 
approximation for electroweak penguins. Indeed, gluonic penguins with internal 
up or charm quarks may be larger than what one usually assumes. This subject 
has been tackled with various strategies: see, for example, Bander et al. (1979), 
Kamal (1992a,b), Buras and Fleischer (1995, 1998), Atwood et al. (1996), Ciu- 
chini et al. (1997a,b), Neubert (1998), and the references therein. 


31.5 Classification of decays 


We now compare Tables 31.1 and 31.2. We classify the various possible decays 
in different classes, building upon the work of Grossman and Worah (1997). 


o (c, t) The |AC| = 1 decays numbered 2, 3, 6, and 7 in Table 31.1 do not 
get contributions from gluonic penguins. We subdivide these four decays 
into eight classes, according to which quark pairs hadronize into mesons. 
The four colour-suppressed decays (C) have two neutral mesons in the final 
state: 


(cl) b — [ču]5, (c2) b — [ūc]5, (c3) b — [@ujd, (c4) b > [ūc]d. 
The four colour-allowed decays (T) have two charged mesons in the final 
state: 
(t1) b> Gus], (t2) b— aleš], (t3) b— čcļud]), (t4) b > acd]. 
e (p) There are four quark decays which involve only down-type quarks and 
get no contributions from tree-level diagrams. We denote them b > [d;.q']q’. 


The order of the quarks in this notation is important: the last two positions 
correspond to the quark—antiquark pair arising out of the gluon. One has 
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(p1) b > [šs]5, (p2) b— [ds]5, (p3) b> [Sd]d, (p4) b — [dd]d. 


e (pt, pc, c) Other quark decays get contributions from both tree-level 
diagrams and gluonic penguins. If the two mesons in the final state are 
charged, one gets contributions from T and P: 


(pt1) b > [8c]@é, (pt2) b> [dcjz, (pt3) b > [Su], (pt4) b > [du]ū. 
If the final-state mesons are neutral there are two possibilities. In the case 


of a cc meson, there is a colour-suppressed tree-level diagram and a singlet- 
penguin contribution: 


(pcl) b > s[cē], (pc2) b > d[cd]. 
One might think that the decays b + dp[uū] only have a C contribution. 


However, as we shall see in the next section, this is not true for the physical 
states, which are combinations of uu and dd pairs: 


(c5) b> s[uti], (c6) b > d[ua]. 


In addition to the diagrams discussed up to now in this section, there are also the 
singlet penguins b — dn and b > dkoı. These multi-gluon penguins—and those 
appearing in (pcl) and (pc2)—cannot be estimated reliably, but they are usually 
taken to be smaller than diagrams (p) and (pt), because of the (colour-matching) 
extra gluons required. However, rescattering effects may play an important role 
in all decays for which singlet penguins make a significant contribution. 


31.6 Decays into CP eigenstates 


It looks as though the best channels to search for CP-violating phases would 
be those with only one tree-level contribution: (t) and (c). This is not the case 
for two reasons. Firstly, in the naive quark analysis just described one does not 
take into account the fact that some mesons in the final state have several quark 
contents. This occurs, for example, with 7°, ¢@ and Ks. Secondly, the cleanest 
measurements of CKM phases arise from CP-eigenstate final states, because the 
hadronic uncertainties cancel in the ratio As/A; when the decay is dominated 
by a single diagram. This severely restricts the number of final states of interest. 

Most final states which are CP eigenstates consist of two neutral mesons. 
Final states with charged mesons can only be CP eigenstates if the charged 
mesons form a meson—antimeson pair. It is clear that one cannot reach any such 
CP eigenstate, with two charged mesons in the final state, using any of the quark 
decays classified as (t). But this is possible in the case of the quark decays with 
both tree and penguin contributions (pt). The relevant channels are those in 
Table 31.3, or those in which the mesons in the final state are substituted by the 
corresponding resonances. Unfortunately, these channels do not have only a tree- 
level contribution, they also have a penguin contribution. The latter may spoil 
the extraction of the CKM phases of the former. For the bs — [8c][@s] processes 
there is no problem, because the gluonic penguin has the same phase as the 
tree-level diagram. The bs — [Su]|ds] processes are problematic, because the tree- 
level diagrams are CKM-suppressed (a factor à?) relative to the gluonic penguin, 
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Table 31.3 Decays into CP eigenstates with two charged mesons. 


Type Quark Tree-level Dominant-penguin Sample 
process CKM factor CKM factor channels 
(pt1) bs — [8c][és] An — An? B; > DID; 
(pt3) bs > [šu][|ūs] AAt Rye’? —A)X? B; ~ KtK- 
(pt2) bd — [dc][éd] —A? Ad? Rye~ Ba > D+} D- 
(pt4) bd — [du] [ūd] Ad? Rye’? AX? Rye~ t? Ba > ntr 


Table 31.4 Decays into final states with Df.. 


Type Quark CKM factor Sample Sample 


process Ba decay B, decay 
(cl) b + [cu]s An 


E Dfi Ks Dfa 
(c2) b> [ūdqš AX Rye”? 
(c3) b > [cu]d AX? 
D fo 7° Df Ks 
(c4) b > [ticld —Ad*Rye”? 


offsetting the usual |p; /t| suppression of the penguin. These decays are even likely 
to be dominated by the penguin amplitudes, with the tree-level amplitudes acting 
here as the pollutant. The other two processes also have different tree-level and 
gluonic-penguin CKM phases, and the size of the gluonic-penguin amplitude may 
well be larger than 10% of the tree-level amplitude. 

We turn to the decays (cl) through (c4). Observing a CP eigenstate with two 
neutral mesons in the final state originating from any of these decays is possible, 
but requires that Df., be present. As a result, both the b > Gus and the b > tics 
(or both the b > Gud and the b > ūcd) tree-level diagrams contribute. Some 
sample channels and the respective CKM factors are given in Table 31.4. For the 
decays in the first part of Table 31.4, one has two tree-level diagrams of similar 
magnitude but different weak phase. Extraction of the weak phases may be done 
by exploiting the relation of these decay channels with the flavour-specific decays 
into D? and D°. Those methods will be presented in Chapters 36 and 37, but 
they require accurate measurements of several branching ratios. For the decays 
in the second part of Table 31.4, there is a doubly-Cabbibo-suppressed amplitude 
(in the fourth line) which should not be much larger than 5% of the dominant 
amplitude (in the third line). This may allow the extraction of the relevant weak 
phase—see § 34.5. 

The next-best candidates for having the decay dominated by a single diagram 
seem to be (c5) and (c6). However, these channels correspond to final states 
having a wu component, and the corresponding physical mesons also have a dd 
component. Then, the decays bg — [šq][uā] (c5) and bg > [dq][uā] (c6) may 
also be reached by gluonic penguins bg — [5d]|dq] (p3) and bq —> [dd][dq] (p4), 
respectively. It is easy to see that all the (c5) and (c6) decays have penguin 
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contributions, with the exception of the (c5) decay of B®, bs > [3s][uii]. 

Conversely, one can show by inspection that all the final states reached by 
the penguin decays b — [8d]d (p3) and b —> [dd]d (p4) have a dd meson in the 
final state—the exception being the B? + KK decays, which are dominated by 
(p3). Hence, with that exception, all the corresponding final states can also be 
reached by bq — [8q][ut] (c5) and bq — [dq][ui] (c6), respectively. 

To summarize: in general, the colour-suppressed (c5) and (c6) amplitudes 
interfere with the gluonic-penguin (p3) and (p4) amplitudes, respectively. The 
exceptions occur for the b — 5 decays of B®. The transitions B? — [3d][sd|—such 
as B? + KsKs and B® ~ K°K°®—only have penguin (p3) amplitudes. The 
decays B? — [8s][uu]—such as B? — ¢n°—only have colour-suppressed tree- 
level (c5) amplitudes. The last exception occurs because, in the gluonic penguin, 
the gq pair is created by the gluon in a zero-isospin state; thus, it cannot form a 
n°, which has isospin 1. 

In Table 31.5 we give the relevant CKM factors. One sees that the gluonic 
penguin has a weak phase different from that of the tree-level diagram. More- 
over, for the processes in the first part of Table 31.5 the tree-level amplitudes 
are CKM-suppressed with respect to the penguin ones. This suggests that the 
gluonic penguin may dominate the tree-level diagram in these decays. For the 
processes in the second part of Table 31.5 the situation is the opposite, with 
those decays being dominated by tree-level diagrams, but subject to a sizeable 
penguin pollution. The penguin pollution may be removed for the BJ —> az 
channels, by combining all m7 final states via an isospin analysis due to Gronau 
and London (1990)—see § 35.2. 

We next consider the decays (pcl) and (pc2), which are listed in Table 31.6. 
The dominant contributions come from tree-level, colour-suppressed diagrams. 
These are corrected by (multi-gluon) singlet-penguin contributions. For the (pc1) 
processes in the first line the penguins have the same weak phase as the dominant 
tree-level contribution—these should be the cleanest channels to extract weak 
phases. The (pc2) processes of the second line get different phases from the tree- 
level and penguin amplitudes. The penguins should in principle be 5% of the 


Table 31.5 Interfering (c5) and (p3) decays, or (c6) and (p4) decays. In 
the first line, the decays of B? do not present interference: either they have 
only (c5) contributions—e.g. B? —> ọn? —or they have only (p3) contribu- 
tions—e.g. B? + KsKs. 


Type Quark Tree-level |Dominant-P Sample Sample 
process CKM factor CKM factor B® decays B® decays 
(c5) b> sjun] AdA*Rye”? — 


Kgsr® see text 
(p3) b- [šd]d — —A)? 
(c6) b> dua] Ad Rye? — 

nOn? Ks? 


(p4) 5 [ddd = AN Rye78 
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Table 31.6 Tree-level colour-suppressed decays which also get contributions from 
singlet penguins. 


Type Quark Tree-level Dominant-penguin Sample Sample 


process CKM factor CKM factor B9 decays B? decays 
(pel) b> alee] AX -AX TipKs Ijo 
(pc2) b — dicz] — A)’ AX Rye~ 8 J Jpn? J/wKs 
Table 31.7 Pure-penguin decays. 
Type Quark P, F Sample Sample 

process CKM factor CKM factor B? decays B? decays 
(pl) bls] -AX AX pKs +o 
(p2) b> [ds]s Ar} Rre~? —A? KsKs, K? K? oKs 


tree-level amplitudes, but the multi-gluon structure of the singlet penguins may 
entail a further suppression. 

We finally consider the two pure-penguin processes (p1) and (p2) in Ta- 
ble 31.7. For the processes in the first line all penguin diagrams carry the same 
phase, to leading order in the À expansion. These processes also receive contri- 
butions from the singlet penguin b > 5¢,, which carries the same weak phase. 
However, one must keep in mind that ¢ also has small uŭ and dd components.®6 
Hence, these decays can also be mediated by b > [ūu]5 tree-level C diagrams, 
though this effect is estimated to be small—about 1% of the penguin amplitude 
(Grossman and Worah 1997). 

For the processes in the second line of Table 31.7 the penguins P, and P, 
carry different phases. Fleischer (1994c) has shown that the presence of the 
subdominant contributions may lead to CP-violating asymmetries as large as 
50%. 

A special note must be made about the b > d decays of BS. Barring rescat- 
tering effects, the decays BJ + K K—in the second line of Table 31.7—do not 
receive singlet-penguin contributions. Conversely, the decay B9 — or? is medi- 
ated mostly by the singlet penguins b —> dd,, with a (possibly small) correction 
comming from the b — [ūu]d tree-level diagram because of the small wa compo- 
nent of ¢. 

Final states with two vector mesons, such as J/wd¢ and ġġ, are in general 
admixtures of CP-even and CP-odd components, because they may have various 
orbital angular momenta. The CP-violating asymmetries in such cases suffer from 
partial cancellations among components with different orbital angular momen- 
tum. A study of the angular correlations should in principle allow a separation 
of the different angular-momentum components, at the cost of statistics (Aguila 
and Nelson 1986; Kayser et al. 1990; Dunietz et al. 1991). 


86 The possible impact of this effect must be investigated for each particular decay with a ¢ 
in the final state, and not just for pure-penguin decays. 
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Fic. 31.4. (a) W-exchange diagram, and (b) penguin-annihilation diagram. 


Tables 31.3-31.7 allow us to search for our Holy Grail: decays into CP eigen- 
states dominated by a single weak phase. The best channels are those in which 
the dominant and the leading sub-dominant amplitude have the same weak phase 
or, else, those in which the sub-dominant amplitudes are very suppressed. Out of 
the B® decays, B? + J/yKs is definitely the best candidate for a clear signal. 
Decays in which the dominant and the leading sub-dominant amplitude have 
different phases and in which there is no CKM suppression of the latter, could 
suffer from pollution of up to 10% to 20%, should |p,/t| ~ A. Worse off are all 
the decays in which there are several phases at play, with the dominant diagram 
being CKM suppressed, unless the suppression is large enough for the decays to 
become penguin dominated—in which case, it is the measurement of the weak 
phase of the penguin diagram which is subject to a tree-level pollution. Such 
decays can even be affected by other diagrams, like those of § 31.7, involving 
the spectator quark, and the electroweak penguin diagrams to be presented in 
§ 31.8. They are also more likely to be affected by rescattering effects. 


31.7 Diagrams involving the spectator quark 


Besides the tree-level diagrams and gluonic penguins discussed in the previous 
sections, B decays can also be mediated by diagrams involving the spectator 
quark. The W-exchange (denoted E) and penguin-annihilation (denoted PA) 
diagrams are shown in Figs. 31.4 (a) and 31.4 (b), respectively. They only con- 
tribute to neutral-meson decays. The W-annihilation diagram (denoted A) in 
Fig. 31.5 only contributes to the decays of charged-B mesons. 
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Fic. 31.5. W-annihilation diagram. 
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It is usually assumed that these diagrams are suppressed by fg/mp relative 
to the T, C, and P diagrams (Gronau et al. 1994a,b, 1995). This is because of the 
smallness of the B-meson wave function at the origin. One may therefore write 


neat i 
t t 


~ = ~ 0.05 ~ °, (31.13) 
mB 

where the lower-case letters remind us that the CKM matrix elements have been 
factored out. However, rescattering effects may affect the estimate in eqn (31.13), 
leading to a À rather than à? suppression (Blok et al. 1997).87 Rescattering effects 
(final-state interactions) may also bring considerable T, C, and P contributions 
into processes where one would naively expect only A, E, or PA contributions 
(Blok et al. 1997). This point has been emphasized by Neubert (1998), Gérard 
and Weyers (1999), and others. 


pa 
p 


31.7.1 Quark diagrams and SU(3) symmetry 


We are now in a position to discuss the connection between flavour-SU(3) sym- 
metry and the quark diagrams presented above. The aim is to use this symmetry 
to relate different decay channels (Zeppenfeld 1981; Chau et al. 1991; Gronau et 
al. 1994a,b, 1995). Consider the decays B PP’ of a B meson into two light 
pseudoscalars belonging to the octet of SU(3), and the decomposition of these 
decays in terms of SU(3) representations. Zeppenfeld (1981) has shown explicitly 
that, if one ignores electroweak penguins, then there is a relation between this 
classification and the six diagrams T, C, P, E, A, and PA. Indeed, the effective 
Hamiltonian for these decays contains operators b + kuū and b + k (k = d,s), 
which transform as a 3*, 6, or 15* of SU(3). When combined with the triplet 
formed by Bt = bu, B? = bd, and B? = bs, this leads to one singlet of SU(3), 
three octets, one 10, one 10*, and one 27. This is to be contracted with the state 
made out of two (properly symmetrized) pseudoscalars, with representations 1, 
8, and 27. As a result, there are five possible amplitudes for such decays: a singlet, 
three octets, and one 27-plet. Specifically, the five independent reduced matrix 
elements are (1||3*||3), (8113*113), (8116113), (8]]15*||3), and (27||15*||3). These, in 
turn, can be related to five independent combinations of the diagrams T, C, P, 
E, A, and PA (Zeppenfeld 1981; Chau et al. 1991; Gronau et al. 1994a,b, 1995). 

The main interest of the flavour-symmetry relations in the study of CP vio- 
lation lies in the possibility of extracting weak phases from the measured asym- 
metries, even when the decay is not dominated by a single weak phase. The 
first examples of this idea have appeared in connection with the penguin pol- 
lution present in the extraction of a from the time-dependent asymmetry in 
B9 —> n*x—. Isospin was first used in this context by relating this decay to the 
decays B9 — n?n”, Bt — rt 7°, and the CP-conjugate modes (Gronau and Lon- 
don 1990). With the same aim, Silva and Wolfenstein (1994) have used flavour 


87 A comparable suppression 27fg/mg ~ A characterizes the inclusive annihilation ampli- 
tude (Khoze et al. 1987). The reason is that the E, A, and PA diagrams have two quarks in the 
final state, and therefore enjoy a 27 phase-space enhancement with respect to the three-quark 
final states in T, C, and P. 
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Fic. 31.6. Colour-allowed electroweak penguins. 


SU(3) to relate the rates of B9 + K*tn~ and BY — nt, thereby removing 
the penguin pollution. A complete analysis of SU(3) relations and their applica- 
tion to the determination of CP-violating quantities has since been developed, 
starting with the articles by Gronau et al. (1994a,b, 1995). 


31.8 Electroweak penguins 


Besides the diagrams already discussed, one must also consider the penguin 
diagrams in which the gluon is substituted by a Z boson or by a photon. They are 
known as electroweak (EW) penguins. These diagrams always appear together 
with WtW- box diagrams, cf. Figs. 20.3 and 20.4; it is the sum of the box, 
Z penguin, and photon penguin which is gauge-invariant. We stress that the 
expression ‘electroweak penguins’ should always be taken to include the box 
diagrams too. 

The importance of EW penguins in B decays was explored by Fleischer 
(1994a,b), by Deshpande and He (1994, 1995a), and by Deshpande et al. (1995). 
In Fig. 31.6 we display the b + d,[q'q'] colour-allowed electroweak penguins, 
denoted Pew. They contribute to decays with a neutral q'qg’ meson in the final 
state. There will be two neutral mesons in the final state, for neutral-B decays; 
or one neutral and one charged meson, for charged-B decays. Contrary to what 
happens with gluonic penguins, for EW penguins the q’q’ pair is not a flavour 
singlet, because the photon and the Z boson couple differently to up-type and to 
down-type quarks; the q’q’ pair may be the neutral component of an isovector, 
such as 7° or p°. 

The colour-suppressed electroweak penguins contribute to the decays b > 
[d,q']q’ and are displayed in Fig. 31.7. They are denoted Pw. The difference in 
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Fic. 31.7. Colour-suppressed electroweak penguins. 
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colour structures is expected to yield 


pS 
rew | ~ À. (31.14) 
PEW 


Electroweak penguins involve the same CKM factors as gluonic penguins, 
namely, Vp Vyk for an up-type quark uy in the loop. The essential difference 
between gluonic penguins and EW penguins is that the former couple to all q’q’ 
pairs equally, while the latter couple differently to up-type quark—antiquark pairs 
and to down-type quark—antiquark pairs. Still, quark—antiquark pairs with the 
same charge have identical couplings. This is obvious for Z-boson and photon 
penguins; it is also true for the dominant box contribution, though some highly 
suppressed box contributions actually differ between quark—antiquark pairs of 
the same electric charge. As a result, electroweak penguins violate isospin, but 
not the SU(3) U-spin rotation s + d. 

Just as gluonic penguins, electroweak penguins enjoy a GIM enhancement, 
i.e., they increase with increasing top-quark mass. The ratio of EW penguins to 
gluonic penguins may be roughly estimated to be 


PEW ee Aweak (Mbp) m?/m3, 


——7—\ 7 27h M~ Ol, 31.15 
p Qstrong (ms) In(m? /m?) ( ) 


with CKM factors and operator matrix elements factored out. 


31.9 Conclusion 


In this chapter we have discussed the various diagrams involved in B decays. 
For the most part, we have assumed that the largest contributions to any de- 
cay are those from tree-level diagrams and from gluonic penguins. In particu- 
lar, we have neglected diagrams involving the spectator quark: E, A, and PA. 
Moreover, we have assumed that there were no rescattering effects feeding these 
topologies. We will keep with standard practice; we mention these effects as the 
need arises, but we do not include them systematically in the analysis. We have 
also neglected electroweak penguins. These are expected to be important in some 
penguin-dominated decays—see, for example, the articles by Fleischer (1994a,)), 
Deshpande and He (1994, 1995a), and Deshpande et al. (1995). Their effects will 
be mentioned whenever relevant. 

We have considered how the dominant diagrams—tree-level diagrams and 
gluonic penguins—enter in the decays into CP eigenstates. We stress that the 
diagrammatic language which has been introduced applies to any other B decay 
as well, and not only to the very special case of decays into CP eigenstates. Decays 
of charged-B mesons and decays of neutral-B mesons into non-CP eigenstates 
involve the same diagrams and the same CKM factors. 

The problem with these other channels is that one generally needs to worry 
about two separate amplitudes. For decays into CP eigenstates with more than 
one relevant weak phase, this is due to the appearance of a cosine time de- 
pendence, proportional to the difference between the squared decay amplitudes 
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|Ay|? —|A;l*, in addition to the usual sine time-dependent term, proportional to 
Im Az. That new term measures direct CP violation. A similar direct CP viola- 
tion factor is involved in the decays of charged B mesons. For the case of decays 
of neutral B mesons into final states that are not CP eigenstates but which are 
still dominated by a single weak phase, the problem is that the two amplitudes 
Ay and Ay are no longer related. In this case, Ay does not depend only on a 


weak phase, but also on the difference between the strong phases of Ay and of 
Af. 
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32.1 Effective Hamiltonian for B decays 


The diagrammatic approach discussed in the previous chapter is useful to get an 
order-of-magnitude estimate of the importance of the various contributions to 
each amplitude, and to find approximate relations among the amplitudes for dif- 
ferent decays. However, rigorous computations require a correct treatment of the 
QCD corrections, and this is best accomplished using the operator product ex- 
pansion (OPE) already discussed in the context of kaon decays—see Chapter 20. 
The OPE allows the construction of a low-energy effective Hamiltonian as a sum 
of local operators multiplied by Wilson coefficients. The effective Hamiltonian is 
the sum of pieces, each of them of the type 


“EVoKMCn(H) Qn (32.1) 


with a definite CKM factor Vox y. The Wilson coefficients Cn (u) depend on the 
renormalization scale u and on the renormalization scheme. These dependences 
should cancel in the physical amplitude 


Ali => 1) = FE Voru D Caan) (32.2) 


with the renormalization-scale and renormalization-scheme dependences of the 
operator matrix elements (f|Qnli)}(uų). The cancellations may involve simultane- 
ously many Wilson coefficients and matrix elements. The scale u ~ 5 GeV sep- 
arates the high-energy QCD corrections, which are treated perturbatively and 
included in the Wilson coefficients, from the low-energy non-perturbative con- 
finement effects implicitly contained in the operator matrix elements. However, 
upon change of u or of the renormalization scheme, contributions previously 
included in the matrix elements of some operator may move into the Wilson 
coefficients or into the matrix elements of other operators. One uses the renor- 
malization group to run the Wilson coefficients from high to low energies. We 
refer the reader to the review articles by Buchalla et al. (1996) and by Buras and 
Fleischer (1998), where detailed discussions of the calculations can be found, 
together with extensive references to the original literature. 

The relevant diagrams are analogous to those depicted in the figures of Chap- 
ters 20 and 31. The operators that one needs are 
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e Current-current operators: 


(be Qty )v—A(Bykx)v—A; 
Qo = = (ba)y—a(Bk)v_a; 


e Gluonic-penguin operators: 
Q5 = (bk)v-4 > (a)v-a, 
Qi= bien S TE TN 
Q5 = (bk)v_a Solia) va, 


q 
Q% = (br ky)v—a S-(Gyde)v +43 


q 


d 


(32.3) 


(32.4) 


e Electroweak-penguin operators: 
Q} = 3 (bk)v-4 >) eq(Ga)v+a, 
q 
Qs = 3 (bcky)v—a Y > €q(Gyde)V+A; 
(bk) y—a es Galva, 


q 
On = $ (brky)v—A S| €q(Gy92)V—A; 


q 


(32.5) 


O 
© 
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e Magnetic-penguin operators (see Fig. 32.1): 
e = 
Ory = 375 Me [bo*” (1 + 15) k| Puy; 


ai (32.6) 
Q3c 


Sy [Boot (1 + y5)A ky] GE. 


The operators in eqns (32.3)—(32.5) are entirely analogous to the ones introduced 
in Chapter 20 for the decays of the kaons. Still, as the decays of b may involve 


Fic. 32.1. Diagrams which generate the magnetic-penguin operators. 
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quarks with different flavours in the final state, one needs to introduce more 
operators, and a more complex notation. Thus, k stands for a light down-type 
quark, either d or s; while a and 8 stand for either u or c (out of the current- 
current operators in eqn 32.3, those with a = ĝ correspond to AC = AU = 0 
decays, while the |AC| = |AU| = 1 decays involve the operators with a Æ £). 
Furthermore, x and y are colour indices, just as in Chapter 20. In the sums, q 
runs over the four quarks u, d, s, and c; the electromagnetic-penguin operators 
involve the electric charges of the quarks: eg = 2/3 for q = u and q = c, and 
eq = —1/3 for q = d and q = s. The Dirac structures V and A refer to the vector 
and axial-vector currents, respectively; V + A stands for y” (1 7s). 

The magnetic-penguin operators in eqn (32.6) correspond to the effect of the 
non-negligible mass of the bottom quark in penguin diagrams (see Fig. 32.1); in 
practice, only the external-mass effects on gluonic and photonic penguins need to 
be considered. These operators are important, for example, for the decay b > sy. 
This topic is beyond the scope of this book, and we shall drop these operators 
henceforth. We refer the reader to the reviews by Buchalla et al. (1996) and by 
Buras and Fleischer (1998). 

An important feature of the Wilson coefficients is that they do not depend 
on the flavour k of the down-type quark; that is, the Wilson coefficients are the 
same fork = d and k = s. 

As an example, consider the effective Hamiltonian responsible for AC = 
AU = 0 decays, 


= > EOI QRAD Cal (u)QE| +H.c.. (32.7) 


Vaal 


We have used the definition 
NOV V (32.8) 


Unitarity implies \* + AE + A? = 0. 

The Wilson coefficients are renormalization-scheme- and renormalization- 
scale-dependent. For instance, Buras and Fleischer (1998) give, in the MS renor- 
malization scheme with anti-commuting 75, for y = ™p(ms), Mme = 170 GeV, and 


with AQ), = 225 MeV, 


Cy —0.185, Co = 1.082, C3 = 0.014, 

C4 = —0.035, Cs = 0.009, Cs = —0.041, 
C7 = -0.002a, Cs = 0.0054a, Cy = —1.292 a, 
Cio = 0.263 a, 


(32.9) 


in the next-to-leading-logarithmic approximation. Here, a is the electromagnetic 
fine-structure constant. Due to the large value of Cg, electroweak-penguin opera- 
tors need to be considered in certain decays where tree-level diagrams are either 
heavily CKM-suppressed or altogether absent. 
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Let us define (Buras and Fleischer 1998) 


2 10 
Q* = Y Calung — >> Ca(uQk. (32.10) 
n=1 n=3 
We then rewrite the effective Hamiltonian in eqn (32.7) as 
= GF k nak 
Her = == X X MQW +H. (32.11) 


This expression shows explicitly that, in the standard model, one may use the 
unitarity of the CKM matrix to rewrite the decay amplitudes in terms of only 
two independent weak phases. 


32.2 On the evaluation of hadronic matrix elements 


Although the computations of the Wilson coefficients have become very elabo- 
rate, one still faces huge uncertainties in the estimates of the matrix elements 
of the operators. In B decays, the standard procedure has been to assume fac- 
torization, splitting the matrix element of each four-fermion operator into the 
product of matrix elements of two quark bilinears. This is achieved by inserting 
the vacuum state in all possible ways. The resulting matrix elements of quark 
bilinears are parametrized with form factors, one for each momentum structure 
consistent with Lorentz invariance and parity. These form factors are directly 
determined from experiment whenever possible; most often, they must be cal- 
culated within a model. Many recent articles use the relativistic BSW model 
(Bauer et al. 1985, 1987) to evaluate the matrix elements. In this approach, the 
matrix elements are written in terms of physical quantities and are, therefore, 
renormalization-scheme- and renormalization-scale-independent. Thus, they do 
not satisfy the requirements in the previous section. 

Admittedly, the computation of the matrix elements is an awkward, unreli- 
able step of the computation of the amplitudes, and any results must be taken 
as mere indications. Should the matrix elements be determined from the lattice, 
one will be able to get definite predictions. 


32.3 CP transformations 


In this section we study how the effective Hamiltonian transforms under CP, and 
the corresponding relations among the decay amplitudes that may be derived. 


32.3.1 AC =0=AU decays 


We use the CP transformation of the quark field operators 
(CP) Y (CP)' = exp (i€y) Y°CU", 
(CP) (CP)! = — exp (—i€y) YTO., 


or else we may use directly the results in Table 3.1 for the transformation prop- 
erties of quark bilinears. We find 


(32.12) 
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(CP) QPF (cP)! = exp [i (£k — & + ĉa — &g)] Qasr! for n = 1,2; 


32.13 
(CP) QE (cP)! = exp [i (ék — &)] Qk! for n = 3,..., 10. 


Therefore, as the Wilson coefficients are real, 


(CP) QSF (CP)? = exp [i (& — &)]Q%*". (32.14) 


Let us assume that the final states that we are considering in these AC = 
0 = AU decays only include particles of definite flavour—thus excluding the 
presence of mesons like Ks. In that case, the bg —> qaak decay leads into a 
final state f whose quark content is given exclusively by gaak, with no other 
component. Similarly, the bg > gaa@k transition leads into a final state f whose 
quark content is given exclusively by gawk. Under these circumstances, (f |T |B?) 
is obtained directly from the effective Hamiltonian. It is important to note that 
this is not always the case. If the final state contains particles that are not in a 
flavour eigenstate, such as Ks or Df, then one must include in the calculation 
the transformation from the flavour-eigenstate basis into the basis of the experi- 
mentally observed particles. We shall encounter this problem when we calculate 
the CP-violating asymmetry in BJ — J/yKs. For the moment, we ignore that 
possibility. 

Using the CP transformations of the final and initial states, 


CP\f) = et |f}, 
-n 32.15 
CP|B?) = eff. (B0), (ano) 


we find 


= DD A (IQ™IBo) 


v2 £ d,s @=u,c 
i = en GF z tio 
— eilfsa—Es +E Se SY) >> A(FIQ%* |B), (32.16) 
k=d,s AaA=uU,Cc 
to be compared with 


A; = GE AL DA (F1Q*' Bo), (32.17) 


v2 4 d,s a=u,c 


When f is a CP eigenstate, f = f, ef = np = £1, and eqns (32.16) and 
(32.17) yield 


akt 
As = npe bea the ~@) k= d,s azue Na (fQ |B) 
2k A U,c AK ( f|Qek"| BO) 


Af 
We see that the ratio reduces to a pure phase if the decay is such that, in the 
sums in eqn (32.18), only the operators with a certain up-type quark a and a 
certain down-type quark k contribute. 


(32.18) 
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32.3.2 AC #0 # AU decays 


The effective Hamiltonian relevant for these decays is 


Hert = Gr `^ So * Vuk Cn (u) QE” + VEC (u JQ 


* cu * uc t 
HVV pCa (UQE + Va VA Cn]. (32.19) 


This Hamiltonian leads to four amplitudes, 


G 
V3 peer 
“EV, Vis Vek Cn (tu) (qūck|Q%*]B9), 

(32.20) 


Gr suk lio 
Ve o Vr Cn (u)(qeuk|Qe"* | B9), 
Gr 


V2 


As we have seen in § 31.3.2, for the Ss # 0 # Dy decays, i.e., for q Æ k, 
only the final states with either a Ks or a Kz are common to B? and B®. On 
the contrary, all final states reached by Ss = 0 = Dy decays—when q = k—are 
common. In this case the amplitudes in eqn (32.20) describe the decays into two 
final states: f with quark content qéug; and f with quark content qucg. Those 
amplitudes therefore correspond to Ay, A;, A 7» and A f, respectively. Using the 
CP-transformation properties of the operators and kets, we find 


(u)(qeuk|Q7"|Ba), 


ZE Vue Vi Cn (u) (quek|Qu°*" B9). 


Af — etl EB =Es) oilEa -Eb +E — —Eu) VeoVua g 
Veb Vaq 
e (32.21) 
Az = eilEBa tE) ilate Eut.) Vub Vea 7 
f VeVe 


However, for decays into non-CP eigenstates this does not give us any information 
useful for the calculation of Aș; indeed, Af = (q/p)(As/A;) while, for instance, 
the first eqn (32.21) relates Ay with A;. 

As for CP eigenstates, the results of § 31.3.2 show that all AC 4 0 4 AU 
decays into CP eigenstates involve D;.,. (Also, the CP eigenstates to be reached 
by AC #0 # AU and S; #0 F Dy decays are Df. Kz,s-) These are defined as 
the combination of D? and D? which decays into the CP eigenstate fep. Then, 
the decay amplitudes (fcp|T'|D°) and (fep|T|D°) must also be included in the 
computation—see § 34.4 and 34.5. 
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33.1 Parameters A; at tree level 

The parameter relevant for interference CP violation in the transitions B? +f 
and Bo — f is 

1B, As 
PB, Af 
In order to find its value in a given model one must compute both qB,/PB, 

and Ay/Ay in that model. In this chapter we assume that qp,/pp, is given by 
a phase, but allow this phase to differ from the standard- model (SM) one—cf. 
eqn (30.33). 

As for the decay amplitudes, we assume that they are dominated by SM 
diagrams, but allow non-unitarity of the CKM matrix to alter the corresponding 
phases from their allowed values in the SM. We start by assuming that the decay 
amplitudes are dominated by a single weak phase. In that case,.As/A; reduces 
to a phase and, with our assumption that |q/p| = 1, so does Af. Later, we shall 
study the effect of subdominant contributions to the decay, still within the SM. 


dy = (33.1) 


33.1.1 B+ ntr- 


At quark level, the decay BS > ntr” is b > Gud, while B? > rtr" is b > Gud. 
Let us assume that the amplitudes are dominated by the tree-level diagrams of 
the SM. Then, their ratio is 


Antn- _ VaV lrt r |(ab)y—a(du)y—a|B9) 
Agta- Vý Vualrtr|(bu)v-4(ūd)v-4|B?) 
We use CP symmetry of the strong interactions to relate the two matrix elements 


to each other. As in the decays of the neutral kaons to two pions, the state rr 
is CP-even. Therefore, 


(33.2) 


Arta- _ ,i(&—€a-€5,) VubVua 


Aa Vaa (33.3) 
Then, using eqn (30.33), 
! Vin Vta Vub Vua 
d - = -sign (Bg,) 7# 
Boaatn sign ( Ba) VV, AUAN 
= —sign (Bp,) e. (33.4) 


(The spurious phases brought about by CP transformations plague the unphys- 
ical qB, /ppB, and A,+,-/A,;+,- but drop out in their product—as they should, 
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because À Bosntn- isa physical quantity.) Thus, if there were no penguin dia- 
grams, the rate asymmetries would measure the phase a. 


33.1.2 B? > J/pKs 


Let us now consider the B? + J/wKsg decays. J/w has spin one and is CP-even, 
while Ks has spin zero and is almost CP-even. Since B9 has spin zero, the J/w 
and the Ks of the final state must have a relative l = 1 angular momentum. As 
a result, the J/WK final state must be CP-odd. 

The final state J/YKs is common to B9 and BS. But, in the spectator-quark 
approximation, B? = bd only decays to K? = 5d and not to K? = sd; conversely, 
B® decays to K? but not to K°. Using the reciprocal basis of § 6.8, 


(Ks| = $ ((K° lpg! - (lag!) (33.5) 
Therefore, i 
(J/YKs|T|B9) = =—(J/bK°|T|Ba), 
o as ee (33.6) 
(J/PKs|T|Bg) = — 5 —(J/bK°|T| Bq). 
qK 
Thus, i 
Aj/yKs _ PK (J/pK°|T|B9) (33.7) 


Agjpks ax (J/pK°|T|BY) 


Whenever B9 decays into a Ks one must include a factor —px /qx in À. Similarly, 
a Kz in the final state requires a factor +px/qx. The reason is simple: A; 
refers to the amplitude of B° into a given final state f, and not only to the 
diagram from which it originates. For decays with Ks or Kz in the final state, 
the overall amplitude will involve the amplitudes into the flavour eigenstates, 
and the transformation from the flavour into the mass eigenstates. 

We now assume that the decay is dominated by the tree-level amplitude. 
Then, 


Asis _ _ pr VesVe,(J/pK|(@)v—a(8c)v—alB9) 


= ee a eee 33.8 
Aske 4K ViVes(J/$K|(be)v—a(@s)v_alB9) C39 

Using CP symmetry to relate the matrix elements, one obtains 
AJ/pKs = PK a i(€x —Ep,+&—€s) Veo Ves (33.9) 


ÅJJyKs qK Vp Ves l 


where a minus sign has been included to take into account the fact that J/y 
and Ks are in a relative l = 1 state. Using the q/p factors for the K°-K® and 
B9-B? systems in eqns (30.18) and (30.33), respectively, we arrive at the final 
result: 


Ves Va ie! Vš Vid Vow Ves 
ABO 4I/pKs = = sign (Bg) AM TATE V*V.. 
td "cb* cs 
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= sign (Bz, ) e~ 2i(8-e') (33.10) 


The analysis is the same for a final state J/WK_, except that the extra factor 


due to K°-K° mixing is +px/qx instead of —px /qx. Hence, 


ABo+4/bK, = —ABo-+J/¥Ks = -Sign (Bp,) e~*(F-*). (33.11) 


The difference in sign might be expected from the fact that J/~Kyz is CP-even, 
while J/yKs is CP-odd. (In both cases, J/y~ and the kaon are in a p wave.) 


33.1.3 B? > pKs 

The computation of A B?>pKs follows a similar route. The meson p has spin one 

and is CP-even. In the spectator approximation B? decays into K° but not into 
K?. As a result, 

a 

(pK s|T|B9) = —;—(pK®|T|B3), 

= a E (33.12) 

(PKs|T|B?} = ——(pK°|T|B9), 

2DK 


and oan 

qax qB. (pK°|T|B9) 
PK PB, (pK°|T|B9$) 
Therefore, when B? decays into a Ks, or KL, we introduce an extra —qx/pxK, 


or +qx /pxK, respectively. Assuming that the decay is dominated by the current- 
current operators, we find 


ABO-+pK 5 aa (33.13) 


(pKO|T|BS) _ TAT a 
(pKO|T|BY) Vi Vua(pK|(bu)v—a(Gd)v—a|BE) 


Vue Vea 
i(€,-£a—£5, —Ex) "ub" ud 
= —e 33.14 
V Vaa ( ) 


We thus arrive at 


Ves Ved .—2ie' Vtb Vts Vub Vua 
Ves Voq Vio Vis V* Vad 


= sign (Bp, ) e7 #02"), (33.15) 


ÀBo—»pkKs = sign (BB,) =r 


As € and ¢' are very small, the CP-violating rate asymmetry in B? + pKs would 
measure the angle y, if the decay were dominated by the tree-level diagram. 
Similarly, 


Apo-spK, = ~ABo+pKs = Sign (Bp,) e7” 07e) (33.16) 
The examples above illustrate two important features of the determination 


of CP-violating asymmetries in a given model. Firstly, when the calculations are 
careful and consistent, the spurious phases in the CP transformation cancel out 
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amongst the various factors. Secondly, the value of Af can, in some cases at least, 
be predicted. Both its magnitude and its sign are determined by the model.®® 


33.1.4 Consequences of single-phase dominance 


Let us assume an idealized situation in which the decays b > Gag and b > aad 
(œ is an up-type quark) are dominated by tree-level diagrams, while the decays 
b — sk (k is a down-type quark) are dominated by the gluonic penguin with 
intermediate top quark.®° 

Following Soares (unpublished thesis, 1993), we define a by 


(33.17) 


We may table the predictions of the SM for a without specifying the CP eigen- 
value ns. Since the CP-transformation phases cancel out in Ay, we may drop 
them altogether. We find that the correct results may be reproduced with”? 


a = sin 2( Odiagtain — OK = ọm), (33.18) 
where 


V* Vak) for decays b > Gak, 


( = = 
(ViVi) for decays b > ksi; (33.19) 


ar 
Pdiagram = {3 : 


g(VesV*,) +e’ for an unpaired Ks,z in B$ decays, 
dx = 4 arg(ViVeaq) —’ for an unpaired Ks z in B? decays, (33.20) 
0 otherwise; 


i (Vă Via) for BY decays, 


m = arg (V$ Vis) for B? decays. (a 


Equation (33.18) should be compared with eqn (28.14), where $4 = diagram — 
x. Notice that, from now on, we assume the ‘bag parameters’ Bg, to be pos- 
itive. As we have seen in this section, all Ay change sign when the bag parame- 
ters change sign, and therefore the SM predictions for the CP asymmetries also 
change sign in that case (Grossman et al. 19975). 


88Strictly speaking, it is only after we have chosen by convention Am > 0 that the sign of 
Ay acquires physical significance. The convention Am > 0 is implicit in our computation of 
q/p for all neutral-meson systems. 

89CP-eigenstate final states arising from the AU #4 0 # AC decays of the type b > āßk 
with a Æ 8B must involve a state D fep ÌN the final state and can be reached by two distinct 
tree-level diagrams. We shall treat these channels after we discuss cascade decays in the next 
chapter. 

°0This is equivalent to writing 7 fAf = — exp |-2i (Piiira —oK —o vale But notice that, 
depending on the phase convention used for the CKM matrix elements, the ¢x and ġm defined 
in eqns (33.20) and (33.21) may differ by a from the similar parameters defined in § 28.3 through 
q/p = —e?*?m , Naturally, working consistently with either definition leads to the same results. 
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Table 33.1 CP-violating asymmetries in B? decays. It is 
assumed that the decay is dominated by a single weak phase 
and that the only manifestation of new physics is in BY -B9 


mMizing. 
Quark process Sample decay mode a 
b — Gcs J/WKs sin 2(8 — «' — 04) 
b > écd D+ D- sin 2(8 — 04) 
b > ūud aie a — sin 2(a + ĝa) 
b — 588 oKs sin 2(8 +¢€-—e' — b4) 


33.2 New physics in the mixing and the parameters +, 


The four phases 8, y, e, and e’ determine the phase structure of the 3 x 3 
submatrix of an extended CKM matrix. Assuming that the decays are domi- 
nated by SM diagrams, all new-physics effects appear in the mixing of neutral 
mesons, and in deviations of those four angles from their allowed ranges in the 
SM. New-physics effects in the mixing will in general involve new phases. We 
have introduced phases 04 and @,—see eqn (30.32)—measuring the deviations 
of the phases of gp,/pB, and qB, /pB,, respectively, from their SM values. As a 
consequence, eqn (33.21) gets substituted by 


_ f arg(VjiVia) + 9a for BY decays, 
om = o (Vå Vis) +05 for B? decays. (33.22) 
The resulting asymmetries in B® decays are listed in Table 33.1. Analogously, 
the @ parameters for B? decays are given in Table 33.2 (Silva and Wolfenstein 
1997). 

Recalling that a = 7—G—v7y, we see that 0g always appears in the combination 
6 — 0a. Thus, we need some further input to disentangle 8 from 0g. Clearly, e 
can be extracted independently of @ and y. Now, using the unitarity of the 3 x 3 
CKM matrix, Aleksan et al. (1994) have proved that 


* sin Asin y 
sin(G +7) 


Vus 
Vua 


sin € X% 


(33.23) 


The power of this relation lies in the fact that the ratio |Vus / Vual is known to high 
precision. If there is no violation of unitarity, we may use this to disentangle 8 
from ĝa. However, it is rather difficult to distinguish 0g from non-unitarity of the 


Table 33.2 The same as Table 33.1, but for B? decays. 


Quark process Sample decay mode a 
b — Gcs Dt D7 — sin 2(€ + 6.) 
b > écd J/WwKs — sin 2(e — €’ + 6,) 
b > aud pKs sin 2(y — € + € — 0s) 


b > 388 nN — sin 26, 
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CKM matrix in a completely model-independent fashion (Silva and Wolfenstein 
1997). 

Notice that the phase e’ always appears in connection with the formula for 
qg /pK (Cohen et al. 1997). But, as discussed in § 28.5.2, its inclusion is irrelevant 
for most realistic models. 

We have not included the decays b + Ssd in our tables because, as we know 
from Chapter 31, these are likely to be affected by penguin diagrams with virtual 
charm and up quarks. The decays b —> Sut are also not shown. These have a large 
penguin contribution and might even be dominated by penguin amplitudes—in 
which case, they will effectively measure the weak phase due to the gluonic pen- 
guin diagrams with intermediate top quark. On the other hand, we did include 
in the tables the decays b —> écd and b > wud, and used only the phase from 
the dominant amplitude. These decays are expected to be affected by gluonic 
penguins but, to the extent that p;/t is suppressed, the penguin amplitude will 
not be larger than the tree-level one. The case is worse for those decays originat- 
ing in colour-suppressed tree-level diagrams, such as B? > pKs. The effect of a 
second phase, coming from subdominant diagrams, will be analysed in detail in 
§ 33.4. 


33.3 a+ß+y=r 

In our framework the relation a+ +y = m (mod 27) is true by definition. Some 
authors refer to ‘tests’ of this relation, because they adopt a different definition 
for a, 6, and y. Their definition is the following: a is what one measures in 
B9 — ntr”, B is what one measures in BS + J/WKs, and y is what one 
measures in B? > pKs.°! In our language, 


QB ata mA + 6a, 
BRO 4d/bKs = B = e z ĝa, (33.24) 
YB?—>pKs Z YTE +e — Os. 
Those authors want to test whether the sum 
u= AB sata T BRO I/~Ks + YB94pKs (33.25) 


is equal to 7. 
As one gathers from eqns (33.24), in models with new physics in the mixing 
one has 


u=at+Pp+y—e-6s 
= T —(€+96,). (33.26) 


Nir and Silverman (1990) have pointed out that a much simpler and equivalent 
test would be to measure directly the phase €,0_, 5+ p- in the decay asymmetry 


of B? + Dt D7, which is 


*1It is assumed that the penguin pollution in B9 + a+n~ and in B? —> pKs has been 
removed by some method. 
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€po4ptprz = € + bs, (33.27) 


as seen in Table 33.2. 

In the SM, 6, = 0 and e ~ à?. Therefore, © = m should be satisfied to excelent 
accuracy. If one finds that È differs from 7 by a large amount, then there is new 
physics in the mixing (6, # 0) and/or e must be larger than in the SM, thus 
signalling non-unitarity of the CKM matrix. 


33.4 Corrections induced by the subleading amplitudes 
33.4.1 General discussion 


We now use the diagrammatic analysis of Chapter 31 to try and get an estimate 
of the corrections imposed by subleading diagrams. The purpose of this section 
is to find out whether the results in Tables 33.1 and 33.2 are really meaningful, 
or whether the subleading amplitudes are likely to distort the picture conveyed 
in those tables. 

When one goes beyond the approximation of single-phase dominance there 
is some arbitrariness in the choice of the second phase. For decays which have a 
tree-level contribution, it is customary to write the decay amplitude in terms of 
the phase of the tree-level diagram and of the phase of the penguin diagram with 
a virtual top quark running in the loop, as we have done in § 31.6. However, due 
to the unitarity of the CKM matrix, the decay amplitudes may be written in 
terms of any pair of parameters Aa. This arbitrariness may lead into erroneous 
estimates of the corrections introduced by the subleading diagram. 

As an example, take the decay b > 8cé. Its amplitude may be written as 


Ab_+5ce = Vio Vest T Vib Vts Pt, (33.28) 


where t and p; are essentially the tree-level amplitude and the top-quark gluonic- 
penguin amplitude,?? respectively, with the CKM factors explicitly factored out. 
Since |Veb Ves| © |VioVis|, we might be tempted to say that the correction intro- 
duced by the gluonic penguin is ~ |p:/t|. On the other hand, we may rewrite 
eqn (33.28) as 

A scz = Væ Ves (t zZ Pt) a Vib VusPt- (33.29) 


In this case, we would estimate the correction to be of order 


Vub VusPt 


eA Pe Pr. 33.30 
Veb Ves (t = Pt) t ( ) 


One thus obtains two very different estimates for the same quantity. Which of 
them is correct? 


°2Tn all rigour, we should use t+ pec — pu instead of t, and pt — py instead of pz. We implicitly 
assume that t dominates the first term, while the m:-enhanced portion of the gluonic penguin 
dominates the second term. 
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One must recall that the quantity that one wants to compute is a. In the 
presence of only one weak phase ¢; one has à = sin 2¢,. But, in the presence of 
two contributions with different weak phases, one gets from eqn (28.18), 


a & sin 2¢, — 2r sin (¢, — ¢2) cos 2¢; cos A, (33.31) 


when the ratio of amplitudes, r, is small. Thus, the important quantity is not r 
itself, but rather the product rsin(¢; — ¢2). For instance, in eqn (33.28) both 
terms have the same phase but for a correction c€, and therefore sin(¢; — ¢2) = 
sine ~ \?. This should be multiplied by r ~ |p;/t|. Similarly, in eqn (33.29) the 
two terms have phase difference y, which is large and does not introduce any 
further suppression. But, this appears multiplied by r ~ A*|p; /t|. If one takes this 
into account, evaluates the matrix elements involved, and does not do any undue 
approximations, the results obtained using eqn (33.28) or using eqn (33.29) are 
the same, as they must be. 

It should be stressed that the same rsin(¢; — ¢2) combination shows up in 
the direct-CP-violating term af! of eqn (28.17). Indeed, 


a" ~ —2r sin (¢, — 2) sin A. (33.32) 


It will be convenient to define the deviation that the a'™t suffers due to the 
presence of a second weak phase: 


Aa = a-—sin2¢, 
œ —2rsin (ġı — $2) cos 2g; cos A. (33.33) 


We have listed in Tables 31.3-31.7 the various types of decays into CP eigen- 
states. We shall now go through those tables, use the phase convention for the 
CKM matrix elements introduced in eqn (28.24), and list the values of ¢1, do, 
and r for some decays. We shall build upon work done by Grossman and Worah 
(1997). 


33.4.2 Decays with a tree-level contribution 
e b + écs. Examples: B? + D}D7 and B? ++ J/W¢ (both with ¢, = 
—e + 7), and BY 4 J/YKs (with ¢, = 8 — e +7). The symbol $ 
means that these decays proceed at tree level through colour-suppressed 
diagrams, if we neglect final-state-interaction rescattering effects. Since the 
leading contribution has CKM factor V$ Ves and the main gluonic-penguin 
amplitude has weak phase V% Vis, the correction Aã œ r sin (¢1 — ¢2) is of 
order 
2 
t 


The second value holds for decays proceeding at tree level through colour- 
suppressed diagrams. As € ~ A?, the corrections are rather small, and 
therefore these decays should be dominated by a single weak phase. 


sine or 2] sin €. (33.34) 
C 


93 We include here phases of 7, which are relevant for the caculation of oi — do. 
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e b — écd. Examples: B? —> Dt D- and BS 5 J/yr? (both with ¢; = 6+n), 


and B? + J/wKs (with ¢; = —e + ' + 7). In this case, Aã is estimated 
to be 7 j 
H R,sinB or E Risin £. (33.35) 


Since ĝ is unsuppressed, the gluonic-penguin contribution is not negligible. 
If one trusts the usual à? estimate for |p/t|, the effect in B? + D*D7 is 
smaller than 5%, but it may well turn out to be larger, should |p/t| be of 
order A. The situation is worse in colour-suppressed decays, since there the 
tree-level diagrams are smaller. 

b > wud. Examples: Ba > ntr” and Bg £ 79770 (both with ¢; = —a+7), 
and B? $ pKs (with ¢; = y — € + €'). Now Aã is proportional to 


R 
Hi Fe sina or Ë p, O (33.36) 


This is worse than the previous case because Rp is smaller than unity. As 
a consequence, the measurement of a in the process Ba > ntr” suffers 
from large uncertainties. The extraction of y from the decay B® $ pKs is 
even worse, due to the colour suppression of the tree-level amplitude. 

b — aus. Examples: B? > K+K”, with ¢, = y—e+' +7, and B9 5 
Ksr?, with ¢; = —a. Here AG should be of order 


1 
à? Rp 


1 
|2] sin y. (33.37) 


4 
sin or == 
Aha A | A 


Here, the suppression of the tree-level diagrams is so effective, that it is 
probably better to think of these decays as measuring the weak phase of 
the top-mediated gluonic penguins, with the tree-level diagrams acting as 
the pollutant (Ciuchini et al. 1997b). Then, the CP-violating phase in the 
decay B? + K+K- would be close to ġ2 = 0, while B? + Ks7? would 
be dominated by the phase ¢2 = B+e-e’. 

There is one exception to this analysis of decays b — Sut. The transition 
B? £ ọn? only has a colour-suppressed tree-level contribution, with angle 
Qı = y—e+e' +r, since it is not affected by gluonic penguins. As explained 
before, this is due to the fact that, in the gluonic penguin, the qq pair arises 
out of the gluon in an J = 0 state, while 7° belongs to an isospin triplet. 
However, this decay is affected by the electroweak penguins, which are even 
expected to be dominant (Buras and Fleischer 1997). 


33.4.3 Pure penguin decays 


Naively, one would think that the phase of a pure-penguin decay amplitude would 
be equal that of the penguin diagram with intermediate top quark. However, 
the subleading penguin diagrams with intermediate up and charm quarks may 
be relevant. The importance of the subleading penguin effects in pure penguin 
decays was first pointed out by Gérard and Hou (1991a,b) and by Simma et 
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al. (1991), in the context of direct CP violation. These subleading effects also 
generate a correction of the interference CP violation term. 


e b > 3dd. Example: B? = K°K°. This decay cannot proceed through a 
tree-level diagram. For an intermediate top quark in the gluonic penguin 
we find ¢; = 0. This gets a correction proportional to |p./p;| sin € from the 
charm-quark gluonic penguin. Since this is very small, the decay B}? > 
K? K? is often proposed as ideal to look for new physics. 


e b > 585. Examples: BY > $Ks, with ¢1 = B+e-—€', and B}? > n'n', with 
g@, = 0. The gluonic penguin with an intermediate top quark has CKM 
factor Vý Vts; the gluonic penguin with an intermediate charm quark gives 
a correction of order |p,/p;| sine. For Ba > ¢Ksg, this correction must be 
added to a second one which is due to the small ua and dd components of 
@. As a consequence, that decay may also proceed through the tree-level 
diagrams b — ius. Grossman and Worah (1997) have estimated the second 
uncertainty to be of order 1%, leading to a combined correction of order 


4%. 

e b = dss: Examples: B? + K? K? and B? + ¢n° (both with ¢; = 0), and 
B? - pKs (with ġı = —8 — e + ¢'). Here, the correction is proportional to 
\p-/pz| sin G/ R;. Fleischer (1994c) has estimated that the corrections could 
lead to a CP-violating asymmetry as large as 50%. Particularly interesting 
is the decay B? —> r°, which proceeds via a singlet penguin. This gets a 
small contribution from the b 4 wud tree-level diagram, due to the small ua 
component of ¢. However, this decay is likely to be affected by rescattering 
effects. 


33.5 B? = J/WKsg is the gold-plated decay 


We have concentrated our efforts in trying to identify decay channels which are 
dominated, in the SM, by a single weak phase. In such cases one can extract that 
CKM phase, unless there are new-physics contributions either to the mixing or 
to the decay amplitudes. Unfortunately, only a few cases satisfy these conditions. 
We have come in this chapter to the following conclusions (Grossman and Worah 
1997). The quark decay b — Gc should provide clean measurements of CKM 
phases. The decay b — 83s8 should have only small uncertainties from other 
SM contributions. We will show in § 34.5, in which we discuss the decays with 
AC #0 # AU, that this is also the case for the decay b Gud. Most other 
decays are likely to suffer from pollution due to a subdominant amplitude with 
a different weak phase. 

Therefore, it appears that experimentalists should devote special attention 
to decays which at quark level are b + češ. These include B? + J/wWKs, which 
measures sin 2 (8 — e’ — 04), and B}? —> D} D7}, which measures sin 2 (e + 04). In 
the SM, 64 = 0 and sin 2 is positive, see eqn (18.30). On the other hand, € ~ A? 
is very small, and therefore the CP asymmetry in B? + D} D7 is predicted to 
be small. 
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The decay B9 + J/YKs has other advantages. Machines working at the 
Y(4S) provide a very clean source of mesons BY and B9; this is to be contrasted 
with the situation for mesons B? and B® which, in the near future, will only 
be produced at hadron machines, where the background constitutes a severe 
challenge. Moreover, both the J/w and the Ks are easy to detect, the J/w 
through its decay into two muons, with a branching ratio ~ 6% (the decay into 
two electrons has the same branching ratio), and the Ks through its decay into 
ata: the final state is then composed entirely of charged particles which are 
easy to detect. For these reasons, BY — J/1)Ks has been termed the gold-plated 
decay: it should provide a very clean measurement of sin2@ in the SM. This 
determines ĝ up to a fourfold ambiguity. 

The existence of two different amplitudes with different weak phases brings 
into play hadronic uncertainties, due both to uncancelled operator matrix ele- 
ments and to the presence of unknown final-state-interaction CP-even phases. In | 
Chapters 35, 36, and 37 we shall discuss methods that can be applied to some 
of these more challenging cases. The general idea is that one may be able to 
relate several decay channels in order to circumvent the hadronic uncertainties 
and extract the weak phases. 
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34.1 Introduction 


In this chapter we discuss decay chains with a neutral-meson system in an in- 
termediate state. These are known as cascade decays. We want to study cases 
where the decays of B mesons proceed through intermediate states containing 
neutral kaons or neutral D mesons. Examples are Bg > J/YK > J/WfK and 
Ba > T? D > T? fp. In this notation, fx designates a set of particles which one 
identifies experimentally, in particular through their invariant mass, as coming 
from the decay of a neutral kaon; and, similarly, fp is a set of particles originating 
in the decay of either D? or D°. 

A correct understanding of cascade decays is important because the CP vio- 
lation present in the intermediate-meson system will in general show up in the 
calculation of CP-violating observables for the overall decay chain. In particu- 
lar, in a cascade decay in which a neutral-meson system decays into a lighter 
neutral-meson system, it may be possible to use the CP properties of the latter 
as an analyser for the CP properties of the former. This is now fully appreciated, 
following work by Azimov (1989, 1990) and by Kayser and Stodolsky (1996). 

We shall discuss decay chains with intermediate neutral kaons and neutral D- 
mesons separately. We start with a pedagogical discussion of the By > J/YK > 
J/wfx decay chain. This case is simplified by the fact that the decays B9 > ko 
and B9 — K? are forbidden (Azimov 1989, 1990; Dass and Sarma 1992; Kayser 
and Stodolsky 1996; Azimov et al. 1997; Kayser 1997). A similar situation oc- 
curs with the Bs > J/wWK — J/wWfx decays considered by Azimov and Dunietz 
(1997). Next, we discuss the B + X D > X fp decay chains, under the assump- 
tion that the mixing in the D?-D° system is negligible. Finally, we include an 
elementary introduction to those decays in which the initial state can decay into 
both flavour eigenstates of the neutral-meson system in the intermediate state. 
These cases have been introduced by Meca and Silva (1998) and by Amorim 
et al. (1999). Examples include Dt > n+ K ~ nt fx, and also, if we allow for 
sizeable new-physics contributions to D°-D® mixing, Bt > K+D > Kt fp. In 
these cases, there is CP violation in the interference between the decays from 
the initial state and the mixing in the intermediate neutral-meson system. This 
involves new CP-violating parameters, beyond the ones discussed thus far in this 
book (Meca and Silva 1998; Amorim et al. 1999). 
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Fic. 34.1. The cascade decay BS > J/pK > J/W(atn7)x. 
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34.2 The decay chain B? > J/YK > J/y(ntr)k 


When discussing cascade decays it is important to take into account the specific 
experimental conditions. We illustrate this point by considering the process By —> 
J/pK — J/y(ntr)g, where (ntr )g refers to two pions with an invariant 
mass equal to the one of the neutral kaon. Our discussion follows closely the 
presentation in recent reviews by Kayser—see for example Kayser (1997).94 

The two kaon masses, mz, and ms, differ very little and are not resolved 
in this experiment. Thus, the mass eigenstates of the intermediate neutral kaon 
may only be resolved through the lifetimes (ts < Tz). 

There are two decay times involved. There is the time tg between the pro- 
duction of Bg and its decay into J/WK, and the time tg between this event and 
the decay of the neutral kaon into two pions. The time interval tg is measured 
in the rest frame of Ba, while tx is measured in the rest frame of the neutral 
kaons. 

This decay is represented in Fig. 34.1. There are four paths leading from 
B® to the final state. By means of a suitable choice of the two decay times, the 
interference among these four paths can be studied in order to determine different 
combinations of CKM phases (Azimov 1989, 1990; Kayser and Stodolsky 1996). 

The mtr” pair is CP-even. If CP was conserved, then the mass eigenstates 
would coincide with the CP eigenstates in both neutral-meson systems. We would 
then have CP(By) = CP(J/WKs) = CP(J/yrtr) = —1, and CP(Bz) = 
CP(J/p~Kz,) = +1.°° Then, the decays represented by solid lines conserve CP, 
while the decays represented by dashed lines violate CP. 

Most analyses in the literature neglect CP violation in the kaon decays. Then, 
Kz cannot decay into two pions and there are only two paths; By > J/wKs > 
J/w(atn-)« and Be > J/~Ks > J/v(atn7)x, which interfere. Both BY 
and B9 have By and By components, so both contain interference terms. The 
interference involves the parameter A B?>J/YKs computed in § 33.1.2. Neglecting 
e' and using eqns (28.6), we then have 


°4This section and some of the following ones are also based on a series of tutorials given by 
Kayser at the Centro de Fisica Nuclear da Universidade de Lisboa in December 1997. We are 
indebted to Kayser for discussing the details of his work with us. 

°5We have assumed that the heaviest Bg mass eigenstate is mainly CP-odd, as predicted, 
for example, by Dunietz (1995) in the context of the SM. The situation may be the opposite 
one, in which case the roles of By and of By are interchanged. 
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[[Bo > J/YKs] x e''# [1 — sin (23) sin (AmsgtB)], 


= : , (34.1) 

T[B? > J/yKs] x e7™»te [1 + sin (28) sin (Ampstp)]. 
These equations display a term proportional to sin28, which arises from the 
interference between the two competing paths. 

However, this cannot be the whole picture for the decay chain BY > J/pK > 
J/w(ntn7) x. In fact, if t is much larger than the lifetime of Ks, the Ks com- 
ponent will have completely decayed away, and the two pions must necessarily 
have come from a Kz. (Of course, the rate will be exceedingly small, but this is 
a useful thought experiment.) For this case, we combine eqns (28.6) and (33.11) 
to get 

T[B? > J/WK1] x e~' 8" [1 + sin (23) sin (AmsgtB)], 


= ee. (34.2) 
T[Bo > J/YKr] x e 18" [1 — sin (28) sin (Ametg)). 


Again, there is an interference term proportional to sin 28, but with the opposite 
sign. The reason is that XBO4I/pK1 = —ABoJ/pKs: 

It is true that A(Ks — ntr”) is three orders of magnitude larger than 
A(K, —> ntr). But, as this thought experiment illustrates, when discussing 
observables concerning cascade decays, one must take into account the specific ex- 
perimental conditions. The experiments on B > J/WK —> J/w(x*27)x will be 
looking at small times tg. Therefore, the J/y(nrt r )g events detected are over- 
whelmingly due to J/yKs, due both to the huge ratio A(Ks > mtn7)/(K, > 
mtr) and to the tx interval probed. 

In this section we have considered two limiting cases of the decay chain B}? > 
J/WK > J/v(ntn7) x: the case of times tg ~ Ts, in which all decays go through 
Kg, and the case of times tg >> Ts, in which all decays go through Kz. The 
fact that both these decays can occur is a consequence of CP violation in the 
kaon sector (which allows both Ks and Kz to decay into the same CP eigenstate 
ntr). In the next section we shall develop formulas valid for all times tx. 


34.3 The BS > J/WK > J/W(f)x cascade decays 
34.3.1 The kaon state at time tz 


Let us consider a meson B9 produced at t = 0. At a later time tg, it will be a 
linear combination of BY and B® given by eqn (9.1): 


|B9(tz)) = 94 (te)|B9) + an g-(te IBY), (34.3) 


d 


where 
g+(tB) = 3 Coe 7 eivite ) (34.4) 


We shall neglect the width difference in the B?-B? system and write 


LE = Mp +Ampg/2 -il g/2. (34.5) 
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To lowest order in the weak interaction, the decays B? +> K° and B? + K® 
are forbidden. Therefore, the decay of BY(tg) into J/~K produces a kaon state 
given by (Azimov 1989, 1990) 

IK roim B?(tp)) x g+ (te) J/YK’|T|BDIK?) 


t g_ (tg) (J/K°|T|B9)|K°), (34.6) 


d 


Using eqns (8.6) and the fact that 
dB, PK (J/pK°|T|B9) 


A sya Bay E E d 34.7 
BIYE =- pa, qr (J/PKOTIBS) e 
we find 
[Krom Ba(ta)) & 9+ (tB) (IKs) + |K1)) + Àsg-s/vxs9- (to) (IKs) ~ IK). 
(34.8) 


When e’ is neglected one has Ago_, J/yxs = exp (—2iß) in the SM. Thus (Kayser 
1997) 


[Krom Bo(te)) X Ga +itan p gramat) IKs) 
+ Ge +itan@ erie) Kr). (34.9) 
A similar analysis leads to 
Kon Bn) * (MAH = itan 48H) pes 
+ (-et $Amate +itan enna) |r). (34.10) 


By collecting events with a particular tg we may tune the composition of the 
kaon state, much as we do with a regenerator (Azimov 1989, 1990; Kayser 1997). 

One may use our knowledge of the kaon system to learn about the B systems 
by using cascade decays. Azimov (1989, 1990) has pointed out that, in particular, 
we may determine whether the heaviest Bg mass eigenstate in mostly CP-even 
or mostly CP-odd, as well as the sign of AT for the Bj-B9 system, because we 
know this information for the kaon system. This strategy has also been explored 
by Dass and Sarma (1992), Kayser and Stodolsky (1996), Azimov et al. (1997), 
and Kayser (1997). A similar technique may be used to measure Am in the 
B°—B° system through the cascade decay B? 4 J/K > J/yfr, even when 
£s >> 1 (Azimov and Dunietz 1997). 


34.3.2 Cascade decay rate: tg -dependence 


Once created, the states |Kgom Bo(¢,)) and |K, Bilts) 


and decay into the final state fx at time tx. After a tedious but straightforward 
calculation, we find 


will evolve in time, 


0 
el stap nf tB, J/WK tK, J/wfK 
d 
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xe Tstk |Ak, p|" [1 sin (28) sin (Ampgtp)] 
+e`Tttk |Ak, t| [1 F sin (28) sin (Amsgtp)] 
F2e `T" |AksfAkK,=f][cos(Amgtg)cos(Amgtr — $y) 
+ cos (28) sin (Amptp)sin (AmxtK — bs) (34.11) 


where I's (Tz) is the width of Ks (Kz), and we have defined F = (Ts + T)/2 
and 


OF = — arg [Aks>fAk, >f] (34.12) 


as in eqn (8.25). 

The behaviour of the expression in eqn (34.11) varies according to whether 
Ing] = |Ak, =f/Aks=>f| is larger or smaller than 1. If |n| > 1 the decay is 
dominated by Kz, for all times tx. If |nf| « 1 the structure of the decay changes 
with time. For tx ~ Ts that expression is dominated by the decays of Ks in the 
first line, and we reproduce eqn (34.1). For tx >> Ts any event is due to the 
decays of Kz in the second line, and we reproduce eqn (34.2). At intermediate 
times one is sensitive to the interference between the decays of Ks and of Kz. 
Instead of depending on sin 28, as do eqns (34.1) and (34.2), the interference 
term probes cos2(@. This is interesting, because it may allow us to determine 
a different trigonometric function of the CP-violating phase in BY > J/yK 
(Kayser 1997). 

Let us consider a CP-allowed decay of Ks, such as rtr. The interference 
term becomes relevant when 


e lstk 


|Axssel ~ Qe" 0x IAKs | AK, | ) (34.13) 


i.e., for 
tk ~ —2rs ln (2|nf|). (34.14) 


For f = ntr we have |n}+-| ~ 2.3 x 107? and the interference term is important 
for tg ~ llrs—see Fig. 8.2. Unfortunately, by then the decay rate is suppressed 
by a factor e7!! ~ 1075 compared to what it was at tg = 0. Therefore, the 
interference should be easiest to detect for decays with |ņnf| ~ 1, such as the 
semileptonic decays—see § 34.3.4. 


34.3.3 Cascade decay rate: tx -integrated 
Let us integrate the rate in eqn (34.11) over tx. We obtain 


Pate [ dt | By +8, T/pK +5 Ilbt 


«x BR(Ks > f) [1 + sin (28) sin (Amgtz)| 
+BR(Kz > f) [L F sin (28) in (amt) 


4vB VBR(Ks > f) BR(Kr > f) BR (K, > f ) VIST 


e ToT, [cos (Amptp) (cos df + xx sin gf) 
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+ cos (28) sin (Amptp) (zx cos df — sin df)], (34.15) 


where tx = Amx/T ®& 1. The interference term has a piece proportional to 
cos(Amstg), which fakes a (very small) direct CP violation in BJ — J/WKs. 
The other piece is proportional to sin(Amgtg) and to cos2{. Its coefficient, 
LK COS Pf — sin Pf, almost vanishes if f is a two-pion state, because ¢,_ and doo 
are very close to 45°. The effect of the interference terms becomes even smaller 
once a cut in tg is imposed in the integration (keeping tx smaller than a few 
times Ts) because that helps in identifying the Ks. 


34.3.4 The Kayser method to measure cos 28 


We see from eqns (34.11) and (34.15) that the cascade decay BY + J/WK > 
J/Ņfg may be used to determine cos 28 (Kayser 1997). In order to do this we 
must maximize the interference term. This happens when the decay amplitudes 
of Kz and Kg into the final state f are of similar magnitude, so that all terms 
are comparable at small times, when the exponentials are close to one. 

Explicitly, Kayser (1997) has proposed to use the decays B9 > J/wK > 
J/w(mlm)K. In this case, |Ax,+,| ~ |Ax,+y| and the amplitudes factor out. 
Moreover, this cascade decay has a rate comparable to that of B? + J/W~K > 
J/w(xtn-)K, because 


BR (Ks > nr*r™) x BR(K, > reve) + BR (KL > Tuva), (34.16) 


see eqns (8.8) and (8.9). However, while the Ks term dominates in the cascade 
decay BY + J/YK —> J/y(nr*r)x, the interference term only accounts for 


approximately 
BR(Ks > mlv) JTL: 
=] > ~ (), 4.1 

BR(K, > mlv) V Ts oe wee) 


of the cascade decay BY) > J/WK —> J/(rlm)x (Kayser 1997).°° Therefore, 
measuring cos 2 will require a few hundred times more events BJ > J/7K than 
measuring sin 28. 

Actually, the need for large data samples may not be as acute as it seems. In- 
deed, once sin 2G is measured one only needs to determine the sign of cos 23. This 
measurement will reduce the fourfold ambiguity in 8 to the twofold ambiguity 
B — B +7 (see Chapter 38). 


34.4 Decay chains with intermediate neutral-D mesons 


Consider a decay chain of the type B + XD — X fp. In most cases of interest, 
the state f may be reached from both D® and D®, and both contributions must 
be included. A simple algorithm to calculate such decay amplitudes arises from 
the observation that the linear combination of D° and D° that decays into f is 


\Dinto £) = ¢}|D°) + &|D°) 


°6In these estimates we neglect possible cancellations due to the value of 28. 


DECAY CHAINS WITH INTERMEDIATE NEUTRAL-D MESONS 415 


x (f[T|D°)*|D°) + (f|T|D°)*|D°). (34.18) 
Here, |c;|? + |é;|? = 1 and a 
cf _ (f|T|D°) 
— = —_—., 34.19 
ep (fITID®) ee 
Indeed, this state is orthogonal to 
|Dnot into ¢) = E¢|D°) — cs| D°) 
x (f|T|D°)|D°) — (f|T|D°)|D°), (34.20) 


which clearly cannot decay into f. 
We frequently use the linear combination of D mesons which decays into a 
CP eigenstate fep, designated by Dfa: 


DiS Dis fi: (34.21) 


In general, the states Df., do not coincide with the CP eigenstates D+. If the 
decay of D°? into fep is dominated by a single weak phase, then CP relates the 
numerator and the denominator in eqn (34.19), there is no direct CP violation 
in the decay, and |cs| = |és| = 1/V2. 

We shall also be interested in the decays of D mesons into flavour-specific 
final states. In this case, either cf or Cf vanish, implying that the decaying meson 
was a flavour eigenstate, either D? or D°. Clearly, by suitably choosing the final 
state f we may pick up different combinations of D? and D° in the decay chain 
Bo XD > Xfp. 

The crucial physical input in the usual analysis of cascade decays involving an 
intermediate neutral-D meson is the following: the mixing parameters x and y for 
the D?-D° system are very small. (In Appendix E we give both the experimental 
results which justify this assertion, and the theoretical expectations for those 
mixing parameters, in the context of the SM.) Because of the smallness of z and 
y the D mesons suffer almost no oscillation before they decay. This means that 
the linear combination of |D°) and |D?) created by the decay of the B meson 
is identical to the linear combination of |D®°) and |D?) that later decays. This 
implies that we do not have to compute the full decay chain, expressed in terms 
of a time tg and a time tp, as we did in the previous section; the tp-dependence 
just factors out as exp(—Iptp), where Ip is the (mean) decay width of D° and 
D?. 

There are in the literature a number of proposals to determine CKM phases 
by comparing the decays B > X D?, B + XD°, and B > X fp. Such methods 
exploit the existence of a linear equation among the decay amplitudes, 


(X fp|T|B) = (XDinto ¢|T|B) 
= ¢;(XD°|T|B) + G(X D°|T|B). (34.22) 


Such triangular relations lie at the heart of several methods to determine the 
angle y. The simplest methods of this type use a CP eigenstate, f = fep. That 
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is, they compare B + XD? and B + XD° with B + XDy,.,. Gronau and 
London (1991) studied B9 > DKs and B? > D¢, while Gronau and Wyler 
(1991) proposed B+ + DK*. As a result, such proposals are sometimes known 
collectively as ‘the Gronau-London—Wyler method’. 


34.5 A; for decays with AC 40 4 AU 


So far, we have not yet calculated the parameter Aş for any AC #4 0 # AU 
decay. Clearly, all the AC 4 0 # AU decays into CP eigenstates must contain 
Dfa in the final state. This final state is identified through its subsequent decay 
into a CP eigenstate fep such as mz, K*K~, or n°Kg. Therefore, that decay 
enters into the correct calculation of any CP-violation parameter for the overall 
decay chain. As seen in the previous section, this requires a knowledge of cs/Cy. 
We shall assume that the decays of D mesons are dominated by the tree-level 
diagrams of the SM. If fep = mtr, then the auxiliary quantity required is 


Crin- — Vaa Vi (ntr (Grd) (Ip e)|D®) 
Cr+r- V* Vealntr-|(dr pu) (cred) DO) 
Vud Vod il£c-6u tEn) 
= eres se 34.23 
A (34.23) 
where [4 = y#(1 — ys), and CP|D°) = e|D°). Similarly, if fep = K+ KT, we 
need 
ckek- Vus Và(KtK-|(ar”s)(5r,c)| D?) 
VV ee 


Vus Vex 
Vi.Ves ere") 


CK+K- 


Theoretically, the practical difference between using fep = ma and using fep = 
K* K~— is very small because 


CKK- _ Crtr- ezie’ 


- (34.25) 
CK+K- Crtr- 


and e' is of order \* in the SM. Many authors neglect e’ and use rtr or KK- 
indifferently. 

The distinctive feature of these AC # 0 # AU decays, which we have listed 
in Table 31.4, is that they cannot proceed through gluonic penguins. Two tree- 
level diagrams, b + Gus and b > dc, contribute almost equally to the decays 
B9 > Dfa Ks and B? + D f-p?. These diagrams have comparable magnitudes 
and different weak phases and, therefore, Aş is not a pure phase and we do not 
measure a CKM phase directly. Fortunately, one may still compare these decays 
with the corresponding decays in which Df. is substituted by either D® or D’. 
We will show in § 36.3 how this can be used to extract the CKM phase y. 

The situation with the decays BJ + DfT? and B? > Dy., Kg is rather dif- 
ferent. These decays get their main contribution from the tree-level diagram 


GENERALIZED CASCADE DECAYS 417 


b — gud. The diagram b — ūcd also contributes, but it is suppressed by 
\V5,Veal/|V,Vua], which is of order A? R,. In the factorization approximation, 
the hadronic matrix elements are the same and we find 


Aã œx \* Ry sin. (34.26) 


Therefore, the rate asymmetry for these decays is approximately given by a 
single weak phase. To find it, we neglect the doubly Cabbibo-suppressed decays 
B? + D? and B® -+ D°. Using eqn (34.22) we get 


qBa ma (D°7?|T|B?) 


T TTA (34.27) 
Now, 
(D°n°|T|BY) _ VerViia Linas Cn (Dm IQR BI) 
(D°n|T|B9) VåVud S721 Cn(D°n|Qeu4| BS) 
= Voo Vaa ei(&— —Eat§u—€e— énq~§) (34.28) 


Ve Vud 


where we have used eqn (32.21) on the last step. Combining eqn (34.28) with 
eqns (30.33) and (34.23), we get 


ABoa(nt+n-) px = Sign (Bp,) e749). (34.29) 


Analogously, 
Apo-+(K+K-)pyx0 = Sign (Bgy) este -P), (34.30) 


34.6 Generalized cascade decays 


In this section we wish to show that a new CP-violating parameter arises in those 
cascade decay chains for which both of the following conditions hold: 


e the initial state can decay into both flavours of the intermediate neutral- 
meson system, 
e the intermediate neutral mesons mix. 


This situation generalizes the cases discussed above and is applicable to the de- 
cays {D}, D}} > X*K > X*fx and {D°, D9} => X°K > X°fx (Amorim et 
al. 1999). This is also needed in order to study the decays BE + X*D > X*fp 
(Meca and Silva 1998) and {B?7,B°} > X°D + X°fp (Amorim et al. 1999), 
whenever we go beyond the approximation used in § 34.4 and 34.5, and allow 
the mesons D? and D° to mix. 

Here we will follow Meca and Silva (1998) and concentrate on the decay chain 
B+ + K+D > K* fp. We shall assume that zp ~ 107?, yp = 0, |qp/pp| = 1, 
and we shall also allow for the presence of a new CP-violating phase in D°- 
D? mixing—a variety of models of new physics which verify this scenario were 
presented, for example, by Nir (1996). 

We have already studied several sources of CP violation which may be present 
in this chain: 
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1. Direct CP violation in the decays Bt => K+D® and B+ + Kt+D°. This 
source of CP violation would be detected through the differences 


|A(Bt + K*D°)| — |A(B- > K~D°)|, ENT 
|A(B+ + K+D°)| — |A(B- > K- DÌ). 
In the SM there is only one tree-level diagram contributing to each of these 
decays, and this source of CP violation is not present. 
2. Direct CP violation in the decays D? > f and D? > f, which is measured 
by 
AID’ > f)| - |A(D° > f)l, 


fi = (34.32) 
AD = AD T]: 


3. CP violation in the interference between the mixing in the D°—D® system 
and the decay D — f. This source of CP violation is related with 


qp A(D° > f) 
= — A, 34.33 
f= Dp AD> f) a 
and with Àz. Namely, CP is violated if AyA7 Æ 1. 
4. CP violation in D°-D® mixing, probed by 
lap/pp| — 1. (34.34) 


However, the sources of CP violation in 2. and 3. can be eliminated by choosing 
the flavour-specific final state fp = (K~1*1™)p, which identifies the D meson at 
the time of decay as D°. The sources of CP violation in 1. and 4. are absent in the 
SM and are extremely small in most other models of interest (Nir 1996). We thus 
conclude that, when comparing the decay chain Bt => KtD > Kt(K7I*1)p 
with the decay chain B7 > K~D — K~(KtI~%)p, none of the sources of 
CP violation discussed thus far is present. We might then believe that no CP 
violation may be present in this case. However, Meca and Silva (1998) have 
shown that CP violation may still show up in this decay chain. 

Indeed, a new source of CP violation exists because there are two decay 
paths connecting the initial state Bt with the final state Kt(K—I*1™)p: the 
unmixed decay path Bt => Kt D® + Kt(K7I+™)p, and also the mixed decay 
path Bt => KtD° + KtD® +> Kt(K7~I*1)p. We may then have CP vio- 
lation arising from the interference between the D°-D° mixing and the decays 
from the initial state into the D?-D° system. This interference is related to new 
parameters: 


A(Bt =) Kt D?) PD 


e, = A(B* > KYD’) pp A(B- > K-D?) pp 
+ — A(B+ + K+D°) gp 


and & = AB- > K D?) ap 


(34.35) 


If £,€_ £1, then this new source of CP violation is present. 
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The definitions in eqns (34.35) can be generalized to include the decays from 
an arbitrary initial state 7 into a generic intermediate neutral-meson system p®_ 
P? (Amorim et al. 1999): 


A(i =? X P°) PP 


oe Ali > XP) gp (34.36) 


We may use the techniques introduced in Chapter 7 to show that these quantities 
are explicitly rephasing-invariant.9” 
Notice that the parameters 


op a=) (34.37) 
pp A(P° > f) 

and €; describe two completely different sources of interference. They both in- 
volve the interference between the mixing in the P°-P° system and some decays. 
But, in the parameters A, the interference takes place with the decays from the 
P°-P° system into the final state f. On the other hand, the interference probed 
by the parameters €; is the one occurring between the decays into the P°-P° 
system and the mizing in that system. The distinction is clear when we look 
back at the Bt — K+D > K+tfp decay chain. The crucial difference is that, 
while the phase of A; is small in the SM,”® the phase of €,€_ is related with 
the phase y, which is necessarily large, even within the SM. 

Meca and Silva (1998) have noted that the presence of such a large CP- 
violating phase may allow for measurements of zp ~ 107? in the decay chains 
Bt = K+D° + K*fp. This effect is similar to the one discussed by Liu (1995) 
and by Wolfenstein (1995), except that, in their case, xp appears multiplied by 
Im A ¢—see Appendix E. This is related with e’ in the SM, and will be large only 
if the new physics that brings zp close to 107? also produces a large new phase 
in D°—D® mixing. On the other hand, in the cascade decays studied by Meca 
and Silva (1998), the effect is related to the phase of €,€_, which is proportional 
to the large phase y. 

We stress that the interference effects described by the parameters £; are just 
as important as the ones described by A. Amorim et al. (1999) have shown that, 
with the new parameters described in this section, we have all the necessary 
and sufficient parameters needed in order to describe the various sources of CP 
violation present in the most general cascade decay chain. Namely, there may be 
direct CP violation, CP violation in the mixing, CP violation in the interference 
between the mixing in the intermediate neutral meson system and the decay 
from that system (probed by Ay), and CP violation in the interference between 


°’The parameters €; used here have nothing to do with the spurious CP-transformation 
phases, for which we have used in this book the same letter €. 
°8The decays of the D mesons involve the first two quark families. From eqn (28.24), we know 


that e’ is the rephasing-invariant CP-odd phase present in that sector, which is extremely small 
in the SM. 
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the decay into the neutral meson system and the mixing in that system (probed 
by &i). 


30 


SOME METHODS TO EXTRACT a 


35.1 Introduction 


In the preceding chapters we have concentrated our efforts on identifying decay 
channels for which, in the SM, a single weak phase dominates the amplitude. 
In those cases one can extract that CKM phase, barring new-physics contribu- 
tions to the mixing or to the decay amplitudes. In this chapter we discuss some 
approaches that have been proposed to extract a, even when there are several 
SM diagrams contributing to the amplitude. Due to space limitations we only 
consider a few examples. 

It is customary to distinguish between cases for which we need to know only 
the branching ratio—denoted B° — f—from cases in which we also require the 
time dependence—denoted B°(t) — f. It will be useful to recall what one can 
learn at the Y(4S) from tagged, fully time-integrated decays into CP eigenstates. 
Using eqns (29.5) and remembering that |q/p| = 1, we find 


Ail? : 
KATITIA + patras? = EE (ay? + A), 


APTA — [Ag |” 
kgm erpecasy) -erruot = el at = [Ard 


(35.1) 


Thus, at the Y(4S), one can determine |A;| and |A;| from tagged, fully time- 
integrated measurements alone. On the other hand, as we have seen in § 29.4, 
under the same conditions one cannot detect Im A+. All we would need in order 
to extract Im As would be the time ordering. By time ordering we mean that, 
after following the time dependence, one collects all the events with a given sign 
of t_. See eqns (29.4). 


35.2 The Gronau—London method 


As we have seen, the decay B9 —> ntr has a penguin contribution which may 
be sizeable (Gavela et al. 1985a; Chau and Cheng 1987; Grinstein 1989; Gronau 
1989; London and Peccei 1989). Since there are two interfering amplitudes with 
different weak phases, the CP asymmetry will exhibit a cosine time dependence 
(proportional to af") and a sine time dependence (proportional to a'™*), instead 
of only a sine time dependence—cf. eqn (28.8). If the two amplitudes contributing 
to the decay have the same final-state, CP-even phase, then a! = 0. Still, the 
presence of two different weak phases implies that the interference-CP-violation 
coefficient of the time-dependent sine term, a'™*, does not provide a clean mea- 
surement of a CKM phase (Gronau 1993). As a result, the extraction of sin 2a 
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from this decay is hindered by penguin pollution. The solution is to compare this 
decay with other decays related to this one by some symmetry. The first such 
method was proposed by Gronau and London (1990). The basic idea consists in 
the observation that the process Bt + mtr? has a AI = 3/2 change in isospin, 
which is due exclusively to the tree-level diagram. In this method one requires 
a measurement of the time dependence of the decay B}? —> ntr and of the 
branching ratios for B? — n°7? and for Bt > a*7x°, as well as the analogous 
quantities for the CP-conjugated decays. Symbolically: 


Bo(t) > ata”, Boar 'n®, Bt >rt’, and CP conjugated. (35.2) 


As we shall see, this still leaves a fourfold ambiguity in the determination of 
sin 2a. One may get rid of this ambiguity by also measuring the time dependence 
of B? > 1°n°. Symbolically 


Bo(t) > ata”, Bot) 3 n°n®, Bt oat’, and CP conjugated. (35.3) 


The isospin decomposition of the decays B — mr is exactly the same as for 
the decays K — m7, studied in Chapter 8. We include it here for completeness. 
Since the pions are spinless they must be in asymmetric state. For an s wave this 
implies a symmetric isospin configuration. Therefore, the relevant final states are 


(z979) = /2(2,0| — ./4(0, 0), 
(tam = y} (nfs | + neat) = $2,014 2,0, (85-4) 
(rtn = y4 (tal + (neat |) = (2,11. 

The first two channels and the last channel are reached by |B9) = |1/2, —1/2) 


and by |Bt) = |1/2,1/2), respectively. In general, the transition matrix has 
AI = 1/2, AI = 3/2, and AI = 5/2 pieces. The Wigner—Eckart theorem gives 


Are (ntr |T|B9) = -44n + Yis = sf 2 Asjas 
A% = (n%n(T|B9) = yf Arya +f 44s — y $A, (35.5) 
At = (ntn9|T|Bt) = Asja + [2 Asya, 


where A, are the relevant reduced matrix elements. 

In the SM there are short-distance contributions to the AJ = 1/2 and to the 
AI = 3/2 matrix elements. The tree-level diagram and its QCD corrections yield 
left-handed four-fermion interactions which contribute to both A; /2 and A3/2. On 
the other hand, the gluonic penguin only contributes to two-pion states with zero 
isospin and, therefore, they show up exclusively in A;/2. Electroweak penguins 
show up in both Aj/2 and A3/2; worse, they introduce isospin breaking, because 
the couplings of the photon and of the Z boson distinguish between up-type 
and down-type quarks (Deshpande and He 1995a). However, the EW-penguin 


THE GRONAU-LONDON METHOD 423 


contributions to these decays are expected to be much smaller than the other 
contributions, and are usually neglected in the analysis (Gronau et al. 1995). 

In the spectator approximation, there are no short-distance diagrams leading 
to As/2. Such contributions arise, in the SM, from the A; /2 amplitudes together 
with the AJ = 2 electromagnetic rescattering of the two pions in the final state 
(Donoghue et al. 1992). This contribution is naively estimated to be As/2 ~ 
@Aj/2. In the kaon sector that effect could be seen in the comparison between 
the decays of the charged and neutral kaons because the AJ = 1/2 rule implies 
a large hierarchy between the A,/2 and A3/2 terms. As a result, As 2 could be 
of order 0.11 x A3/2—cf. eqn (8.72)—thus influencing the decay Kt —> rtr’ by 
11%. The situation in the decays of B9 is very different because, using model 
calculations of B — mm decays, one expects the A;/2 and A3/2 contributions to 
be comparable (Kramer and Palmer 1995). Therefore, the corrections due to the 
As /2 term are smaller than 1% in all decays, and this term can be dropped. 

Defining 


Ao = +A; [2> 
. (35.6) 
Ag = 7743/2, 
one obtains from eqns (35.5) 
At- = V2 (A2 — Ao), 
A”? = 2A + Ao, (35.7) 
AT?’ = 343. 
These three amplitudes satisfy 
AT- + f2A° = V2A°. (35.8) 
Likewise, the amplitudes for the CP-conjugated processes satisfy 
At~ + V24% = J2At°, (35.9) 


Equations (35.8) and (35.9) are depicted as two triangles in Fig. 35.1. They are 
at the root of the Gronau-London (1990) method to determine a. 

Neglecting the small electroweak penguin effects, the only contribution to A» 
comes from the tree-level diagram. Therefore A> has a single weak phase, that 
of the tree-level diagram. As a consequence |A2| = |A2| and 


Ba Ag 2ia 
BD gti) 35.10 
PBa A2 ( ) 


cf. eqn (33.4). The Bt + ntr? branching ratio determines |At®°| = |A~°] and, 
thus, |A2|. Similarly, one may determine | A+- |, |At~|, |A°|, and |A™| from the 
time-integrated decay rates for B9 + ntn, B} — n?7?, and the CP-conjugated 
decays. At this stage we know the sides of both triangles in Fig. 35.1. 
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A A+0 
A (b) A 


Fic. 35.1. Representation of eqns (35.8) and (35.9) as two triangles, in (a) and 
(b), respectively. 


Let us define 
0 = arg (A043), 


9 = arg (Ao A3) . (S 


These angles may be determined, up to their sign, from Fig. 35.1. The ambiguity 
in the sign of the angles corresponds to the possibility of each of the triangles 
being drawn as in the figure, or upside-down. 

From the time dependence of the process B9(t) + mtr one measures 
Im A,~—, which is given by 


_ yp 982 At~ _ yf vig a [Aol 
Im à} =e res = Im ( e As) tapes (35.12) 


The fraction in eqn (35.12) is known up to a fourfold ambiguity, which is due to 
the two possible signs for 8 and 6. We may thus determine sin 2a up to a fourfold 
ambiguity. 

In general, this ambiguity can be removed if we look also for the time depen- 
dence of the decay B9(t) + 1°n°, thereby determining 


qB, A” zia 2 |A2| + [Ao] e 
Im Agn = Im — = Im | -e"l n |. 35.13 
o= DE ( 2 [Aa] + [Aol e” e 


Only in some singular cases does there remain a twofold ambiguity in the deter- 
mination of sin 2a (Gronau and London 1990). 

Models with new physics exclusively in the mixing do not affect the analysis, 
since they only change qB, /pp,. Thus, in models with no new contributions to the 
decay amplitudes this method may be used and determines sin 2 (œa + ĝa). The 
presence of new contributions to A> may be tested by looking for a difference 
between the branching ratios of Bt > mtr? and of B~ ~ xa~7°. Of course, 
a null result might simply be due to very small final-state interaction phase 
differences, but a positive result, well above that expected from the electroweak 
penguins, would be a clear signal of new physics. 

The application of the method of Gronau and London faces a number of 
experimental difficulties. The decay BJ —> z’n? is colour-suppressed and its 
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branching ratio might be smaller than 10~° (Kramer and Palmer 1995), though 
this estimate has come under closer scrutiny (Ciuchini et al. 1997a). In any case, 
the identification of two neutral pions in the final state is experimentally quite 
challenging. 

Should the B? — n?n? branching ratio be very small, one can take |A°°| = 
\2A2 + Ao| ~ 0, meaning that the decay B9 — mtn really measures sin 2a 
(Sanda and Xing 1997). Grossman and Quinn (1998) have given a quantitative 
expression to this result. Using the definition in eqn (28.20) and eqn (28.21), 

aint == sin? (a F ôa), (35.14) 


ntn- 


they have proved that 


sin? ô, < BR(By > wn!) + BR(Bg > mim!) (35.15) 
— BR(Bt+ > ntr?) + BR(B- > rr?) 

This is a nice constraint on 6, because it does not require one to tag the initial 
flavour of the neutral B mesons. 


35.3 The Silva—Wolfenstein method 


Silva and Wolfenstein (1994) have noted that one may use flavour-SU(3) rather 
than isospin to remove the penguin pollution from the decays B9 => ata. 
In this method one uses the spectator approximation and SU(3) to relate the 
tree-dominated process B9 — m*+nx~ to the penguin-dominated Bo + Ktr. 
Experimentally, one needs to look for the time dependence of the processes By —> 
J/wKg and BY - ntr” and for the branching ratio of B9 > Kt, as well as 
for the CP-conjugated processes: 


Bo(t) > J/pKs , Bit) >rt, B$ — Ktn, and CP conjugated. 
(35.16) 
The advantage of the Silva—-Wolfenstein method is that all the required observ- 
ables are easy to measure: the determination of sin 23 from B9(t) > J/YKs will 
be the first outcome of B-factories; and the CLEO Collaboration (19985) has 
already placed limits on the untagged rate ratio 
[[B§ > Ktr]+T[B} > Kon] 


R — 
[[Bo > rtr] +T[B9 > rtr] 


(35.17) 


This quantity lies roughly between 1 and 5, at the lo level (CLEO Collaboration 
1998b). Notice that the final state only contains charged particles, which are 
easier to detect than neutral particles. 

The decay amplitudes may be written as 


rae Vito Vud T Vip Vea P iA 


(35.18) 
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0 See Vip Vus mi VibVts pr ia! 
A(By > K*1) Vs Vasl AA eS (35.19) 
where A and A’ are strong phases. These expressions are completely general, 
they are valid even in the presence of new physics. Any new contribution to 
B}? + ntr”, with an arbitrary phase, may be rewritten in terms of the two 
terms in eqn (35.18). In particular, within the SM, any contribution with the 
phase of ViVeq = —V,5,Vuad — ViiVea is clearly included in eqn (35.18). What 
such new contributions do is to alter the relative magnitudes of T and P. In the 
Silva-Wolfenstein method, the relative magnitude P/T is to be experimentally 
determined from the ratio of BR(B® => K*x7) and BR(B9 > ntr"). 

The decay rates are 


[[Bo > ntr] = T? + 2TPcos(B+y-A)+P?, (35.20) 
[[B° > K+n-] = P”? - 2T'P'cos(y—e+e'— A’) +T”. 
The decay rates for Bo — mtn and for Be — K~nt are obtained from 
eqns (35.20) by changing the signs of A and of A’, respectively. Therefore, the 
ratio of untagged decay rates in eqn (35.17) is 


T”? r’? + 2r' cos (a + B) cos A’ +1 


R = — 
T? 1 — 2r cosa cos A + r? 


; (35.21) 
where r = P/T, r' = P'/T', and we have neglected the phases € and ¢', which 
are small in the SM. 

The impact on R of non-vanishing strong phase shifts appears first at order 
A? and A”. Similarly, the change in a'"* due to the final-state interactions also 
shows up first at order A’, cf. eqn (28.18). Since these phases are expected 
to be small (Kramer and Palmer 1995), we neglect them, and use (Silva and 
Wolfenstein 1994) 


7 T”? r? + 2r' cos(a+ B) +1 


R= 
T2 1 — 2r cosa + r? 


(35.22) 


From eqns (28.20) and (28.21), the CP violating asymmetry in B9 > ntr- 
becomes 


ait _ = —sin2 (a + ôa), (35.23) 
where , 
arios eee ea (35.24) 
1 — r cos gq 


The angle 3 will be determined from B? —> J/iKg. The observables R and 
a M should be measured soon thereafter. If one relates, as we will do shortly, 
T to T’ and r to r', then eqns (35.22), (35.23), and (35.24) determine the three 
unknowns r, ĝa, and a. 

The approximate flavour-SU(3) symmetry has long been used to relate the 
rates of different B decays (Zeppenfeld 1981; Savage and Wise 1989; Chau et 
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al. 1991). The idea of Silva and Wolfenstein (1994) was to use an SU(3) trans- 
formation (a U-spin rotation interchanging d and s quarks), together with the 
spectator approximation, in the context of CP-violating asymmetries: thus, they 
relate T to T’ and r to r’. This provides a clean determination of a, in spite of 
the penguin pollution in the B| + rtr rate asymmetry. They use (Silva and 
Wolfenstein 1994) 


T” Vus fK fK 

— oS ee 35.25 
T Vud fr fr ( ) 
P' Vis| fx 1 sina fK 

N a E E ES 35.26 
P Via fr A | sin (a + B) Ta ( 


In these expressions the ratio of the matrix elements in the B? — K+t7~ to the 
B9 — ntr” decays was estimated to be equal to the ratio of decay constants 
fx/fx- This is the result obtained using factorization, and provides a first order 
estimate of the SU(3)-breaking effects due to hadronization. Notice that we have 
used the unitarity of the CKM matrix in the SM in order to relate the magnitudes 
\Vis/Via| with the angles a and £, on the last step of eqn (35.26). 

This method has two important qualities: the fact that all observables are 
easy to measure and should be detected at the early stages of B-factories; and 
the fact that r’/r ~ 1/\?. As a result of the latter, a mild penguin contribution 
for B9 — ntr decays, corresponds to a dominant penguin effect in the B} > 
K*r decay, where it will be easy to determine. The method has a twofold 
ambiguity in the determination of sin 2a. This is due to the fact that eqn (35.22) 
is quadratic in r. This ambiguity may be removed by noting that r is positive in 
the factorization approximation. 

It should be stressed that, as presented here, this method applies within the 
SM. If new physics contributes to B9-B°? mixing with a new phase 6z, that phase 
will correspond to a a + a + 6q replacement in the interference CP violation 
of eqn (35.23), but leaves a unchanged on the observables in eqn (35.22). One 
can disentangle the effect of P/T from that of 6g by measuring, in addition, the 
Bt - n* K? decay rate (Wolfenstein 1997a). 

The precision of this method is limited by the SU(3)-breaking effects. Al- 
though fx/f, should be the dominant SU(3) breaking correction, and factoriza- 
tion provides a reasonable approximation for the matrix elements of the current- 
current operators, factorization of the matrix elements of penguin operators is 
questionable. The ratio P’/P can be left as a free parameter if one also knows the 
Bt + n* K? decay rate (Gronau and Rosner 1996; Dighe et al. 1996a; Wolfen- 
stein 1997a). Alternatively, this extra piece of information might be used to get 
at a deviation of the phase of the mixing from its SM value (Wolfenstein 1997a). 

The precision might also be affected by the approximation A = A’ = 0. 
Although they only show up at order A? and A’ o these final-state phases have 
an important impact if they are large. In that case, their effects can be detected 
elsewhere. Under the assumption that A = A’, the same final-state phase shows 
up as direct CP violation in [[B} > Ktx7]-T[B9 + Krt], as well as in the 
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cos(Amt) coefficient of the B9 —> rtr time-dependent rate asymmetry (Desh- 
pande and He 1995); Gronau and Rosner 1996). This can be used to determine 
it. 

In a series of articles, Gronau et al. (1994a,b, 1995) have extended this SU(3) 
analysis to include all B decays into two light pseudoscalars. The final states 
with 7 and 7’ were discussed by Dighe (1996) and by Dighe et al. (19965). 


35.4 The Snyder—Quinn method 


Aleksan et al. (1991) noted that, if the decay amplitudes are dominated by a 
single weak phase, then one may combine the decays B}? > p*x* with Boo 
p°n° in order to extract a, even though the final states are not CP eigenstates. 
However, the penguin diagrams are expected to be important, as happens in the 
decays B9 — az. Lipkin et al. (1991) proposed a method to take the penguin 
pollution into account by combining B? > ptt, BY => pPr?, B+ > ptr®, 
and B+ — p°n* decays into an isospin analysis. One could thus determine a up 
to discrete ambiguities. Unfortunately, the detection of BE — p*t2® + a+7°7° 
should be rather difficult. Besides, Gronau (1991) and Lavoura (1992b) have 
shown that the isospin analysis suggested by Lipkin et al. (1991) suffers from far 
less trivial ambiguities than the analysis in § 35.2, including in particular cases 
of continuous, rather than discrete, ambiguities. 

In this section we discuss a method proposed by Snyder and Quinn (1993) 
to determine the angle a. The Snyder—Quinn method is based on the decays 
B9 — {ptx-,p°n°, p rnt} > ntron’ and on their CP conjugates. Thus, six 
possible routes to the final state are considered. The resonances p are described 
by a Breit—Wigner function of the type 


f(s) = 


ere eee 2 
s — m2 + ill(s) eo) 


and, therefore, involve a CP-even phase which interferes with the CP-odd phases 
and with the final-state interaction, CP-even phases in the BY —> pr decay 
amplitudes. The complicated interference patterns that result are the hallmark 
of this method. They may be used to determine various combinations of weak 
and strong phases. 

The idea is to construct the Dalitz plot for the three-pion final state (Dalitz 
1953; Fabri 1954). This is then fitted to the expression for the rate as a function 
of all amplitudes, weak phases and strong phases in the problem. The required 
multi-variable analysis contributes to the limitations of this method. Let us define 


a+- =a(B9 > ptr), 
a-+ =a(BS > p-1*), 
aoo = a(BY = per): 
ee (35.28) 
G4. =a(B, > p* 1), 
@_, = a(B® > p-x*), 
(By 


THE SNYDER-QUINN METHOD 429 


The CP-conjugated decay amplitude of a,_ is a_,. The amplitudes are denoted 
by a lower-case a in order to represent the fact that we are not looking into rates 
integrated over the whole phase space. We may then write (Snyder and Quinn 
1993) 

a(By > ntr n’) = f+a4- + f-a_4 + foaoo, 


Tia 35.29 
a( B9 — ata 7°) = fy a4- + f-G_4 A foaoo, \ 


where 


f+ = f(M2o) cosy, 
f- = f(M2,)cos6_, (35.30) 
fo = f(MÈ_) cos 6p. 


Here, M49, M-o, and M4- are the invariant masses of the ntr}, m~7°, and 


«+m pairs, respectively. Since B9 and 7 are spinless, p must have helicity zero. 
Thus, the dependence on the helicity angle 6 is proportional to cos 9. One draws 
the M?, and M2, axis; each event is identified by a point in this two-dimensional 
Dalitz plot. 

Now, using the unitarity of the CKM matrix, we may write all decay ampli- 
tudes as a sum of two terms. One of them is proportional to V% Vua and receives 
contributions from both tree-level and penguin diagrams. The other term is 
proportional to V;;Via and receives contributions from penguin diagrams only. 
Combining this with the isospin decomposition of the decay amplitudes one may 
write (Lipkin et al. 1991; Snyder and Quinn 1993), 


ee Vab Vud y Vib Ved 
H WusVual ~~ Veo Vea] 


PS V Vud 
K [Vio Vual 


Vip Vud Va Vid 


u 


i= ee ae ey ee 
oF |Vub Vua| “A A 0) 


Tyt (—P, + Po), (35.31) 


There are only two pure penguin terms, Pp and P}, corresponding to the penguin 
contributions to isospin 0 and to isospin 1, respectively. Notice that the weak 
phases have been explicitly factored out; the T and P only contain magnitudes 
and strong phases. Therefore, 


Vub Vud Vio Via 


â- = — l4} 
Eaa Vio Va| 
a = Walia py Vali 
o WupVudl | We Veal 
aoo0 = Vus Vua 00 Veo Via (—Po) 
[Vue Vua | Vto Vtal ' 


(-P, + Po), (35.32) 
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where we have dropped spurious phases brought about by the CP transformation. 
We may eliminate the terms proportional to V% Via and to VeV; in eqns (35.31) 
and (35.32), respectively, by considering the linear combinations?’ 


AQsum = 4+- +a_4 + 200 
Zs Vib Vud 

| Vuo Vural 

sum = (a + @—+ -+ 2ā00 
= Vab Vad 

|Vub Vud 


Tat eee oe 
(35.33) 


(Ty + Ty T 2Too) : 


As a result, : 
Im QBa Asum 
PBa sum 
We will now show how this combination can be extracted from the Dalitz plot. 
As usual, the expression for the tagged, time-dependent decay rate has terms 
proportional to 


= —sin2(a + ba). (35.34) 


2 2 
la(BS > xtn-n®)|? and la(BY > r*177°)| | (35.35) 


affecting the constant and cos Amt terms, and terms proportional to 
Im { 4B.P'p,0(B9 > ntr 7°)a(Be > tan?) | (35.36) 


in the sin Amt terms. We can see from eqn (35.29) that each of these terms in- 
volves many phase combinations. Substituting eqn (35.29) in the first eqn (35.35) 
we get 
0 +,-— 0) |? 2 

ja(Bg > ata —m)|” = |f+a4- + f-a_4 + foaool” - (35.37) 
We stress that the form of the functions f+, f_, and fo is part of the input in the 
multi-variable fit. Therefore, we can extract the individual terms and recombine 
them into |asum|*. This is obvious for terms such as |f,a+_|*. It is less obvious 
for the crossed terms. For example, the right-hand side of eqn (35.37) contains 
a term 


fp fta,—a%, + f-fļa-+a}_ = Re (f+ ft) (apa, + a-404_) 
+ilm (f+ f*) (ay-a*, — a_+4a4_) . (35.38) 


The term multiplying Re ( f+ fE) is the one needed for al ee Similarly, substi- 
tuting eqn (35.29) in eqn (35.36) we get 


Im [aBapb.a(B] + ata n°)a(BY + maT 
= Im [qpa Ph, (f+ā+- + f-ā-+ + fodoo) (f+a+- + f-a-+ + foaoo)*] . (35.39) 


We may extract the terms multiplying each individual f f* combination of func- 


* 


tions, and thus get Im (¢B,p3, @sum@34m)- Combining this with ldsum| and using 


°° This presentation follows the one by Grossman and Quinn (1997). 
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lq/p| = 1, we can determine the combination in eqn (35.34), and thus measure 
sin 2 (a + ĝa), despite the presence of gluonic penguins. 

There are a few difficulties with this method. As we have seen, the Dalitz 
plot is parametrized in terms of a decay rate containing all six amplitudes in 
eqns (35.28). The large number of parameters involved in the fit leads to a need 
for large statistics. As in any other method based on isospin symmetry, one must 
worry about the corrections due to electroweak penguins. These are expected to 
be small in these channels (Grossman and Quinn 1997). The method presented 
here leaves the usual fourfold ambiguity in the determination of a + ĝa. In the 
absence of penguin amplitudes, there are several observables that allow us to 
measure also cos2(a+6q). Although penguin amplitudes are expected to be 
sizeable, Grossman and Quinn (1997) argue that the interference pattern is rich 
enough for the determination of the sign of cos 2 (a + 04), so that only the twofold 
discrete ambiguity a ~ a +7 remains. 


36 


SOME METHODS TO EXTRACT y 


36.1 Introduction 

As we have seen, the angle y is hard to measure: the decays of B9 into CP eigen- 
states do not measure this angle directly; and the decay B? —> p? Ks, which would 
measure sin 2y if there were only tree-level amplitudes, is colour-suppressed and 
suffers from a significant penguin pollution. As a result, its branching ratio is 
very small. Aleksan et al. (1992) have estimated that 


BR[B? > pKs] 

BR[B9 > at+17] 
Using the Particle Data Group (1996) bound BR[B9 —> a*27] < 2.0 x 1075, one 
concludes that BR[B® — p° Ks] is at most ~ 1077. 

In this chapter, we discuss a few special methods to determine y that have 
been proposed in the literature. Many of them hinge on the following simple 
trigonometric exercise. Let us suppose that one has two complex amplitudes, 

Ly = M, eet) | 
Z_ = M_ei#le-4) 


~ 2 x 1077. (36.1) 


(36.2) 


which interfere.!°° Typically, the interference term depends on the phases 
= 5 arg (Z242Z_) ’ 
A = ¿arg (Z4 Z*). 


The phase ọ will later be related to the weak phase y; A will correspond to a 
strong-phase difference. We define 


(36.3) 


+= om = cos (y + A), 
F (36.4) 
Im Z+ , 
s+ = —— =sin(p+A). 
|Z4| 


Suppose that we only know s, and s_. Then, siny can be obtained from 


sin? y = $(1+s4s_ —cyc_) 


5 f +s4s- F4/(1- s2) (1-— 2)| (36.5) 


up to a fourfold ambiguity. Indeed, the sign of sin y cannot be determined from 
eqn (36.5), which, besides, gives two possible solutions for sin? y. The latter 


100The magnitudes M+} and M_ are generally determined from branching ratios. 
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ambiguity corresponds to the possible interchange between sin? y and cos? A. 
Indeed, 


cos? A = } (1 + s48- +c4c-) 


1 f ERER EE a) (36.6) 


cannot be distinguished from eqn (36.5) when we do not know the sign of c4c_. 
Let us now suppose instead that we only know c, and c_. Then, siny can 
be obtained from 


sin? yp = 4 f -cc +4/ (1-2) (1- 2)| (36.7) 


up to a fourfold ambiguity. This ambiguity occurs due to the undetermined sign 
of sin y, and due to the possible interchange between sin? y and sin? A, arising 
because sin? A admits the same values as eqn (36.7). 

We shall present several cases in which y % y can be obtained by this simple 
trigonometric trick. 

Besides penguin pollution and the small branching ratio, determining y from 
B? — p? Ks has a further disadvantage as compared to the present method: the 
current SM bound on y—see § 18.5—implies that sin? y must be non-zero, while 
sin 27 can vanish, because y = 7/2 is allowed.'°! For this reason, it is probably 
more advantageous to try and determine sin? y, instead of trying to look for 
sin 27, as in B? > p? Ks. 


36.2 The Gronau—London triangle relations {D°, D°, D fal 


Gronau and London (1991) have noted that one can determine CKM phases 
by comparing decays of the type B > XD? and B > XD° with B + X Df.. 
Their observation is at the root of several experiments proposed in the literature. 
Gronau and London (1991) have taken Df. to coincide with one of the CP 
eigenstates of the D?-D° system. However, the triangle relation that they have 
developed can be generalized to allow also for the presence of large weak phases 
in the D°—D®° system, which are possible in many models of new physics (Nir 
1996). One does not even need to specify that the D meson in the third decay 
is observed through its decay into a CP eigenstate. We may equally well use 


Bo X Dinto f => X fo, (36.8) 


where fp is any final state with an invariant mass equal to the mass of the neutral 
D mesons. This identifies fp as originating in the adequate linear combination 
of D? and D°. 


101 This possibility has been questioned by Fleischer and Mannel (1998). See, however, the 
work by Neubert (1998), Gérard and Weyers (1999). 
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___ The main assumption used in the standard analysis is the following: D? and 
D°? do not oscillate, i.e., £ and y are zero in the D°-D® system./9? This approx- 
imation is experimentally known to hold down to zp < 10~!—see Appendix E. 
The importance of this assumption is that it guarantees that the decay chain 
is completely determined by Dinto f, with no contribution from Dnot into f, See 


§ 34.4. The amplitudes for decays of the type in eqn (36.8) are given by 
(X fp|T|B) = (X Dinto ¢|T|B) 


= cs(X D°|T|B) + G(X D°|T|B), (36.9) 
_ (FID?) 
CPs EN 

ep (FITID®) ila 


and |c;|?+|é,|* = 1. Triangular relations like the one in eqn (36.9) lie at the heart 
of many proposals to extract weak phases. They were first introduced by Gronau 
and London (1991), in the context of the decays B? — DKs and B® > Dg; in 
those cases, f was chosen to be a CP eigenstate. However, we insist, in general 
f does not need to be a CP eigenstate. 


36.3 The Gronau—London—Wyler method 
36.3.1 Procedure 


Gronau and Wyler (1991) have proposed a method to extract from the decays 
BŁ + K+*D, using the Gronau—London triangle relations. As a result, this is 
known as the Gronau—London—Wyler (GLW) method. Experimentally, it consists 
in the measurement of the branching ratios for the processes 


Bt + KtD°®, Bt + KtD®, and Bt + K*(fep)p, (36.11) 


where (fcp)p is a CP eigenstate which is identified as coming from the decay 
of a neutral D meson. For example, fep may be ntn, KKT, or the CP-odd 
n° Kg. The D? and D’ mesons in the first two decays in eqn (36.11) are detected 
through their flavour-specific (for instance, semileptonic) decays. Notice that 
no time-dependent measurements are required in the GLW method, as we are 
looking at charged-meson decays. 

In the GLW method one assumes that 


|A(Bt + K+D°)| = |A(B- + K~D°)|, 


= 36.12 
|A(Bt > Kt D°)| =|A(B- => K~D?®)|, l ) 
i.e., that there is no direct CP violation in these decay modes. This is the case 


in the SM, due to the absence of penguin diagrams for these decays. 


102 The analysis presented in this chapter has been generalized by Meca and Silva (1998) and 
by Amorim et al. (1998) to include non-zero D°-D° mixing. This brings into play new sources 
of CP violation—see § 34.6. In particular, Meca and Silva (1998) have shown that a value of 
zp of order 107? will affect the decay rates in the Gronau-London-Wyler method (§ 36.3) 
and in the Atwood-Dunietz—Soni method (§ 36.5) by as much as 10%. 
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Applying eqn (36.9) to this case, we have 


A[B+ > K+(fop)p] = cf A(Bt + K+D°) +2, A(Bt > K+D°), 


= 36.13 
A([B- > K~(fep) pl] = Cfa A(B- =} K-D?) F fœ A(B- > K- D°). ) 
This may be written 
= + : 
ic el (36.14) 
Z = 2, + 2, 
after introducing the definitions 
z = ¢;,,A(Bt + K+D°), 
z| =cz,,A(B- > K~D°), 
= A(Bt + KtD°), 
#2 E Chey Al a (36.15) 
zo = fæ A(B- + K- D°), 
z= A([Bt > KT(fep)p], 
z= A([B- > K~(fep)p]. 
In the GLW method one measures 
z|? = |zy|? + |zol? + 2Re(z2z*), 
zl? = [z1]? + [z2]? + 2Re (z227) oe 


Z|? = |z4|? + |25|? + 2Re (22) 


However, |z,| cannot be determined from the measured |A(B+ + K+ D°)| unless 
the modulus of é;,, is known. The same holds for |z2|, |z|, and |z9|. 

We now assume that the only diagrams contributing to the various decays are 
the tree-level diagrams of the SM, i.e., we assume that all decay amplitudes are 
given solely by the W -mediated tree-level diagram. Then, CP symmetry implies 


that [Cf = lef» = 1/2, and 
,, _ |A(BT > K*D°)| 
[zal = [zal = y 
v2 (36.17) 
ıı _ |A(B+ > K*D’)| 
|z2| = |22| = . 
V2 


From eqns (36.16) we may determine 


Re (z227) Re (225°) 


|2221| |2122 


| (36.18) 


which are to be identified as c} and c_ of the first eqn (36.4). Then, from 
eqn (36.7) we may determine the squared sine of 


L arg zzi 4 = c} A(Bt + K+D®)A(B- + K-D?) tiie 
? zaz * °  A(B- > K~D°)A(Bt+ > K+D°) 


436 SOME METHODS TO EXTRACT y 


(a) (b) 
Fic. 36.1. Triangles representing geometrically eqns (36.14). 


This is determined up to discrete ambiguities, including the confusion with the 
strong-phase difference, given by 


I A(Bt +0 - -0 
Ca ae 1 arg A(BT > KTD JAB- > KT DS) (36.20) 
A(B+ > K+D°)A(B- > K- D°) 


36.3.2 Geometrical interpretation 


Ap= 


1 
9 arg ; 


Equations (36.14) may be represented in the complex plane as two triangles, the 
first triangle having sides with length |z;|, |z2|, and |z|, while the second triangle 
has sides with length |z;|, |z5|, and |z|. If there was direct CP violation in the 
decay D? — fep, there would be no relation between the two triangles. However, 
our assumption that D decays are dominated by tree-level diagrams guarantees 
that |z1| = |z;| and |z2| = |z5|. Then, the two triangles become related, as shown 
in Fig. 36.1 (a). Without loss of generality, we may rephase the amplitudes in 
such a way as to make zı = z}, as we have depicted in Fig. 36.1 (a). Although 21 
and z, have arbitrary phases, which depend on the phases of the state vectors 
in them, the observables that we measure do not depend on this choice. 
Simple trigonometry yields 


_ lal? + |zal* — lel? 


cos@,; = ae 
2122 
.21 
al + lol? — |z}? eran 
cos A = 
2|2122| 
where 
J, = arg ( 7 ) 
(36.22) 


If the physical situation were as depicted in Fig. 36.1 (a). we would have suc- 
ceeded in extracting 

2224 
Zi K 
identified as a weak phase in eqn (36.19). However, the physical situation could 


be the one depicted in Fig. 36.1 (b). In that case, when drawing Fig. 36.1 (a) we 


6. — 0, = arg (36.23) 
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would have been making a mistake: we thought that we were calculating 62 — 01, 
while we were in fact calculating 


6. +6, = -arg ae (36.24) 
1 


which is the difference of strong phases, as seen in eqn (36.20). Therefore, the 
two solutions for 
. ?2 02 p 0, — 1 2 7 

sin" — = 2 £ — cos 6; cos #2 + y (1 — cos? 01) (1 — cos 02) | (36.25) 
correspond to the fact that this method cannot distinguish the weak phase from 
the difference of strong phases. 

Since D°K* is pure isospin 1, while D°Kt+ is a superposition of isospin 0 
and 1, the final-state phase difference is likely to be nonzero (Gronau and Wyler 
1991). Still, it should be noted that this analysis can be performed even if the 
final-state phase difference does vanish. In that case, the two triangles are equal: 
one of them points upwards, the other one points downwards, and the angle 
between z2 and z, measures y. As mentioned above, this situation cannot be 
distinguished from the one in which it is y (the difference of weak phases) that 
vanishes, while the angle between z2 and z measures the strong-phase difference. 
In spite of this discrete ambiguity, which is inherent in the GLW method, it is 
remarkable that we can extract the weak phase (up to discrete ambiguities) even 
when the CP-violating decay-rate asymmetry vanishes. 


36.3.3 The weak phase in the SM 


The analysis described above can be performed using any final state K*(fep) p. 
Exactly which CKM phase is measured depends on the final state considered. 
Still, the result of eqn (36.25) is always given approximately by sin’ y, in the 
SM. 

Let us next see how the phase y shows up. From the assumption that the 
decays are dominated by SM tree-level diagrams, we find 


A(B- > K-D?) _ VeVi Zaz On(u(K~ DQR IB) 36 96) 
A(B+ + K+D°)  VåVus Dnai Calu) (K+ DOQ B+) | 


Notice that the final-state-interaction phases for the two amplitudes are the 
same, and therefore they cancel in the ratio. In the same way, 


A(Bt > K+D°) _ Vý Ves Yona1 Cn(u)(K* D°|Q%*|B*) 

AB- > K-D?) ` Vas, Li, Ca(K-DIquet|B=) PP 
Using eqns (36.26) and (36.27), we find 

A(Bt + K+ D°)A(B- > K-D?) 

A(B- > K-D°)A(Bt+ > K+ D°) 
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= Vib Ves eilfu—Eot€s —EctEp+— k+ —Ep) Vo Vus -i(t,—Eotéu —§s Eat text -€p) 
Vub Vi Va Vus 


_ VurVes Veb Vus 2ilEu—Ee—En) (36.28) 


Vub Ve Vis us 


We have used the CP transformations of the operators in eqns (32.13), and 
defined the CP transformation of the state vectors by 


CP\B*) = e*s+ |B7), 
CP|Kt) =e%x«+|K-), (36.29) 
CP|D°) = e®>|D°). 


Let us next consider the decays of D? and D? to ntr. From our assumption 
and from eqn (36.10) it follows that 


Crtr- e Vua Valat n |(ET”d) (dT ,c)|D°) = Vud cd pi(ée—Eu t+ €D) (36.30) 
Crta- Ve Vea(ata-|(d0,u)(#d)|D°)  ViaVea 


where [4 = y”, and we have taken into account that the CP-parity of rtr” 
is positive. 

We may now compute the ratio of amplitudes relevant for eqn (36.19). Using 
eqns (36.28) and (36.30), we find 


1 2221 yy A(Bt > Kt+D°)A(B- > K-D?) 
2 OE a T 2AA AB O K DDA a KD) 
1 Vua Veo Via Vea Vuda Ves Vus Vod 

RERNA V Va Vea V a VaV 


y- e. (36.31) 


One concludes that, when one uses final states K*+(x*+72~)p, one is measuring 
sin? (y — €’). 
If one uses instead final states K+(K*+K~—)p, then the relevant parameter is 


* ICH S 0 y 
orik- _ Va VALKE K (ETHS) (T uo)lD?) _ Vases ie.€a+€0), (36.32) 


Cx+K- V% Ves (K+K-|(r u)(r”s)| D0) Vä Ves 
With the same steps as before we get 


R ZZi 4 : c- g- A(Bt > K*+D°)A(B- > K-D?) 
2 zzy ? Ee A(B- > K-D°)A(B+ + Kt+D?) 
= y+; (36.33) 


thus, in this case one would be measuring sin? (y + €’). 
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Obviously, these results depend only on the tree-level quark decays being 
used. All AS = AD = 0 decays of the neutral D mesons yield the weak phase 


y-e¢' fork =d, 


y+eé fork=s. (36.34) 


$ = Pi ücs + Po-kku a Picus 7 Pekka a 
In most models ¢’ is very small, and the AS = AD = Q decays of neutral D 
mesons yield sin y, irrespectively of the final states utilized, up to a fourfold 
ambiguity. One may reduce the ambiguity by repeating the analysis for various 
distinct final states X*(fop)p, with X+ = K+, Kt7°, K°xt, and so on. Indeed, 
whereas the weak phase is always 7, the final-state phase difference should differ 
from one channel to the next. This would allow the extraction of y up to its sign. 
(In the SM, the sign of y is known, once the sign of the bag parameter Bg is 
fixed.) 

If one uses the AS 4 0 4 AD decays of the neutral D mesons, one obtains 
Ks or Kç in the final state, such as in D 4 Ks7?. This case is complicated by 
the fact that two amplitudes contribute to D? 4 Ksr?; the Cabbibo-allowed 
D? + K%r°, and the doubly Cabbibo-suppressed D? > K°r°. 

This method works because we have assumed that there is no CP violation 
in the D°—D° system, nor in the decays D? > fep and D° > fep. Then, the 
state that decays into fep (Df) coincides with one of the eigenstates of CP 
(D+). As a result, many authors perform the analysis by considering decays into 
CP eigenstates such as Bt + K*+D,.'°° The difference between this analysis 
and the one performed by looking at Bt => K*Dinto rtn- > Kt(r'a)p is 
immaterial under the assumption above. However, in models of new physics with 
considerable CP violation in the D°—D® system and its decays, one must analyse 
the decay chain Bt > Kt Dinto r+r- > Kt(a*17)p in detail. 

In any case, the calculations presented in this subsection show that, under the 
no-oscillation requirement, the GLW method is not affected by any new phase 
appearing in D°—D° mixing. This will no longer be the case if Am/T in D°-D® 
mixing is ~ 107? (Meca and Silva 1998). 


36.3.4 Experimental difficulties with the GLW method 


As mentioned, the measurement of sin 2y with B? > p? Ks is subject to consid- 
erable penguin pollution. Moreover, one must tag the neutral meson and follow 
the time dependence of the decay. The Gronau-London—Wyler method does not 
have these shortcomings. In addition, the current bounds on y allow sin2y to 
vanish, while sin? y does not. 

Unfortunately, the GLW method suffers from experimental difficulties, mostly 
due to the fact that |z2| = |z4| should be much smaller than the other sides of 
the triangles. Indeed (Dunietz 1991; Buras and Fleischer 1998), 


A(Bt > Kt D°) Vab Ves 
A( Bt =? K+D°) Vin Vus 


a2 


MNI 


~ 0.26Rp, (36.35) 


ai 


103 Kurimoto (1997) has presented a rephasing invariant analysis of the Gronau-London- 
Wyler method, using this alternative route. Naturally, his results coincide with ours. 
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where |a2/a1| ~ 0.26 is a phenomenological colour-suppression factor (Browder 
et al. 1997). Therefore, |z2| is much smaller than |z,|, |z|, and |z|. The triangles 
in Figs. 36.1 are very flat and 02 — 0; becomes a sensitive function of |z2| while, 
simultaneously, |z2| is very hard to measure. 

Detecting the D° in the final state is rather difficult. In principle, its flavour 
could be tagged through the semileptonic decay D° — I+1,X,. However, this 
is subject to a huge background from the direct decay Bt > I*1Xz, which is 
approximately 10° times larger (Atwood et al. 1997). Although there are several 
features distinguishing the two decays, reducing the background by the required 
amount is a demanding task (Atwood et al. 1997). One might also attempt to 
identify D? through its decay D? => K-rt, because D? — Krt is doubly 
Cabibbo-suppressed (cf. Appendix E). However, as pointed out by Atwood et 
al. (1997), the D°-tagging chain 


Bt + Kt D® + Kt(K-2*)p (36.36) 
cannot be distinguished from 
Bt + K*+D® + K+(K-1t)p. (36.37) 


These two decay chains interfere at order ~ 1, because the suppression of D° + 
Krt is compensated by eqn (36.35): 


A(Bt + Kt D°)A(D° > K-7x7) 0.26R, i 


eal eon 36.38 
A(B+ > K+D°)A(D° => K-nt+)| 0.0077 Cree 


We have used R, ~ 0.36 (Buras and Fleischer 1998) and the central value 0.0077 
given by the CLEO Collaboration (1994) for BR(D®° > Ktz-)/BR(D° > 
Kt). 

As an alternative, Atwood et al. (1997) have pointed out that some excited 
D? resonances have additional flavour-specific decay modes, such as D@)+77-. 
In principle, one could measure |z2| for such modes, and proceed with the GLW 
method. o 

On the other hand, detecting D? is much easier because 


A(Bt => K+ D?) A(D? + K+tr7) 1 ; 
|  — _———  ~ 10°; (36.39) 
A(B+ + K+D°) A(D° + K+tr-)| — 0.26R,/0.0077 

the total decay chain Bt => K+D — K*(K*17)p is dominated by the process 
with an intermediate D? to an accuracy of 1% in the amplitude (Atwood et 
al. 1997). 

An additional difficulty with the GLW method is due to the need to measure 
the decay of the neutral D meson into a CP eigenstate. The product (branching 
ratio) x (detection efficiency) for those decays lies at the 1% level (Gronau and 
Wyler 1991). Still, one can increase statistics by combining the analysis of several 
final states. 
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36.4 Simple extensions of the GLW method 
36.4.1 Extracting y with self-tagging BS modes 


Dunietz (1991) has pointed out that the Gronau-London—Wyler method can 
also be applied to self-tagging B? decays. In this method one measures (Dunietz 
1991) 


B? > K*°D®, B8 = K*° D°, BI > K*(fep)p, B} —> K*(fep)p, 
(36.40) 
where K*? is detected through its decay Ktm, which has a branching ratio 
of around 2/3. The sign of the charged kaon tags the B flavour. As before, one 
constructs two triangles 


A[B9 + K*?(fep)D] = cfa A(B3 + K*°D®) + G;., A(B9 + K*°D?), 
A |B] + K*"(fop) | = csn A(BI + KD?) + s AB] > K” D°), 
(36.41) 
obtaining y via a simple trigonometric exercise. 


An advantage of these neutral-meson decays is that all the sides involved are 
expected to be of similar size, 


A(B? => K* D?) 
A(B? > K*°D°) 


ub Ves 


Veb Vu S 


N 


RiR (36.42) 


because both amplitudes are colour-suppressed. 

The simple fact that these new decays can be studied is already useful, be- 
cause it is a further aid in disentangling y from the strong-phase differences 
(Dunietz 1991). Although the experimental difficulties with the identification of 
D® are ameliorated when using B9 — K*° D°, the problems with the detection 
of the decays into Df. remain. 


36.4.2 Extracting y from D decays into non-CP eigenstates 


The Gronau-London—Wyler method can also be applied using the branching 
ratios of 


Bt => KtD®, BtokKtD®*, Bt+kKtfp, B` K` fp, (36.43) 


even when f is a not a CP eigenstate. As shown by Atwood et al. (1997), this is 
possible provided that one also knows the branching ratios for the decays of D 
into f: 


D?’ > fp, D? > fp. (36.44) 


Of course, one still assumes that those decays are dominated by a single weak 
phase. 
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The procedure is the same as before. Defining 

= ¢,A(B+ > KtD°), 
zi =czA(B- > K-D’), 
zo = cf A(B+t => Kt D’), 


N 
pany 
Il 


a2 (36.45) 
z3 =CzA(B” > Kk D°), 
pS A(Bt > Kt fp), 
Z= A(B- — K~ fp), 
one may write the triangular relations 
Z= 2+ 22, (36.46) 
AS l 
Assuming that there is no direct CP violation in D decays, one gets |cz| = |é;| 
and |cs| = |¢7|. Therefore, 
Jail = [zil = lepA(BY > K*DD), ca 


|z2| = |z2| = [cz (Bt => K+ D°)|. 
Simple trigonometry allows one to find the squared sine of 


i c7cp A(Bt => K+ D°)A(B- => K-D? 
gg ela O S 
Z122 CC; A(B- — K-D°)A(Bt+ => K+D°) 
Assuming that the weak phases dominating the decays of the D mesons are those 
in the tree-level SM diagrams, we obtain again the weak phase in eqn (36.34). 
This is determined up to the confusion with the strong phase, given by 


Aperânc tee aa crezA(Bt > K+D°)A(B- > K-D?) 
Ai zz épcpA(Bt + K+D°)A(B- > K-D°)’ 
(36.49) 
where we have used eqn (36.20) and 


CCF 


is the strong-phase difference in the D decays. When f is a CP eigenstate, as 
in the original GLW proposal, Ap; = 0. The advantage of using non-CP eigen- 
states lies in the fact that in eqn (36.49) the difference of strong phases in B 
decays appears together with the difference of strong phases in D decays, and the 
latter is likely to be large in some channels. For these channels, the CP-violating 
asymmetry between the decay widths of Bt + K+ fp and B- + K` fp can be 
large (Atwood et al. 1997). In addition, some non-CP eigenstates might be easier 
to detect than the CP eigenstates. 
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36.5 The Atwood—Dunietz—Soni method 


The experimental problems discussed in connection with the Gronau—London-— 
Wyler method may be side-stepped with a related method proposed by Atwood 
et al. (1997). The idea is to perform the analysis with non-CP eigenstates, as in 
§ 36.4.2, but now assuming that |A(B*t — K+D°®)| is not measured. One can 
make progress without this piece of experimental information by comparing the 
results for two different chains: 


Bt > KtD>Kt(fi)p, BO > K-D->K“(ft)p, (36.51) 


and 
Bt + K*D > Kt (fo)p, B > KTD > K~(fo)p, (36.52) 


corresponding to two different final states fı and fo. In this method, the branch- 
ing ratios of o o 
D? > fi, D? > fi, and B* > KTD®, (36.53) 

must also be known. We continue to assume that the decays of D are dominated 
by a single weak phase. Due to eqn (36.39), the branching ratio for Bt => K+ D° 
may be determined by using the decay chain Bt — KtD > K*t(Ktn7)p. 

The final states f; are chosen such that the decay D? —- f; is doubly Cabbibo- 
suppressed, while D° — f; is Cabibbo allowed. For example, those final states 
might be Ktm or K*p~. Thus, we fall under the conditions of eqn (36.38): 
the two amplitudes are of comparable magnitude, and the CP-violating effects 
are maximal. It is ironic that this method uses precisely those final states that 
cannot be used for a direct determination of |A(B* — K+ D°)|, as needed in the 
GLW method. The beauty of the Atwood—Dunietz—Soni method is that |A(Bt > 
Kt D°)| is not an input, but rather an output. 

In the Atwood—Dunietz—Soni method one measures 


|A [B+ + K+(fi)p]° = ey, A(Bt 3 K+D?)|? + e,.A(B* + K+ D2) 


+2Re le,24,A(Bt ID: AB > K D>) | 
Í 


| 2 


|A [B7 + K-(fi)p] |? = |e;,A(B7 > K7 D?)|? + lē; 4(B- > K-D’) 
+2Re [cz,ē}, A(B- + K- D?’)A(B- > iD) | 

o (36.54) 

for both final states fı and fo. One assumes that |A(Bt —> K*D?)| is known, 

as are the |cy,| and |é;,|, which can be extracted from the branching ratios of 

the decays of the D mesons. Therefore, the system of four eqns (36.54) may be 

solved for the four unknowns |A(Bt + K+tD?)|, the strong phases Ag + App, 


and Ag + Aps,—see eqn (36.49)—and the weak phase 
c7.cf,A(Bt > K*D°)A(B~ > K-D? 
cae cea D (36.55) 
Cz Cft A(B- => K~ D®°)A(Bt > K+D°) 


Strictly speaking, the two final states should arise from the same quark-level 
decay, so that the weak phase is the same in both channels, cf. eqn (36.34). 
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However, a small e’ implies that the difference is irrelevant and any two final 
states may be used. 


36.6 The Gronau—London B? => DKs method 


All the methods presented in this chapter are rooted in the triangle construction 
B => {D°,D°, Df} X. This construction was first introduced by Gronau and 
London (1991) to analyse the decays B > DKs. Their article can be viewed 
as containing, in fact, two distinct proposals: 


1. to determine y using the decays B} — { D°,D°,D fep | Ks; 
2. to determine 26 + y with the decays into non-CP eigenstates B? + D° Ks 
and BY > D°Ks. 
In order to use these decays one needs to tag the initial meson. 
36.6.1 Extracting y from BY > {D°, D?, Di }Ks 
The idea is to look for the tagged decays 


Bo + D°Ks, BY > D°Ks, B? > (fep)pKs, and CP conjugated. (36.56) 


Everything follows as in § 36.3, with 


ae 1 — 
z = jœ A(BY > KsD°) = oe er, A(BY > K? D°), 


— 1 a ee 
ži — cr, A(B9 — KsD°) = ~ 20K Cfa A( BS — K°D°), 


X 
N 
| 


1 
ca E a N ae (36.57) 


z} = ĉj A(B? => Ks D?) = FeAl o> K? oy, 
z= A[Ba => Ks(fep)D], 
A[By > Ks(fep)p], 


NI 
II 


where we have used the fact that B9 only decays into K° while B? only decays 
into K°. 

Experimentally, one determines |z,], |z2|, |z|, and |Z|. The big difference be- 
tween this case and the ones presented earlier lies in the fact that the determina- 
tion of these magnitudes requires the tagging of the initial meson; the final state 
by itself does not identify the flavour of the decaying meson. Although there is 
interference CP violation, it drops out in the tagged time-integrated rates at the 
Y(4S)—see eqns (35.1), which are valid for any final state f. Therefore, we only 
need the branching ratios for these decays of BY and B}; we do not need to 
follow the time dependence.!"4 


104This important consequence of the experiments performed at the (4S), is often ignored 
in the literature. 
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The angle determined is 


1 zozt Ch, A(BY > KODA > K°D®) 
5 arg a) arg DS a a (36.58) 
2122 GAB > K? DAB > K° D?) 


This is exactly the same angle as in eqn (36.19). Its expression, which depends 
weakly on the final state fep used, was given in eqn (36.34). Of course, one must 
still face the problem that |z2| is much smaller than |zı|—see eqn (36.35)—and 
is therefore very difficult to measure. _ 

Notice that the B9-B9 and K°-K® mixing factors have no influence on the 
result. This is due to the fact that we have only used the knowledge of the 
magnitudes of the decay amplitudes. We did not use any information about 
interference CP violation. As usual, the weak phase is determined up to discrete 
ambiguities, including the confusion with the strong phase. 


36.6.2 Extracting 23 + y from B? > {D°, D°}Ks 


As a by-product of the experiment just described, one may also extract, from 
the time dependence of the decays 


B?(t) > D°Ks and B}(t) > D°Ks, (36.59) 


the parameters Im Bos pox, and Im . Decays into non-CP eigen- 


B9+D° Ks 
states were discussed by Aleksan et al. (1991), and were used by Aleksan et 
al. (1992) to determine y with B® decays into D+ K*. The method is discussed 
in detail in § 9.4.3 and also in § 37.3. What one measures is half the (weak) phase 
of À Bo-+D°Ks A Bo Diks’ UP to discrete ambiguities. 

It is easy to show that 


DK qBa ) * (D°K|T|B°)(D° K°|T|B®) (36.60) 


ÀB2>D°KsÀ Bo DiKs = ( (D? K?|T|B?)(D? K?|T|B9) | 


qK PBa 
Using 


CP|B3) = e**2|B9), 
CP|K®) = e®* | K0) (36.61) 
CPD!) Ses" |p"), 


and the CP transformation of the operators in eqns (32.13), we find 
(D9K?|Qeu*t Bd) 
(D? K|Qs"*|B4) 
(D9K|Qn°*" |B) 
(D° K?|Q%°5| Ba) 


= etl -EBatEK ED) eilEb—Es+Eu Ee) 
(36.62) 
— etl- EBa tEK HED) oilb —EstEc— Eu). 
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Recall that the operators QS“ and Q}°* appear in the effective Hamiltonian 
with CKM coefficients Vå Vus and V% Ves, respectively. Combining this with the 
phases from the mixing, we find 


* x 2 * * 

Àpo k pN —— ze ec erie’ Vin Ved ~ Veo Vus Vub Ves 
— S 0 o) a 

a Pa Dris Vea Vas Vio Vi oh Vus V Ves 


= e7%i(28+y-204—e') (36.63) 
Thus, this method measures the phase 28+y—204—€' up to discrete ambiguities. 


This is very interesting, because there are very few methods that probe the 
combination 28 + y. 
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EXTRACTING CKM PHASES WITH B® DECAYS 


37.1 Introduction 


In this chapter we shall discuss some methods available to extract CKM phases 
with the help of B? decays. In the near future, B9-B9 pairs will only be pro- 
duced at DESY, Fermilab, and LHC. In all these cases, the B?-B9 pairs are 
created in uncorrelated initial states. Moreover, they are produced together with 
a large number of other states originating in bb quark pairs, such as B?B- X+, 
BIB-X*, B? B9X?,, etc. This means that one can study both B9 and B? at 
these facilities, but that such studies must face a daunting background. 

As happens with B? studies at the Y (4S), full reconstruction of the events 
is extremely inefficient, and one usually looks for the semileptonic decay of one 
b-hadron (the tagging decay), only tracing the time dependence of the other b- 
hadron. For exclusive decays, such as B? - fep or BY — fep, this procedure 
still requires the reconstruction of the exclusive channel of interest. There is, 
however, a very big difference with respect to experiments performed at the 
Y(4S). There, the anti-correlated nature of the initial state guarantees that the 
semileptonic decay in one side of the detector does tag the flavour of the meson 
on the opposite side at the same instant. For uncorrelated initial states of neutral 
B mesons there is no such effect, and one must take the mistags into account 
through a dilution factor Dy = 1 — 2x9 = (1 — y”)/(1 + 27), cf. § 9.10.2. Since 
the semileptonic decay may come from any of the b-hadrons on the tagging side, 
what is of interest is the dilution factor averaged over all the b-hadron species 
that can decay into the channels used for tagging. 

Besides these differences, that have to do with the initial states produced in 
the experiments, there are a number of important differences between the B9-B9 
and B°-B® systems. In the latter system 


e the mass difference is large, £s > 9.5. This has two important consequences: 

1. as we can see in eqns (28.7), the relevant terms in time-integrated 

rates appear with 1+ z? > 100 in the denominator. As a result, one 

must trace the time-dependence of the decays, or the CP-violating 
asymmetries will be too small; 

2. since Am, is large, the oscillations of the Am,-dependent terms in 
the time-dependent decay rates in eqns (28.6) are fast, and they may 
even be so fast as to go beyond the experimental vertexing capabilities. 
That is, these oscillations may be too fast to be traced. 

e the width difference may also be rather large. In fact, Beneke et al. (1996) 
have shown that |ys| lies around 0.08 in the SM, and can even be as large 
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as 0.15. If |AT| indeed turns out to be large in the B°-B® system, we must 
use the full decay rates presented in Chapter 9 rather than the simplified 
version in Chapter 28. This may turn out to be a benefit, because 


1. we may then measure Re A+ in addition to |As| and Im Af, as can be 
seen from eqns (9.9) and (9.10). This removes the sign ambiguity of 
arg Az, which exists when only |A| and Im Ay are measured (Aleksan 
et al. 1992); 

2. several new methods become available for the study of CP violation. 
Of particular importance is the possibility, pointed out by Dunietz 
(1995), of using untagged data samples. Untagged decays have already 
been discussed briefly in § 9.6. 


e one may have large branching ratios for the decays into final states which, 
although not CP eigenstates, are common to both B? and B®. These are 
known as ‘decays into non-CP eigenstates’. Looking at Table 31.1, it is 
easy to understand why such decays may be more relevant in the B°-Be 
than in the B§-B® system. The tree-level decays with larger CKM factors 
are those governed by b > ccs and by b > Cud, whose amplitudes appear 
at order \?. However, the latter must be compared with b —> acd, which is 
of order \*. Now, the b —> Gc3 decays common to BY and B® must involve 
a Ky, or Kg in the final state. They are of the type [cc|K,,5, and therefore 
they must be CP eigenstates. The best-known example is the gold-plated 
decay BY > J/yKs. On the other hand, B® can decay through the quark 
process b — @c8 into final states which, being common to BO, are either 
CP-eigenstates—such as B? => D+D>—or not—some evamples include 
B® + D*+ D7 +% 

The phenomenological analysis of decays into non-CP eigenstates has been 
discussed in § 9.4.3. 


These characteristics will be exploited in the following sections in order to 
determine CP-violating phases in the CKM matrix. 


37.2 B? — D} D7: the silver-plated decay 


We have seen that the decays b + GcS are the only ones where there is virtually 
no trace of a second CKM phase in the decay amplitude. This led naturally to the 
gold-plated decay B9 > J/wWKg in § 33.5, which measures sin 2 (3 — e' — ĝa). Its 
B? counterpart is the decay B? + D D}, which measures sin 2 (€e + 0s). In the 
SM, e ~ à? and this CP-violating asymmetry is down by an order of magnitude 
with respect to the one in B}? —> J/wKsg. Moreover, in the near future B? will 
only be produced in the harsh hadronic environment, and D+ mesons may be 
hard to detect. Therefore, although this is dominated by a single weak phase, 
the measurement of e will not be immediate. The asymmetry in B? > J/wWd 


105 However, it turns out that this particular final state, D** D; , is expected to be dominantly 
CP-even (Aleksan et al. 1993, Dunietz 1995). Moreover, the corresponding decay measures the 
small angle e. 
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also measures sin2(€+ 6,4), but one must study the angular distributions to 
disentangle the CP-even and CP-odd components of the final state. 

However, precisely because the SM predicts that this asymmetry should be 
small, this is a perfect channel to look for new physics in B°_Bo mixing. In 
particular, there could be a significant new phase s in that mixing (Nir and 


Silverman 1990). 


37.3 The Aleksan—Dunietz—Kayser method 


Aleksan et al. (1992) proposed a method to measure the angle y using B? decays 
into non-CP eigenstates such as DKF, D+ K**, and D** KF. For example, 
one would look for the time-dependent decays 


B?(t) > DIK”, B°(t) > D> K*, B(t) > DKD, and B%(t) > D7 KY. 
(37.1) 
These final states can be reached by colour-allowed tree-level (T) diagrams b > 
cus and b > ūc5, but also by W-exchange diagrams (E). The latter, however, 
have the same CKM phase as the T diagrams. Moreover, there are no penguin 
amplitudes contributing to these decays, and rescattering effects cannot bring in 
a new weak phase. The rates for these decays are estimated to be ~ 1074, while 
the decay rate for B? — p? Ks is estimated to be ~ 1077 (Aleksan et al. 1992). 
Thus, extracting y with B? — DKF has two advantages over B? > p? Ks: 
the decay rates are much larger and there is only one weak phase at play. The 
disadvantage of working with non-CP eigenstates is that one must trace the 
time-dependence of four decay rates in order to extract Ay and A; and recover 
the weak phase from them. 
The four amplitudes relevant for the B? + DKF analysis are 


ApS (D KFTB] Vi Vig Cag (D; KQB, 
Aç; = (D} KT|T|B?) œ V Ves Zn- Calu) Oe KT |Q! |B?) 
(Dt 


k A : ; Eee (37.2) 
Az = (D3 K- IT|B9) « VaV is ee 1 Cn(u ) 5 i Qn pepe? 
Ay = (D, K*|T|B) & VasV5 ona Cale) (D; KOB), 
with the operators defined in eqns (32.3). Therefore, 
A 
y= GBs 2f 
PB, Af 
y* 2 ze ucst| RO 
= — ei(24s +B, +s — ~e,) Vib Vts Vu > Cn (u (D; K+|Q; "|B9) 
VaV VaV. Pona Calu) (D: K+|Qe%9|B9) ” 
Ag n 7 (37.3) 
et PB, 2f 
f qB. Aj 
— _p-i(20.+€, +E,- 6) a ae) De Oe Bo 
Vig Vts Voo Vis Soo Cn(u) (DI K-|Qeust| B9) 


Using the CP transformation of the operators in eqns (32.13) it is easy to prove 
that 
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Ay = eiln -Esteso te Eu) VepVus 3, 
Veb Vis å 
V*V (37.4) 
A; = a eiléBs +E ¢+&s— EbtEu —Ec) "ub" cs ub "cs Af. 
Vub Vos 
The big difference with respect to decays into CP eigenstates is that, here, the CP 
transformation does not relate Aş, in the numerator of A;, with the amplitude 
in the denominator, Ay, but rather with Ap. Therefore, one cannot proceed with 
the calculation of A¢ without either making some phase choice, or else using some 
symmetry to relate the numerator with the denominator. Still, we may assert 


that 
Af _ = (fate) Vub Vos Veb Vus — e7 2i(y+e 26—20.) (37.5) 
ÀF Vio Vis Va Ves Va Vus 

is a measurable quantity, as it should be. If we measure the real and imaginary 
parts of Ay and 7, we can determine y + €' — 2e — 26,. However, if |AT| turns 
out to be small in the B°-B? system, we can only determine the imaginary parts 
of Af and Az, as well as their magnitudes. Then, the sine of the relevant phase 
may be recovered up to a fourfold ambiguity from 


sin? (y + ¢' — 2e — 20,) = 4 f +s4s- +4/(1- s?) (1-s ae (37.6) 
where _ 
Im ÀF 
S+ = = ‘ 
[A zl 
ia (37.7) 
Asl 
This result is easier to understand if we choose a convention in which the CP 
transformation includes no phases. Then, we may write q/p = —e?*®™, and 


Ap = Aeta eta 
Ay = Aeta etta, 


Az= Beitt ele (37.8) 
Ay = Be~*? eið, 
Therefore, 
Np = et-a) 
A (37.9) 


= B. 
—— i(@+A 
A= -7e A 


where @ = a + dp — 26m and A = dy — dq are measurable weak and strong 
phases, respectively. In our example, ġ = y + € — 2e — 20s. We see that |A,|, 
Im Ay, and ReAy measure B/A, B/Asin(¢ — A), and -B/A cos ($ — A), respec- 
tively. Similarly, |A;|, Im Àz, and Re; measure B/A, —B/Asin(¢+ A), and 
—B/Acos(¢+ A), respectively. We can recover ¢ from these measurements. 
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Let us look back at eqn (37.6). One of the signs on the RHS of eqn (37.6) 
yields the true value of sin? ¢; the other sign gives cos? A instead. We stress that 
this trigonometric exercise is only needed if |AT| is small, in which case we can 
only measure Im Àf, Im A 7, |Ay|, and |r 7|. The ambiguity in sin? @ is removed if 
|AT| is large enough to allow for the additional measurement of the real parts, 
Re A; and Re Àz. 

The fact that we are probing sin? y and that we do so through eqn (37.6) has 
three interesting consequences. Firstly, if one searches for y with CP-violating 
asymmetries alone, one is really probing sin 2y. As pointed out before, present 
constraints allow this to be zero, while sin? y is guaranteed to be nonzero. Indeed, 
we have seen in § 18.5 that 0.33 < sin? y < 1 in the SM. Secondly, since Bx sin y 
is positive, if we assume that Bx is positive, then eqn (37.6) only retains a 
twofold ambiguity. Thirdly, Aleksan et al. (1992) argue that A is likely to be 
very small. If this turns out to be the case, then the angle y may be extracted 
from eqn (37.6) without any ambiguity at all. 


37.4 The Gronau—London B? > D¢ method 


This method is analogous to the Gronau-London BY — DKs method discussed 
in § 36.6, only with the spectator quark d being substituted by s. Both methods 
were suggested in the same article by Gronau and London (1991). 


37.4.1 Extracting y from B}? > {D°, D°, Dy. }¢ 
Here, one looks for the tagged decays 


B°(t) > D°¢, B®(t) + Dd, B?(t) > (fep)pd, and CP conjugated. (37.10) 


The idea is the same as in § 36.3 and 36.6.1, and one also measures the sine of 
the angle in eqn (36.34), y + €’, up to a fourfold discrete ambiguity. Again, the 
hierarchy of the amplitudes makes this method difficult to implement in practice. 

There is a subtle difference between this method and those other methods 
related to it by a change in the spectator quark: here we must follow the time 
dependence of the decays. In § 36.3 that was not needed because there is no 
mixing in charged decays. In § 36.6.1 that was also not needed, although there is 
B$9-B9 mixing. The point there was that, at the Y (4S), the terms proportional 
to Im àp drop out from the tagged, time-integrated decay rates [[B° — f] and 
[[B° — f]. Therefore, from these two observables we could extract the two 
unknowns |A;| and |A;|. Here the situation is different because the B°-B® pairs 
to be detected in experiments will not come from an odd-parity correlated state. 


37.4.2 Extracting —2e + y from B? > {D°, D°}¢ 

We have seen in § 36.6.2 that the interference terms in the time-dependent decays 
BS + {D°, D°}Ksg can be used to measure 28 + y, in the SM. Analogously, we 
may use the B? + {D°, D°}¢ decays to find —2e + y. The difference is that, in 
this case, we use the mixing in the B,-B® system, rather than the mixing in the 
By-B° and K°-K° systems. This is just the colour-suppressed version of the 
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same quark processes b — Gus and b — tics involved in the Aleksan—Dunietz— 
Kayser method. Therefore, it also measures the sine of the angle y + €' — 2e — 26,, 
up to a fourfold discrete ambiguity. 


37.5 On the use of untagged decays 


A large |AT|/T opens up the possibility for a new class of experiments to deter- 
mine weak phases: those performed with untagged data samples (Dunietz 1995). 
Untagged data samples are interesting because they are readily produced at ete 
and pp machines; there is no need to tag and no extra cost in statistics (Dunietz 
1995). 

We have already introduced untagged decays in § 9.6. We recall that the 
untagged decay rates may be written as in eqn (9.50): 


-Tt 


T(t) = PE > f +P > flA 


S ea 


where H and I are given by eqns (9.15): 


T 
H = (1 + wie cosh cae 2Re A sinh ea 
2 2 (37.12) 
I= (1 — Wie cos (Amt) + 2Im Af sin (Amt). 


The function H depends on exponentials and on AT, while J is an oscillatory 

function of Amt. Clearly, if 6 is small, then the oscillatory function J drops out 

of the untagged decay rates. This is an advantage of untagged decays because, if 

Am is very large, the time oscillations in I are too fast to be observed anyway. 

However, one must keep in mind that the corrections due to 6 should be included 

whenever untagged decays are being used to look for very small effects in H. 
Henceforth we take 6 = 0. Then, 


ATt ATt 
Tilt) =e! Arl? (1 + As?) cosh a R 2Re AF sinh =| ' 
(37.13) 
7 = ATt = AT 
T(t) = eon |A? (1 + Agl’) cosh oe 2Re A; sinh =| 


A difference between these two untagged decays violates CP. If the decays are 
dominated by a single weak phase, then there is no direct CP violation, |Ay| = 
|Az|, |Ay| = |Az|, and the only CP violation arises from Re As # Re Àz. 

If f is a CP eigenstate, then H is CP-conserving, and J is CP-violating. 
In this case, s(t) = T z(t). If there is no direct or mixing CP violation, then 
|A¢| = 1, and H only measures CP violation to the extent that |Re,| differs 
from unity. 

We are now in a position to appreciate the systematic analysis performed by 
Dunietz (1995). Firstly we consider decays into CP eigenstates such as B; > 
Dł} D}. In § 37.2 we have seen that tagged decays in this channel measure 
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sin 2 (e + 6,). Here, we notice that untagged decays allow us to measure the cosine 
of the same angle, cos 2 (e + 8s). Instead of D} D> we may use J/w¢ or D*+ D*-. 
These are combinations of CP-even and (small) CP-odd components, which can 
be resolved by means of an analysis of the angular distributions (Dunietz et 
al. 1991; Dighe et al. 1996c), even in the case of untagged data samples (Dunietz 
and Fleischer 1997). In the SM, 6, = 0, € ~ A, and this experiment looks 
extremely difficult, since we will be looking at the difference cos2e — 1 ~ A4. 
However, in some models beyond the SM there may be a large 0s. Untagged 
decays can be used to look for it. 

Secondly, Dunietz (1995) has proposed a version of the Aleksan—Dunietz- 
Kayser method of § 37.3 in which one uses instead untagged decays. This requires 
the value of |A;| as an additional input. In fact, only if we know this magnitude 
from theory can we extract Re Aș and Re À 7 from the fit to the time dependences 
in eqns (37.13). To see how to extract the weak phase from these observables, 
we use eqn (37.9), from which 


—Re A; 
C= aA =cos(¢+A), 
i (37.14) 
c= a = cos (ġ — â), 
|As 


where 6 = y + € — 2e — 20s. We are now left with the trivial trigonometric 
exercise in eqn (36.7). The usual remarks about the fourfold ambiguity in sin y 
apply. Notice that the CP-violating quantity c+ — c- = —2sin ġģsin A is only 
different from zero if there is a non-negligible final-state phase difference A. 
Dunietz (1995) pointed out that A is likely to be very small for colour-allowed 
decays, in which case c} = c_ would measure cos ¢ directly. 

Thirdly, one could perform a B}? > {D°, D°, D;.,}% analysis with untagged 
decays (Dunietz 1995). The idea is that one can extract from the time depen- 
dences of the untagged decays the observables 


Re Ags 
1+ A|? 

Re A; 

Re À fep 
LE Aral 


(37.15) 


with f = D°¢, f = D?¢, and fep = Dfa. This allows the extraction of the 
difference of weak phases, the difference of strong phases, and the common mag- 
nitude |A;| = |A z|- Contrary to the previous case, here there is no need for a 
theoretical input concerning amplitudes. 
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38.1 Statement of the problem 


In this chapter we follow closely the analysis of Grossman et al. (1997a), Gross- 
man and Quinn (1997), and Wolfenstein (19976) on the removal of the discrete 
ambiguities associated with the extraction of the CKM angles from the cor- 
responding CP-asymmetry measurements. There has been renewed interest on 
this subject and further developments are likely. We neglect the phases € and e’ 
throughout. 

Clean measurements of CKM phases must be unhindered by hadronic un- 
certainties. This is the case of CP asymmetries in B decays into CP eigenstates 
in which the amplitude is dominated by a single weak phase. These cases in- 
volve the ratio of an amplitude and its complex conjugate and, hence, twice the 
relevant CKM phase. In the standard model (SM), the decay BY > J/YKs 
measures sin 23 and, neglecting penguin pollution, the decays B? > ntr and 
B? — pP Ks measure sin 2a and sin 2y, respectively. 

However, a measurement of sin2¢ can only determine the phase ¢ up to a 
fourfold ambiguity: if ¢ is any of the solutions between 0 and 27, then the other 
three solutions are obtained from this one as 7/2—¢, t +¢, and 32/2—4, defined 
mod 27 in such a way that they also lie between 0 and 27. For sin2¢ > 0 two 
solutions are in the first quadrant and the other two are in the third quadrant; for 
sin 2¢ < 0 two solutions are in the second quadrant and the other two are in the 
fourth quadrant. In this section we discuss ways to eliminate these ambiguities. 

As pointed out before, with our definitions the angles a, 8, and y are not 
independent, rather 


a+ 8+%7=7 (mod 27). (38.1) 


For instance, one may use this relation to determine y; again, all possibilities for 
y should be transformed into angles lying between 0 and 27. It depends on the 
model whether a specific asymmetry measures the angles defined above, or not. 
For example, if the dominant new-physics contributions appear in the mixing, 
then the asymmetries in BS + J/yKs and BS — ntn measure sin 28 and 
sin 2a, respectively, where 6 = 8 — 64 and @ = a + b4, and ĝa is the new phase 
in the mixing. In this case it is still true (Nir and Silverman 1990) that 


&+B+y7=7 (mod 2n), (38.2) 


and this can still be used to find out y. 
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Let us suppose that sin 2/3 and sin2ã have been measured. The values of 
{ã, B} are then determined up to a 4 x 4 = 16-fold ambiguity. Equation (38.2) 
then yields eight solutions for y (Grossman et al. 1997a): 

$ (4 $ B) (mod 27), 

mE (é + B) (mod 27), 
r/2+ (4 = 8) (mod 27), 
T2 (á — B) (mod 27). 


(38.3) 


These eight possibilities correspond to two possible values of cos 2y, and to four 
possible values of sin 2y: 


cos2y = cos2 (a + 8) or cos27 = —cos2(a- 8), 
2 ` (38.4) 
sin2y = +sin2 (4+ 8) or sin 2y = +sin 2 (& — 8). 


These, however, come in only four combinations: 


{cos 27,sin27} = {cos2 (a +Ã) ,+sin2 (a +8) } 
or (38.5) 
{cos 2y, sin2y} = f- cos 2 (4 — B) , sin 2 (4 — 8) } ; 


As stated above, we end up with 16 possibilities for the values of {ã, B, y}. Within 
certain models, some of these ambiguities may be eliminated. In any model where 
the three complex numbers which enter into the definition of the phases a, ĝ, 
and y form a triangle, one must have (Grossman et al. 1997a) 


a@+B+y=7 or 5r, (38.6) 


but not & + 8 + y = 3m. Indeed, if the angles are interior to the triangle they 
all lie in the range [0,7] and they add up to 7; if the angles are exterior to the 
triangle they all lie in the range [7, 27] and they add up to 5r. As a result, in such 
models there are only four possibilities for {@, 3,7} (Grossman et al. 1997a)—a 
further measurement of sin 27 would remove this ambiguity completely, unless 
& or B equal 7/2 or 32/2 (Nir and Quinn 1990). In the SM, the ambiguity is 
further reduced because 


Vud Vub 
Vea Veb 


sing 
~~ sina 


R, = 


(38.7) 


(see eqns 13.33 and 13.35) is smaller than 1/v2. This implies that @ must lie 
either in (0, 7/4] or in (77/4, 27]; the ranges [37/4, m] and [7, 57/4] are excluded 
by combination with the constraint in eqn (38.6). In addition, the SM fit of the 
CP-violating parameter eg forces Bx sin £ to be positive (Nir and Quinn 1990). 
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Thus, if we assume the bag parameter Bx to be positive, 0 < 8 = <r /4. This 
leaves open only two possible solutions for {a, 8, y}; in some cases, only one of 
them is allowed. 

Grossman et al. (1997a) have given the following example to illustrate these 
points. Assume that sin2a = 1/2 and sin28 = 3/2. Then, there are four 
possible values for a: 

m on 137 17x 
12’ 12’ 12°" 12° 


Similarly, there are four possible values for ĝ: 


xn nm IT a4 An 
6’ 3’ 6° 3 
The eight solutions for y are 
n On Tr 32 Snr 17m 197 and 
P I Jo” p? a? a2? a2 O T 


There are two possible combinations of & and B. leading to each value of y. If 
one assumes that a, 8, and y add up to either z or 5r, then we are left with the 
possible values 


T T I|) fa r in| Jon m orl |, foam 
126° 4 J’ | 12’3’12J’ 12612’ 12’ 3°4 


for {&, 8, y}. In the SM 0 < 8 < 1/4, leaving only the first and third solutions. 
Actually, in this case the first solution is forbidden, because it leads to 


sin y 


while the experimental bound in eqn (18.28) is 0.79 < Ry < 1.18. 


38.2 Removing the ambiguities 
Let us proceed in the assumption that sin 2a and sin 28 have been determined. 
The 16-fold ambiguity in {4, 6} can be removed by measuring in addition the 
signs of cos 2ã, cos 26, sin &, and sin 3. These four signs resolve the ambiguities 
completely: 

e sign(cos2¢) removes the ambiguity ¢ > 1/2 — @; 

e sign(sin ġ) resolves the ambiguity ¢ > 7 + @. 


38.2.1 Determining the sign of cos2¢ 


A determination of sign(cos2¢) removes the ambiguity ¢ > 7/2 — ¢. Informa- 
tion on sign(cos 2a) and on sign(cos 28) can be obtained either directly or by 
measuring some functions of y. Several methods include: 
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e A determination of sign(cos2@) from the analysis of the Dalitz-plot dis- 
tribution of the decays B9 > p+x*¥ and B? > p°n° (Snyder and Quinn 
1993). Grossman and Quinn (1997) argue that this method allows for an 
extraction of sign(cos 2a), even in the presence of large penguin contribu- 
tions. 


e A determination of the value of cos2y = 1 — 2sin? y. This can be done, 
for instance, through the Gronau-London—Wyler method based on the 
decays Bt — K+*+D (Gronau and Wyler 1991).1° Recall that, given a 
measurement of sin 24 and of sin 2 the constraint in eqn (38.2) guarantees 
that cos 2y can only take the two values in eqn (38.4). In other words, once 
sin 2a, sin 2G, and cos 2y are determined, the equality 


cos 2y = cos 24 cos 23 — sin 2a sin 28, (38.9) 


fixes the magnitude and sign of cos2@cos 28. This reduces the ambiguity 
by a factor of two. There is a slight complication due to the fact that 
most simple methods determine sin? y only up to a twofold ambiguity. 
However, comparing the two possible ‘experimental’ values for sin? y with 
the two values allowed for {cos 2ã, cos 23} should be enough to remove this 
ambiguity (Wolfenstein 19975). 


e A determination of cos28 from the decay chain Bo + J/WK > J/vfK 
(Kayser 1997). This reduces the ambiguity by a factor of two. Once this 
is combined with cos 2a@cos 2, as determined from the Gronau-London- 
Wyler method, we also obtain cos 2a; the only ambiguities remaining are 
then those of the type d 9 7+¢. 


e A determination of sin 2(y—6,) from B? —> p? Ks. Although this observable 
involves 6, and is subject to large penguin corrections, the fact that we only 
need to distinguish among four solutions, together with information from 
related channels that may be available once this measurement is performed, 
should alleviate the problem (Wolfenstein 1997); Grossman and Quinn 
1997). Given measurements of sin 2@ and of sin 26, eqn (38.4) guarantees 


that sin 2y can only take four values. Once sin 2a, sin 28, and sin 2y are 
determined, the equality 


— sin 27 = sin 2é cos 26 + cos 2& sin 23 (38.10) 


fixes the signs of both cos 2ã and cos2. This by itself would reduce the 
ambiguity by a factor of four. Due to the large penguin pollution in B? > 
p°Ks, it will be best to use it in connection with sin? y and with the 
measurement of 6, from B? + Dt D>. 


106The Aleksan—Dunietz—Kayser (1992) method uses the decays B? —-» D+ K* to measure 
cos 2 (y — 20s). It can only be used to determine cos 2y if we know, for instance from B? > 
Dz D}, that 8s is small. 
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38.2.2 Determining the sign of sing 


A determination of the signs of sin@ and sin would eliminate the ambiguity 
o — T + ¢ġ. A first attempt in this direction was made by Grossman and Quinn 
(1997). The idea is to compare two hadronic decays driven by the same quark- 
level decay: one which is dominated by a single weak phase, the other one having a 
substantial penguin pollution. The interference CP violation in the latter channel 
is given by eqn (28.18). The CP violation in the former channel is given by sin 2¢,. 
This allows the determination of 


Aã = a — sin 2¢, ~ —2rcos2¢; sin (¢; — ¢2) cos A, (38.11) 


cf. eqn (33.33). Here, r = Ap/Ar is the ratio of the moduli of the penguin 
and tree-level amplitudes, and A is the difference between the strong phases 
of those amplitudes. One can extract cos 2¢; sin(¢, — ¢2) once the hadronic 
factor rcosA is known. The point made by Grossman and Quinn (1997) was 
that the sign of cos2¢, sin (¢; — ¢2) would already facilitate the resolution of 
the discrete ambiguities, and this only requires information about the sign of 
rcos A. However, one must recall that ¢,; — œz is the difference between the 
phases of two diagrams, while ¢; includes both the phase of the mixing and that 
of the tree-level decay amplitude. Under the assumption that the decay is given 
by the SM, the former is directly related to a phase in the CKM matrix—such 
as a or G—while the latter also contains information about possible new phases 
in the mixing—as in @ or B. 

Some examples of this analysis include (Grossman and Quinn 1997) 

e comparing the clean measurement of sin 26 from BS — J/wWKg with the 
CP-asymmetry in B9 > Dt D~. This determines the sign of cos 23 sin 2, 
once the sign of rpp cos App is known; 

e comparing the Dalitz-plot determination of sin 2a from BY — pr (Snyder 
and Quinn 1993) with the asymmetry in B9 > ntn. This yields the sign 
of cos 2G sina once the sign of rrr cos Arr is known. 


Grossman and Quinn (1997) argue that our future knowledge of these signs is 
likely to be robust. Although precise calculations of the relevant ratios of matrix 
elements cannot be performed at present, some of the signs are common to 
the different computational methods (as occurs, for instance, with the sign of 
Bx). This makes the determination of the sign(sin ¢) conceivable. Moreover, a 
contradiction between several such determinations of the sign of sin¢@ would be 
very informative. Either there would be new physics at play, or a revision of the 
calculations of the hadronic matrix elements would be necessary. 


APPENDIX A 


TWO NOTES ON CP-TRANSFORMATION PHASES 


A.1 The CP-transformation phases of the quarks in q/p 
When discussing interference CP violation in heavy-meson decays it is customary 
to assume that there is no CP violation in the mixing of P? and P°. In this case, 


: = +e", (A.1) 


where the phase € is the one that appears in the CP transformation 


0) — eif | po 
le ke A (A.2) 
CPi Po) = e~ P?): 
Indeed, if there is no CP violation in the mixing, then the eigenstates of mass 
must also be eigenstates of CP. In eqns (A.2) the + sign corresponds to the heavy 
state being CP-even while the light state is CP-odd; the — sign corresponds to 
the opposite situation. 

Most authors choose the phase € in eqns (A.2) to be either 0 or 7. They then 
compute q/p and obtain that it is equal to a nontrivial phase; however, they also 
assert that there is no CP violation in the mixing. This is a contradiction: if € = 0 
and CP is conserved in the mixing, then q/p cannot be equal to — exp (2iġm), 
with 2ġm 40 and 2¢y Æ 7. We want to resolve this contradiction. 

Let us take the concrete example of the B?-B? systems. There, it is assumed 
that CP is conserved in the mixing because [12 = 0. Then, 

R ast (A.3) 
P Mio 
The quantity M2 is calculated from an effective Hamiltonian having a weak 
(CP-odd) phase —2¢,,, and a AB = 2 operator O: 


Miz = e7*#™ (BO|O|B?), 


. bu, [BO (A.4) 
My, = eM (B9|O"|B9). 


The operator O and its Hermitian conjugate are related by the CP transforma- 
tion: 
(CP) Ot (CP)! = eo, (A.5) 


Also, as in eqns (A.2), 
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CP|B®) = e'*4|B°), (A6) 
CP|Bo) =e “2B. 


We may use two insertions of (CP)' (CP) = 1 in the second eqn (A.4) to derive 
ip = em (BO (CP)! (CP) OF (CP)! (CP) |Bp) 
= e2i(omtés,+om) (B?|O|B°) 


= e2i(2¢m+éa, +m) Ma, (A.7) 
Then, from eqn (A.3), 
q = teil2omtés, tom) (A.8) 
Pp 


This should be equal to te:, as in eqn (A.1). The CP-transformation phase 
Om must therefore be chosen such that 2ġm + Oxy = 0. 

However, most authors omit the phase ĝm in eqn (A.5), implicitly setting 0m 
to zero.!°? They then reach the conclusion that 


7 _ 4,i(2¢mtés,) (A.9) 

P 
If m is non-zero, this means that the eigenstates of the Hamiltonian are not 
eigenstates of CP, in spite of CP being conserved in the mixing! The point is 
that one is not allowed to set 0m = 0. This phase must be chosen in order to 
reproduce CP invariance of the theory; it cannot be a priori given a fixed value. 
Let us illustrate this point with the calculation of q/p within the SM. There, 


O x [gy” (1 — ys) b] [Yu (1 — ys) b], (A.10) 

and VV" 
e~2igm — Lt All 
Va Vas An 


Now, the most general CP transformation of the quark fields b and q is 


(CP) b(CP)t = ett y0 C", 

cp)! = —e~€agTC-1,0, 
.5), Om = éq — & and 
Vio Vig 


(A.12) 


Fm a 


Then, from eqns (A.10) an 


R A 
~ 
> 


= tetlEBa téa Eo) (A.13) 


The requirement that 2ġm + 0m = 0 is equivalent to 
ViVi, = ee) VE Veg. (A.14) 


It is clear that we may always choose é and & such that eqn (A.14) be verified, 
thus obtaining CP invariance. 


107 Most authors also set £g, to be either 0 or m. However, this is not the root of the problem 
that we wish to address. 
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We may check that eqn (A.14) is the correct CP-invariance condition in 
another way. Let us consider the charged-current Lagrangian 


DO D [Wi Vortar (1-95) de + Wye Vendy" (1-75) ua] - 


a=u,c,t k=d,s,b 


I 
2/2 
(A.15) 

The most general CP transformation is 


(CP) Wi (CP)! = -ew We, 
(CP) Ta (CP)! = -e~®eul Co} y?, (A.16) 
(CP) dp (CP)t = ety Cdp. 


If there is to be CP invariance, the CP-transformation phases must be chosen 
such that 


Vap = el Sw thay (A.17) 
It is clear that eqn (A.14) follows from eqn (A.17). 

To conclude, we have shown in a particular example that one should not 
discard the free phases in the CP transformation of the quark fields; otherwise, 
one may run into contradictions. Specifically, if one sets é = € = 0, one finds 
that q/p = +exp [i (26m + £B,)|, contradicting the quantum-mechanical rule 
that, when CP is conserved, the eigenstates of the Hamiltonian should coincide 
with the eigenstates of CP. 


A.2 Cancellation of the CP-transformation phases in Aș 


Let us consider the decays of B? and B? into a CP eigenstate f: 


CPI F) = nglf); (A.18) 


with ns = £1. We assume that the decay amplitudes have only one weak phase 
a, with an operator O’ controlling the decay: 


ApS ets (f\O'|Bt); 


_ pe e (A.19) 
Apg tal OnB, 
The CP-transformation rule for 0’ is 
(CP) OÌ (cP)t = e2 0". (A.20) 


Then, 


Ay = e~##4(F| (CP)! (CP) O+ (CP)! (CP) |B) 
anpe WO eat) F101 B0) 
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= nge t2batésa tOn) A, (A.21) 


Combining eqns (A.8) and (A.21), we obtain 


f= a +n ze2lom—Pa) eim- (A.22) 
p Ay 

We now state the following: if the calculation has been correctly done, then the 

phases 0m and @p, which arise in the CP transformation of the mixing and decay 

operators, are equal and cancel out. This cancellation is due to the mixing and 

decay operators involving the same quark fields. Thus, 


Af = +n pe2tOm ba), (A.23) 


An explicit example of the cancellation of the CP-transformation phases occurs 
in the standard-model computation of the parameter À for BI + ntr, as shown 
in § 33.1.1. 


There are two important points to note in connection with eqn (A.23): 


e If we had set 0m = 0p = 0 from the very beginning we would have obtained 
the correct result for As. This is what most authors do. The price to pay 
is, as pointed out above, an inconsistency between eqns (A.1) and (A.9). 

e The + sign in eqn (A.23) is important. That sign comes from q/p in 
eqn (A.8). Recalling that the sign of q/p is significant only when com- 
pared with the sign of either Am or AT, it is not surprising to find that 
Ay always appears multiplied by an odd function of either Am or AT in 
any experimental observable.!% 


1081 is sometimes stated that the sign of Im A f can be predicted. The meaning of that 
statement should be clearly understood. What can be predicted is the sign of Am Im àg. 
Indeed, the interchange Py + Pr makes Am, AT, q/p, and A+ change sign. If one chooses, as 
we do, Am > 0, then the sign of Im A+ becomes well defined and can indeed be predicted, at 
least in some models. 


APPENDIX B 


EFFECTIVE HAMILTONIAN FOR |AS]| = 2 PROCESSES 


B.1 The box diagram of the standard model 
B.1.1 Introduction 


If we interpret K? as Sd and K? as sd, in the standard model there are two 
one-loop diagrams which accomplish the transition K° — K®. They are box 
diagrams, which we have depicted in Figs. 17.2 and 17.3. The diagram of Fig. 17.3 
is identical with that of Fig. 17.2 after the interchange dı + d2 has been made. 
The diagrams have two W+ bosons and two up-type quarks, a and ĝ, in the 
loop. The quarks a and 8 may be either u, c, or t. Any of the two gauge bosons 
WŒ may be substituted by the corresponding Goldstone bosons y*; we have not 
depicted the diagrams involving the y*, but we include them in the computation 
of the box diagrams. 

In order to find the effective |AS| = 2 interaction we integrate out the ‘heavy’ 
degrees of freedom: the WF bosons and the up-type quarks. When doing this 
we are not interested in the ‘light’ degrees of freedom, i.e., in the masses and 
momenta of the external particles in the diagram. We therefore use an approx- 
imation in which the external particles are massless (Mms = mg = 0) and their 
four-momenta are zero. In consequence, all internal lines carry the same four- 
momentum k“, which we have to integrate over. 

We compute the diagram of Fig. 17.2 in an arbitrary ’t Hooft gauge in or- 
der to check its gauge-independence. We use the following shorthands for the 
denominators of the various propagators: 

Da = k? — m2, 
Dg = k? — m? 
D je 7 we (B.1) 
WwW = — mw, 
D, = k? - Ewmi,. 


Gauge-independence means that the final result should be independent of £w. 
We use the shorthands in eqn (13.50) for the relevant combinations of CKM 
matrix elements; unitarity of the CKM matrix implies eqn (13.53). Indeed, the 
existence of an unitary CKM matrix was first suggested by Glashow, Iliopoulos, 
and Maiani (1970) in the context of a computation of the box diagram. For this 
reason, the use of eqn (13.53) is usually referred to as the GIM mechanism. 


B.1.2 Writing down the diagram 


Taking into account that each boson W may be substituted by the correspond- 
ing Goldstone boson y*, we have 
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Fig. 172 = (i L) i >. I dado | See 


a=u,c,t B=u,c,t 


E ky ky ( 1 1 J E knko E 1 1 )| 
x eg ee ee ane == 
Dw My Dy D, Dw mi, Dw D, 
x [5y (K+ma) y'yLdı] sear (K+ ma) XyLdə] 

1 |—gno  knko 1 1 
to; Loe + my (De D;) 

a ee m 
x re ye (K+ ma) "ardi [za (K+ mg) TE rda] 
My mw 

— kyk 1 1 1 
+| Sux 4 Rul (3-7) A. 

Dw Myw Dw D, D, 


: ry" apes Te ch i TE an (K+ mo) 1 zA 


1 P Q Ma 
tp be mae (K+ ma) a ZA 
m m 
x “Fe” (K+ meg) TE yraa } ; 


J cy È we | ED; 


a=u,c,t G=u,c,t 


kt -mm / 1 2 kí 
<i mg (DET DwD,) * mp Diy 
My 9 W Lg MwY Ww 


= _ | = 
x (81k ytd) (S2kyid2) + Dz, Sry” Ky" yr d1) (52n kw 71-42) 


kt — mgm% k4 = E 
+2 7D. eD (s1y“yLd1) (S2YuYLdə2) > - (B.2) 
Ww 9 wPw 


B.1.3 Gauge independence 
We notice that 
kt — mam? = -Da Dg + k? (Da + Dz). (B.3) 


As a result, the terms proportional to k* — mm in eqn (B.2) yield momentum 
integrals whose integrand is independent either of ma or of mg. Equation (13.53) 
implies that those contributions vanish upon summation either over a or over ĝ, 
respectively. We thus find that all terms with denominator D, yield vanishing 


contributions, and the box diagram is gauge-independent: 


. dtk 1 
Fig. 17.2 = © y D Aada | Gay! DIDE? 


a=u,c,t B=u,c,t 
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m2 m? 


as Ë (SīKyLd1) (2k 242) 


x 


+ (8ry" Ky" 71.41) (339 Ky 42) 

2m4 m% = = 
——— (8177" Ldi) (82 Iw YLd2) | . (B.4) 
Myw 


It is now evident that the momentum integral is finite. 


B.1.4 Effective operator 


As the denominator of the integrand depends on k only through k?, the integral 
of kSk” is equivalent to g$"/4 times the integral of k?. We also use the Dirac- 
matrix identity 


CTI ag grt eg ae rie yey (B.5) 
to derive 
(TL) B miL) = 4 OT, (B.6) 
where we have used the notation in eqn (17.1). We thus obtain 


4 4 | 
. SE a = d*k l 
Fig. 2a 4 (sy Id; ) (So. ,do) 9 ` Aa Àg J (27) DaDo Dy 


a=u,c,t B=u,c,t 


k?mame  ., 2mezms 
W W 


B.1.5 Integration 


We introduce Feynman parameters and perform the momentum integral, obtain- 
ing 


- 4 1 x 
Ms e Z 
Fig. 17.2 = 5 (1T”di) (S20 ude) DEDDY [ dz J dy 
a=u,c,t B=u,c,t 
ee 229 
MMs 2 2mg mg 
x e +7 + ae Y, (B.8) 
where 
M* = mi + (mg — m4) £ + (miy — m3) y. (B.9) 
Defining 
2 
m 
La = ma (B.10) 


we have, after integrating over the Feynman parameters x and y, 


- 4 
, 1g TS a > y 
Fig. T= 64n?m2, (sil ” di) (SoD d2) Aa Ag F (£a, £8) ; (B.11) 


a=u,c,t B=u,c,t 
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Here, 
1 [Tath 
ena (1 — £a) (1 — £8) ( 4 4) 
a ing Tarp 
sO i ea 
(£8 — fa) (1 - ar ( i 4 ) 
x2 lng 
— L ___ (1-224 + 2) (B.12) 
(za — tg) (1 — xg) : 


for 3 # a. For 8 = a one should use the limit when mg — mg of the function 
in eqn (B.12). 


B.1.6 GIM mechanism 


We use eqn (13.53) to rewrite eqn (B.11) in such a way that the sums only 
run over the quarks c and t. We use the definition of the Fermi constant Gr = 
g’/ (4V'2m2,) to trade g? by Gr. Finally, the approximation m, = 0 is conve- 
nient, in order to obtain expressions which do not depend on m,. We get 


—iG2.mi, 


Fig. 17.2 = z2 (sil d1) (S20 d2) Fo, (B.13) 
where 
Fo = At So (£e) + A$ So (Lt) + 2AcAtSo (Le, £t) . (B.14) 
Here, 
So (Xe, Lt) = LoL ae EE 
0 cot) — Ucat 4(1— ze) (1 — 2) 
2 
eae (1 ae z) 
(te= te (1 — T) 4 


2 


(Ee aa Lt) (1 = Le) 


and the function Sp (x) is the limit when y > a of So (x,y): 


2 2 
T h- £ 32 ae (B.16) 


4 a 20-7) 


B.1.7 Effective Hamiltonian 


We interpret the box diagram as resulting from an effective Hamiltonian. Fol- 
lowing our conventions, the Lagrangian must be equal to the Feynman diagram 
divided by a factor i, just as the Feynman rule for each vertex is 7 times the 
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S] d2 Sı dı 
ae = 
dı $2 d2 S2 


Fic. B.1. K°-K° mixing at tree level originating in a flavour-changing neutral 
Yukawa interaction. 


corresponding term in the Lagrangian. Moreover, the interaction Hamiltonian is 
minus the interaction Lagrangian. Therefore, 
Gamy N 2 
Heg = -a (šST”d) (sI’,,d) Fo + H.c.. (B.17) 
We have divided Heg by an extra 2, taking into account that Heg is the product 
of two identical operators, and therefore the Feynman rule for the vertex is 
— 2 Heg. 
The effective Hamiltonian in eqn (B.17) yields the result 


—iG2.m? 
Fig. 17.3 = =o (s1l”d2) (S20 d1) Fo (B.18) 


for the second box diagram effecting the K? > K? transition. This means that 
Heg, although derived from the computation of the diagram in Fig. 17.2 only, 
really gives rise to the two diagrams in Figs. 17.2 and 17.3, the values of those 
diagrams being given by eqns (B.13) and (B.18), respectively. 


B.2 Scalars and K°—K° mixing at tree level 


We now consider the possibility that, in some extension of the standard model, 
there is a physical scalar particle S which has flavour-changing neutral Yukawa 
interactions—see § 22.10—with the s and d quarks: 


L=---+S$3(a+ bys) d+ S'd(a* — b*y5) s, (B.19) 


where a and 6 are dimensionless coupling constants. The interaction in eqn (B.19) 
leads to K? — K°® transitions via the tree-level diagrams in Fig. B.1. 

Just as in the computation of the box diagram, we assume all the external 
momenta to vanish. Then, the momentum of the propagator of S is zero. Denot- 
ing by m the mass of S, we obtain for the effective Hamiltonian which gives rise 
to the diagrams in Fig. B.1 the result 


i 2 
Heg = “m2 [5 (a F bys) d] + H.c.. (B.20) 


Because of parity symmetry the matrix element of the operator (Sd) (5y5d) 
between (K°| and |K?) is zero. The other matrix elements may be estimated 


468 EFFECTIVE HAMILTONIAN FOR |AS| = 2 PROCESSES 


>j dy S| dı 
X X 
di S2 də S2 
Fic. B.2. K°-K° mixing induced by a flavour-changing neutral current. 


using the vacuum-insertion approximation in Appendix C. One obtains the fol- 
lowing result for the contribution of the interaction in eqn (B.19) to M9): 


11 2 2 
ipn ae ka i= . 
(Ms + mq) (Ms + ma) 


(B.21) 


2 
Mo, = lK tSas) fmk 2 
ans adm? |? 


B.3 Vector bosons and K°—K° mixing at tree level 


Suppose there is a vector boson X” which couples to a flavour-changing neutral 
current between the s and d quarks: 


L=- + X" [3y, (a t+ by5) d+ dy, (a* + b* 75) s], (B.22) 
where a and b are dimensionless coupling constants. This interaction leads to 


K? + K?’ transitions via the tree-level diagrams depicted in Fig. B.2. The cor- 
responding effective Hamiltonian is 


1 
Her = ome [sy" (a + bys) d] [Syp (a + bys) d] + H.c., (B.23) 


where m now is the mass of the vector boson X. The contribution to M21, with 
the relevant matrix elements computed in the vacuum-insertion approximation, 


1S 
9) 2 
E E : 
(Ms + ma) 


(B.24) 


2 2 
Mo, = ellen teats) LRM G —7/ + il Te a? 


(ms + ma) 


APPENDIX C 


THE VACUUM-INSERTION APPROXIMATION IN K°-K® 
MIXING 


C.1 Introduction 


When we consider processes involving hadrons we often face the difficult task of 
evaluating matrix elements of operators between hadronic states. The difficulty 
is associated with the fact that the operators are written in terms of quarks 
while the physical asymptotic states are hadrons. Unfortunately, there is no reli- 
able, first-principles calculation of the hadronization mechanism and, therefore, 
of the matrix elements of operators. For some leptonic or semileptonic decays, 
approximate symmetries allow trustworthy matrix-element computations to be 
performed. This is the case of chiral symmetry for hadrons with light quarks, in 
flavour-SU(3) multiplets; and heavy-quark symmetry for hadrons with a b or a 
c quark—the corrections being significant in the latter case. This is not possible 
however in the case of matrix elements for nonleptonic decays. Those matrix 
elements are usually evaluated using specific phenomenological models such as 
the BSW model (Bauer et al. 1985). Ultimately, they should be computed using 
lattice methods. 

However, we may get an estimate of some matrix elements of operators quar- 
tic in the quark fields by using the vacuum-insertion approximation (VIA). The 
idea of the VIA is to separate the matrix element of a quartic operator into the 
product of two matrix elements of operators bilinear in the quark fields. The 
separation is not performed through a complete set of intermediate states—a 
partition of unity; rather, only the vacuum state is inserted. The assumption of 
the VIA is that a reasonable estimate, correct at least in order of magnitude, 
may be achieved by using only the vacuum as intermediate state. Of course, 
the corrections to the VIA must be estimated by using some other method for 
computing the matrix element. 

Here we shall illustrate the VIA by evaluating a number of matrix ele- 
ments relevant for neutral-kaon mixing (McWilliams and Shanker 1980). The 
matrix elements that we shall compute are (K9| (3d)? |K°), (K| (35d)? |K°), 
(K°| (8y"d) (8y,d) |K°), and (K9| (8y4y5d) (875d) |K°). We shall also com- 
pute (| (sId) (5T „d) |K°), where T” = y# (1 — ys) /2. The operators in these 
matrix elements are always the product of two colour-singlet quark bilinears, 
with definite transformation properties under the Lorentz group. 
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C.2 Creation and destruction operators 


The quark fields are linear combinations of destruction operators and creation 
operators. Those operators act on the initial and final hadron states in all possible 
ways. Destruction operators act to the right and creation operators act to the 
left. We must therefore reorder the operators, bringing the creation operators to 
the left and the destruction operators to the right. When we do this, there is a 
minus sign for each transposition, because fermionic operators anticommute.!9 

Without loss of generality, we consider d to be the sum of a single operator 
d~ which destroys d quarks and a single operator d+ which creates d antiquarks. 
Similarly, § is the sum of an operator §~ which destroys 5 antiquarks and an 
operator 5t which creates s quarks. In the initial state K? one has a d quark 
and an 3 antiquark. In the final state K° one has a d antiquark and an s quark. In 
the operator which effects the transition one must therefore have one destruction 
and one creation operator for each flavour. Thus, 


(K® |(Sd) (8d)| K°) = (K® |(s*d*) Aan wd (s- dt) 
+ (5 d*) (s*d~) + (57d) (5*a*)| K°) 
= 2(K°|(stdt) (sd) + (std-) (5 d*)| K®). (C.1) 


In the same way, 


(K? |(5y5d) (Sysd)| K°) = 2(K |(sty5d*) (5 ysd7)| K°) 
+2(K° | (stys5d7) (3 ysdt)| K°), (C.2) 

(K? |(3y#d) (3yyd)| K°) = 2(K° | (st y4d*) (3 yd )| K°) 
+2(K° | (sty4d-) (57 adt) K), (C.3) 


(K? |(5y"95d) (Syu y5d)| K?) = 2(K° | (5+ y"y5d*) (3 yI1sd-)| K°) 
+2(K° |(aty"y5d—) (3 qysdt)| K°), (C.4) 
(K? |(sI“d) (iT ,d)| K°) = 2(K® |(s*T“dt) (5-T,d7)| K?) 
+2(K9|(stT¥d-) (a T,d*)|K°). (C5) 
C.3  Fierz transformations 


C.3.1 Dirac matrices 


The Fierz reshuffling theorem for the Dirac matrices states that 


(aga =e re (a er (C.6) 


where the covariant Dirac matrices I’ are 1, y”, o#”, y#ys, and 7s, respectively, 
and the matrix of indices F is 


109 This is so even when the fermionic operators have different quantum numbers, like creation 
and destruction operators for the s and d quarks and their respective antiquarks. 
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From the basic Fierz identity 


Ôaßôye = 15ae 5B a i (15) ae (5) 4, a 3 (a ai (Suv). 
+4 Gig (Yu) E i 5) ae (15) 3 (C.8) 


one may derive various other Fierz identities for Dirac matrices, in particular 


(IM) 06 (Ty) ye = (IM) ve (Ty). (C.9) 


C.3.2 Gell-Mann matrices 
The basic Fierz identity for the Gell-Mann matrices A°® is 


8 
Sued = duzt E Y es (C.10) 
a=1 
C.3.3 Applications in the VIA 


The Fierz transformations are needed in the context of the VIA because the sec- 
ond terms in the right-hand sides of eqns (C.1)—(C.5) contain creation operators 
paired with destruction operators in a manner which is inappropriate to insert 
the vacuum state. One must therefore change the order of the operators. 

Our aim is to reorder a combination of the type (§tI’d7) (s-Tjdt). Let us 
display explicitly the colour indices w, x, y, and z, and the Dirac indices a, Ø, 
y, and é. We have 


aa) es i (Swadyz) 


8 
= (-Rhedetindia) | D Fa Pag Pia (diets + boa, J C10 


a=1 


The colour structure of the A* & A® term in eqn (C.11) forbids the insertion 
of a colour-singlet state like the vacuum. One assumes that this term may be 
neglected, and one obtains 


(T'a) (E Ta) =i 7 Fy (Ta) (s-T yd). (C.12) 
j 
Applying this formula to eqns (C.1)-(C.5), one gets 


(K® |(8d) (3d)| K°) = 4 (K® |(stdt) (s-d-)| K?) 
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~ at 


"a 


(s+ ysa*) (5-847) K) 
|(sto"" dt) (Ss Twt) | K?) 
Sis yrd? (57 yd) 
0 | (8t ysd*) (57 yuysd7)| K°), (C.13) 
0 |(std*) (57a7) )| K9) 
°| (st asd") (577547 = 
T |(stot at) (5 oud)| KO) 
ha yd”) (8 yd )| K°) 
(st a Kite (5 Yu Ysd7 ME (C.14) 
std*) (s-d-)| K°) 
(3- ysd7 )| K°) 
i. y H (7 4ud-)| K?) 
(st k Hysd*) (E7 yp ysd \| K°), ( (C.15) 
(5-d-)| K°) 
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(st y"d*) (3-y,d7)| K?) 
(st y4y5dt) (3 ywsd7)|.K°), (C.16) 
oe Td") (es Tyud7)| K°). (C.17) 


FFF 
IJS 
— SG 


(K |(5T”d) (3T „d)| K°) = 


%00 


( 


C.4 Vacuum insertion 


We are now ready to insert the vacuum state, assuming for instance that 


(K° |(a%d*) (8747) | K?) = (K° |(5+a*)|0){0 |(5747)| x°) 
= (K° |(8d)| 0) (0 |(8d)| K°). (C.18) 


This is the crucial approximation, together with that of neglecting the A° & à% 
term in the right-hand side of eqn (C.11). 

At this juncture one may use a few simplifications. Firstly, the kaon state 
vectors carry four-momentum p” = (E,p). As it is impossible to construct an 
antisymmetric tensor with two indices out of g””, e#”°", and p” alone, one con- 
cludes that 


(0|s04" d|K°(E, p)) = (K°(E, p) |50” dO) = 0. (C.19) 


Secondly, we have seen in § 4.6 that, in the convention in which the s and d 
quarks transform under parity'!° with the same phase 8p, 


110 We are allowed to use parity symmetry—and later we shall be using CP symmetry and 
isospin symmetry too—because we are computing strong-interaction matrix elements. Weak 
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Pd (t, r) pi = ebr yod (t, —T) ) 


C.20 
Ps (t, 7) Pt = era (t, =F) 0, ne 
the neutral kaons have negative parity: 
P|K®) = -|K°), 
N e (C.21) 
(K°|Pt = —(K°]. 


The four-momentum p” transforms to p, under parity. Because of eqns (C.20), 
the operator sy"d transforms to 5y„d. Therefore, taking into account eqns (C.21), 


(0|57"d|K? (E, p)) = (K°(E, p) |3y"d|0) = 0. (C.22) 
In the same way, 
(0|sd|K°(E, p)) = (K°(E, p) |5d|0) = 0. (C.23) 
On the other hand, sy4ysd —> —Sy,ysd under parity, and therefore 
(0|3y"ysd|K°(E, p)) = -e° p" fx, (C.24) 


where fx is a real positive parameter and exp (iy) is an arbitrary phase, which 
is usually set to be either +i or —2. Similarly, the matrix elements of 5y5d do 
not vanish. 

Thus, if one defines (McWilliams and Shanker 1980) 


Vi = (K|3y5d|0) (0|3y5d|K°), (6.25) 

V2 = (K°|8y"ys5d|0)(0|Sy,75d|K°), 

one directly obtains from eqns (C.13)-(C.17) the following results: 

(K? |(Sd) (8d)| K°) = —4V, + 4V2, (C.26) 
(K? |(3y5d) (5y5d)| K?) = BV, — Vz, (C.27) 
(K0 \(sy"d) (Sy,d)| y= eV, + iV), (C.28) 
(K? |(3y" 75d) (Yu ysd)| K°) = -2V1 + $V, (C.29) 
(K?| (81d) (iT „d) |K°) = 2V2. (C.30) 


C.5 Use of symmetries 


Let us now use the CP symmetry of the strong interaction to relate the matrix 
element in eqn (C.24) to (K°(E, p) |sy"y5d|0). CP acts in the following way: 


interactions, which are not invariant under those symmetries, have been taken care of in the 
process of computing Feynman diagrams and thereby deriving an effective Hamiltonian, as was 
done for instance in Appendix B. 
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(0| (CP)? = (Oj, 
CP|K°(E, p)) = e** |K(E, —p)), 
(CP) 3(CP)! = —e~#e gh C-1,0 
(CP) d (CP) = etay ca. 


(C.31) 


Therefore, 


-e p" fx = (0|8y"ysd|K°(E, p) 
= —etléx t8a-£s) (Q\dy,y5.8|K°(E, —p)). (C.32) 


Complex-conjugating eqn (C.32) and changing p into —p leads to 
ellex thao“, fe = (K(E, P) |5yy75dl0). (C.33) 


Therefore, 
2 f? m2 
Vo = —eilx +a Es) KK (C.34) 
2m K 
In this equation we have inserted a denominator 2m g to correct for the relativis- 
tic normalization of states, in which there are 2E particles per unit of volume. 
(A similar factor shall be used in the next subsection when we extract the value 
of fx from experiment.) As we consider the kaons to be in their rest frame we 
use £ = mx. 
Contracting eqn (C.33) with p” and using the equations of motion for the s 
and d quarks, one obtains 


etlx tha-bs) eta? fg = (Ms + mq) (K9(E, p) |Sy5d|0), (C.35) 


where m, and mg are the current masses of the strange quark and down quark, 
respectively. Similarly, from eqn (C.24) 


(ms + ma) (0|8ysd|K°(E, p)) = -e° m2, fr. (C.36) 


Therefore, 


f? m4 
V; = elle téa-g.)_ Se (C.37) 
2mxK (Ms + ma) 


We are now able to write down the final results for the matrix elements in 
the VIA: 


a . 2 2 
(KO (5 GDK?) = erette MK -1 F tend | 
— . 2 2 
(K |(Eysd) (5y5d)| K?) = e'r tta -e D LAME | pk O, 
12 (ms + ma) 


PRSS i 2 2 
(K5 (syd) (Syyd)| K?) = eerta FAME |_y aT], 
6 (ms + ma) 
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—_ L figme 
(Ko (eið (5yy"15d)| K°) — elk +§a—€s) xR 


a 2 

(K°| (30d) (aT ,d) |K?) = -eE tate) FAK (C.38) 
Usually, a CP transformation in which €g = s = 0 is assumed, while €x is 
chosen to be either 0 or m. We display all the phases explicitly so that overall 
rephasing-invariance becomes evident. 


C.6 fx 


Sometimes one finds in the literature the quantity fk Sag) V2 being denoted 
by fx. In order to avoid confusion, we explicitly give the value of fg for the 
notation we use. From 


(0|s".d\K°(E, p) = ep E (0.39) 
one derives, by means of isospin symmetry, 
(0|syulK*(E, p) = ep EE (C.40) 


We normalize the ket |K*) according to the conventional relativistic normal- 
ization of states (K+(E,p)|K*(E,p)) = 2EV, which means that there are 2E 
particles per unit of volume. Using eqn (C.40) one gets 


K 
x [1 +O (a)]. (C.41) 


2 
GZ IVa? m? 
T (At + pty) +I (K+ <> uty) = Srel femmy ( = =| 


The measured decay widths then yield (Particle Data Group 1996, p. 319) fx = 
159.8 + 1.4 + 0.44 MeV, where the two error bars arise, respectively, from |Vus| 
and from the O(a) corrections. Thus, fx ~ 160 MeV. 


APPENDIX D 


THE EFFECTIVE HAMILTONIAN FOR Ky, > 7°vi 


D.1 Introduction 


In this appendix we compute the effective |AS| = 1 Hamiltonian responsible for 
the decay Kz, — 7°vi in the standard model. At quark level the relevant process 
is Sd — vv. The one-loop diagrams for this transition are those in Figs. D.1 
and D.2. We did not draw the diagrams in which the gauge bosons W*+ are 
substituted by Goldstone bosons y+. The quark a may be either the up, the 
charm, or the top quark. 

Just as in the computation of the |AS| = 2 process 5d > sd in Appendix B, 
we set the four-momenta and the masses of the external fermions to zero. (The 
momenta pı and po are needed in an intermediate step of the computation of 
Fig. D.2, but we let them tend to zero at the end—see § D.3.) We also set the 
mass of the charged lepton in the box diagram of Fig. D.1 to zero. This is not 
a very good approximation in the case of the decay Kr, —> 1°v,v,, because the 
mass of the 7 lepton, m, = 1.8 GeV, is relatively large—see § 19.5. In any case, 
the corrections to this approximation may be easily computed if needed. 

We evaluate the diagrams in an arbitrary ’t Hooft gauge. We use the notation 
in eqns (B.1) for the denominators of the propagators. We also use the notation 
in eqn (13.50) for the relevant combinations of CKM matrix elements. It is 
important to keep in mind eqn (13.53), a consequence of the unitarity of the 
CKM matrix. Finally, rg = m2 /mi,. 


Fic. D.2. Diagrams for sd > vv which include flavour-changing self-energies. 
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Some individual diagrams are divergent. We compute them using dimensional 
regularization. The dimension of space-time is d = 4 — e. In the regularization 
procedure an arbitrary mass scale u is also needed. 


D.2 The diagrams in Fig. D.1 


In the box diagram there cannot be internal Goldstone bosons. This is because 
the Yukawa couplings of y* are proportional to the masses of the fermions, and 
the lepton masses are assumed to vanish in the present computation.!!! In the 
other two diagrams of Fig. D.1 WF may be substituted by y+. We use as before 
the shorthand I” = y4y,. We denote by Q the electric charge of the up-type 
quarks; Q enters in the evaluation of the third diagram in Fig. D.1. As we shall 
see, all Q-dependent terms cancel out in the final result, so that we do not need 
to specify that Q = 2/3. We use eqn (13.53) to eliminate terms which yield 
a vanishing contribution upon summation over a; most gauge-dependent terms 
disappear in this way. We obtain that Fig. D.1 is the sum of a gauge-independent 
part, 


4 d 
G Nee es d°k 
A —independent = (Tv) uf 
gauge ependent E 4m?, 4 (27)? 
y QS [2m2 (5rd) + £a (5ky" KyLd)] 
D2 Dw st La (SPY KYL 
-Qs 
w H — Š 
ue DI Dy, [(2 — c) (Sky" KyLd) + Ta (2k? m a) (ST d)] 
+ —4m2,, + 2m? 2c m? G- (ST”d) 
Da Dy - m 
1 
+ pope Mte + 2e (2 -e+ ta)] k” ata | 
4 
en E 1g’ rAaLa 
= (PF v) (sd) du Oimn, 
2 
My 2 
i (2 a a us | (-F + 55y, — 39s,,) 
1 
+——y l T ata- FSu + {Sula + Qs, (F — 72)] 
In Ta 
pe [3 + 3r? — 3c? Za == Tat, 
(Ta = 1) 
-Q82,%q (3- 8ta)]}, ee 


where y is the Euler constant; and a gauge-dependent part, 


111 For the same reason, the Z boson in the diagrams of Figs. D.1 and D.2 cannot be substi- 
tuted by x. 
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aioe 
d a S 


Fic. D.3. Flavour-changing self-energy diagram. 


4 d 
gro 7 a of dk 2ta 
Agauge—dependent = X 4m?,, [5 a (Q B 1) sa] (Prav) (sd) H fa B.D, 
(D.2) 


D.3 The diagrams in Fig. D.2 


These diagrams pose us a problem: namely, if we set both the masses and the 
four-momenta of the external quarks to zero then the propagator of the down- 
type quark becomes badly defined. We must therefore be more careful. We first 
consider the self-energy graph of Fig. D.3, in which p is the momentum of the 
quark. That graph may be written in the form, if we omit the spinors § and d, 


2 
Fig. D.3 = ` re [A (p*) byt + B (p°) msmapyr — C (p°) (msyr + mar)] , 


(D.3) 
where the functions A, B, and C of p? depend neither on ms nor on ma. In 
particular, 


dtk 1 1 
A (p) = if) Case E [(m} + k?) Ø + pK] 
1 ) ree | k2 
tgo [2-90 + TE- i] Y (D-4) 


from which one obtains 


One uses the self-energy formula of eqn (D.3) in computing Fig. D.2. One applies 
the on-shell conditions for the momenta of the external quarks, p? = m? and 
p? = m2. Also, pz acting on the left should be put equal to ms and pı acting 
on the right should be put equal to mg, as a consequence of the Dirac equation 
for the quark spinors. Indeed, gauge-invariance in general only holds for physical 
processes, in particular for processes in which external particles are on mass 
shell. One obtains 


4 
: g“ Aa 2 1 1 2 
ee X r am ae e u 
Fig - 4 2 (D ut) 2 zt 2 ( 1) s4] 7 YL 


FINAL RESULT 479 


x [A (m5) m; — A (m4) mq + B (m3) msma — B (m4) msm 
-C (ms) (ms + ma) +C (ma) (ms + ma) 

- (Q = 1) sêmmay" yn [A (m) = A (m) 

+B (m?) m? — B (m4) mł — 2C (m2) + 2C (m4)]}. (D.6) 


We now let m, and ma tend to zero. The expression in eqn (D.6) becomes 


4 
Fig. D.2 = J gs Orar) {[-5 — (Q 1) su] yr [A(0) + B' (0mm 
a W 


—C"'(0)(ms + m4)] — (Q - 1) sp msma” yr [A (0) + B(0) — 2C" (0)] 
+terms of higher order in m, and ma}, (D.7) 


where the prime denotes the derivative relative to p*. Clearly, when m, and ma 
are zero only A(0) is relevant. Thus, in that limit 


Fig. D.2 = ` — [-4 —(Q — 1) s2,] (Tv) (81d) A(0). (D.8) 
This contribution cancels out the gauge-dependence in Agauge—dependent- Indeed, 
Agauge—dependent + Fig. D.2 = [-$ — (Q - 1) s2] (AT uv) (ald) X ate. 
G W 
Here) 
psic] os 


D.4 Final result 


One adds the contributions in eqns (D.1) and (D.9) and obtains the finite and 
gauge-invariant result 


—iqt 
Fig. D.1 + Fig. D.2 = > a. (Drv) (ST "d) X (za), (D.10) 
~~ lörtmw 
where ei 
T rt 
X (x) = ———~ 2 l . D.11 
(x) JCE (2+ ea ns) ( ) 


The final result turns out to be independent both of s, and of the charge Q of 
the up-type quarks. 
The effective Hamiltonian for the process sd — vi therefore is 


Gamy 7 
Her = ETW (DP ,v) (Td) [AX (2) + AX (te) +e. — (D.12) 


We have set the mass of the up quark to zero, just as in Appendix B. 


APPENDIX E 


D°—D° MIXING 


E.1 Theoretical expectations 


The mesons D? ~ cū and D? ~ ĉu have lifetime (4.15 + 0.04) x 10713 s, corre- 
sponding to 
= (1.586 + 0.015) x 107'* GeV. (E.1) 


They decay faster than B? and B9, in spite of their mass 1.8645 + 0.0005 GeV 
being much smaller than the mass of the latter mesons; this is because the decay 
of the charm quark is not suppressed by small CKM-matrix elements, contrary to 
the decay of the bottom quark, which is suppressed by |{V.5| « 1 and |Vue| < 1. 

In the standard model (SM) D°—D° mixing should be tiny: one expects z < 1 
and |y| < 1. If x and |y| are very small, as predicted and as, to some extent, 
experimentally confirmed, then D° and D? practically do not oscillate into and 
from each other while decaying; the linear superposition of D? and D? which is 
created at production time is identical with the one to be found at decay time. 
This has important consequences in the theoretical analysis of some decays of 
the B°-B® systems, as seen in particular in Chapters 36 and 37. 

A good measure of mixing is F = (z? + y?) / (2+? —y”); this quantity 
tends to 1 when either z > œ or |y| — 1. 

In the SM D°—D® mixing receives three main contributions: on box dia- 
grams, from dipenguin diagrams, and from long-distance effects. In this section 
we review briefly each of these contributions and its expected size, and turn 
afterwards to D°-D® mixing in extensions of the SM. 


E.1.1 The box diagrams 


The box diagrams for D°—D° mixing are analogous to the ones for K°-K° mix- 
ing, which were analysed in Appendix B. One has charm and up quarks in the 
external lines, and any of the three down-type quarks in the internal fermion 
lines. One might expect the bottom quark to dominate, because the function 
So(x) (see eqn B.16) grows with z. However, the loops with bottom quarks end 
up being negligible, for two reasons: firstly, the bottom quark is not that heavy; 
secondly, its contribution is very much suppressed by the small CKM-matrix 
elements Vo» and V,, in the vertices. Hence, only the strange and down quarks 
contribute effectively and, due to the GIM suppression, the effective Hamiltonian 
is proportional to (Datta and Kumbhakar 1985; Donoghue et al. 1986c) 

(m3 - m3)" 


2 m2 
mym 


(E.2) 
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and thus very small. In the computation in Appendix B one could neglect the 
masses and momenta of the external s and d quarks. In the box diagrams for 
D?-D° mixing, on the other hand, the masses of the internal s and d quarks are 
small compared to the mass of the external charm quarks, and the latter can- 
not be neglected. An extra operator (Cyru) (Cyru) then appears in the effective 
Hamiltonian, and its matrix element must be evaluated. 

One may use the vacuum-insertion approximation to estimate the matrix 
elements. One obtains |M,2| ~ 107!" to 10716 GeV, corresponding to F ~ 10719 
to 1078, which is extremely small. 


E.1.2 Dipenguin diagrams 


The contributions of dipenguin diagrams to K°-K® mixing and to B°-Bo mixing 
are negligible (Donoghue et al. 1986d; Eeg and Picek 1987, 1988), and one may 
be tempted to neglect them in D°-p? mixing too. However, Petrov (1997) has 
claimed that in the latter case they yield a short-distance contribution to Mj. 
not much smaller than, and with the opposite sign to, the contribution from the 
box diagrams. 


E.1.3 Long-distance contributions 


The exact evaluation of the box diagrams and dipenguin diagrams is not so 
important because D°-D° mixing is probably (Wolfenstein 1985) dominated by 
long-distance effects, i.e., by intermediate hadronic states—not quarks—in the 
D? + D° transitions. In order to understand why this is so, one may make a 
comparison with the K°-K° and B9-B? systems. In the latter system the three 
up-type quarks a couple with CKM-matrix factors Va,V*, of the same order of 
magnitude A°; the top quark being very heavy, it overwhelms the contributions 
from the light quarks; then, the low-energy physics of hadrons, i.e., the long- 
distance effects, are irrelevant. In K°-K® mixing the charm quark competes with 
the top quark because, in spite of being much lighter, it couples with Ves V% ~ 
à, while the coupling of the top quark Vis V% ~ Aà’. Thus, the couplings of 
light hadrons to K? and K? are relatively strong, and one therefore expects 
relevant long-distance contributions to Mjz, cf. § 17.6. In D° > D° transitions 
the important intermediate quarks are the light s and d quarks; it can then be 
expected that light hadrons couple strongly to D? and D®, from which large 
long-distance contributions should follow. 

The long-distance contributions are non-perturbative and we cannot com- 
pute them from first principles. Donoghue et al. (1986c) have evaluated the con- 
tributions of intermediate states with two charged pseudoscalar mesons—zt 7 , 
KYK, x*K~, and Ktz_, for which some experimental data are available; 
they have obtained F ~ 10-78. However, there are other intermediate states— 
with two vector mesons, or one pseudoscalar and one vector meson, as well as 
with one, three, four, ... mesons. It is likely that these intermediate states yield 
contributions of the same order of magnitude as the one studied by Donoghue et 
al. (1986c), and moreover it is likely that all those contributions have different 
signs and partially cancel each other, in such a way that one may guess that the 
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sum of all of them ends up giving F ~ 107°. 

A different approach to the long-distance contributions is based on heavy- 
quark effective theory. This approach was pioneered by Georgi (1992) and fol- 
lowed by Ohl et al. (1993); they obtained F ~ 10~!°. This is much smaller than 
the estimate by Donoghue et al. (1986c). 

It should be pointed out that both these approaches concentrate on the long- 
distance contribution to the dispersive part of the D° — D? transition amplitude, 
M2. The absorptive part, 12, remains unchecked, and might be larger than 
Mı2. The original estimate of Wolfenstein (1985) was that F might be as large 
as 1074 due to the long-distance contributions; this estimate seems to stay on 
firm ground for Ij, (Le Yaouanc et al. 1995). 

Golowich and Petrov (1998) have suggested that the rich spectrum of reso- 
nances with masses between 1.6 and 2.1 GeV may give important contributions to 
D?-D° mixing. In a partly phenomenological analysis they obtained F ~ 1078, 
and found that |[}2/Mj2| might be larger than unity. 


E.1.4 D°-D° mizing beyond the standard model 


The fact that the SM predicts D°-D° mixing to be so small means that there 
is a large window of opportunity to check extensions of the SM via a possible 
large D°-D° mixing. Various extensions of the SM may lead to large mixing 
(Burdman 1995; Nir 1996). In particular, 


e A fourth generation would contribute to Mj2 through box diagrams with 
intermediate b' quarks. With |Vuy Vey | ~ A? and my ~ 100 GeV the cur- 
rent experimental limit on mixing is saturated (Burdman 1995). 


e Vector-like singlet quarks of charge 2/3 lead to flavour-changing couplings 
of the Z boson with the up-type quarks. These couplings generate a po- 
tentially large D?-D° mixing at tree level. 


e Multi-Higgs-doublet models without flavour conservation similarly lead to 
D?-D° mixing at tree level. A neutral scalar with mass ~ 100 GeV and cou- 
pling to cu with strength ~ ,/m.m,/v saturates the experimental bound 
(Burdman 1995). 


e Multi-Higgs-doublet models include charged scalars, which enter box dia- 
grams for D°—D° mixing similar to the SM boxes but with one or both 
WŒ replaced by charged scalars. This, too, may easily saturate the exper- 
imental bound. 


One or more of these mechanisms may be simultaneously operative. Thus, various 
viable theoretical ideas lead to values of F within reach of current or planned 
experiments. 


E.2 Experimental results 
Using eqns (9.14) and (9.15) one has 
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2 
TIPA + f] = e" z| A|? {[Xp[? -Tt (elm \y + yRe dy) 


242 
+O [DP G? - 27) +y? +27] +0 (0%) |, 
(E.3) 


2 
rP + fl =e ] |A? q|AgP -Tt (elm zy + yRe dy) 


fl (y? 2?) +y? + Z| +0 rs) | 
Therefore, when x and y are small,'!? 


2 
T[P°(t) > f|x et J Al fA? -Tt (xIm Xs ar y Re As) 


ee ee. ; 
Ta (y +2 ) < |A;| > Afl, 
(E4) 


2 
T[P°(t) > f] we 4 Arl fazl? -Tt (x Im A; ag y Re àz) 


et eee ee P 
me (y Fr ) $ |A Fl > [Az]. 


In particular, for flavour-specific decay modes, 


(E.5) 


When mixing is small F ~ (2? + y°) /2. This is the quantity rmix that experi- 
mentalists strive to measure. 

Equations (E.5) have been used by the E791 Collaboration (1996) to set an 
experimental limit on D°—D° mixing. The E791 Collaboration (1996, 1998) has 
used the decays D*+ > a+ D®° and D*~ > 17 D° to identify the flavour of the 
neutral-D meson at production time. They have then compared the ‘right-sign’ 
decays 

D? + K-I*y and D? > KID, (E.6) 


with the ‘wrong-sign’ decays 
D? + K*Il-m and D? > K7I*n, (E.7) 


where l may be either e or u. They have used the fact that, according to 
eqns (E.5), the time-evolution of the wrong-sign decays should be given, when x 


112The product Tt must remain of order 1 lest the factor exp(—It) renders the decays 
unobservable. 
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and y are small, by It? exp (-I't). They have obtained the 90%-confidence-limit 
Tmix < 5.0 x 107%. 
Later, the E791 Collaboration (1998) has observed the ‘wrong-sign’ decays 


D? + Ktn (ntr) and D? + Krt (atx), (E.8) 
and has compared them to the ‘right-sign’ decays 
D? + K`r* (ntr) and D? > Ktn” (ntr), (E.9) 


where the notation (mtm) indicates the possible presence of an extra pair 
of charged pions in the final state. The right-sign decays are proportional to 
Caral ~ 1, while the wrong-sign decays are proportional to |Vus Valt ~ Mw 
2.5 x 1073. Thus, in this case the wrong-sign decays are not really forbidden, 
rather they are ‘doubly Cabibbo-suppressed’, i.e., their decay amplitudes are sup- 
pressed by two powers of the Cabibbo angle. Then, in eqns (E.4), with P? = D°, 
P? = D0, f = Ktn or Kta ata, and f = Kort or K~at+ntr-, one 
expects beak and Apl? to be ~ 2.5 x 1078. 

One must be careful to distinguish the different decay-time dependences: 

e Mixing-induced decays— (Tt)? exp (-Tt); 

e Doubly-Cabibbo-suppressed decays—exp (-Tt); 

e Interference terms— (Tt) exp (-Tt). 

Carefully taking this into account,!!3 the E791 Collaboration (1998) obtained 
the 90%-confidence-limit rmix < 8.5 x 1073, comparable to the bound extracted 
from semileptonic decays. 

The Particle Data Group (1996) refers to the pre-1996 limits on D°—D® 
mixing. Those experimental searches too have used either the semileptonic or 
the K*nx? (together with Ktnx*+a+z2—) decays of the neutral-D mesons. They 
have obtained results which were either weaker or less general than the ones by 
the E791 Collaboration (1996, 1998). 


E.3 Conclusions 


e The SM predicts rmix < 1078. 

e Experiment can at present only guarantee that rmix < 1077. 

e Various models beyond the SM could saturate or even exceed the experi- 
mental bound. 


113 The importance of the interference terms was emphasized by Blaylock et al. (1995); Wolfen- 
stein (1995); Browder and Pakvasa (1996); Liu (1996). Earlier it had been usual to neglect terms 
with time-dependence (Tt) exp (—It). 
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asymmetric colliders 125, 132, 140, 362-3; 
see also B factories 

Atwood—Dunietz—Soni method 443-4 

axial current 182, 334, 394 

axion 336-8 


bag parameters 201-2, 206, 229, 372-3 
sign of the 201, 206, 372, 401, 439, 451, 

456 

baryogenesis vi, 239-40, 291 

baryon asymmetry, see matter—antimatter 
asymmetry of the Universe 

baryon number 10, 18-9, 158, 295, 330 

Bauer-—Stech—Wirbel (BSW) model 374, 382, 
395, 469 

B9 — J/wWwKs 75, 379, 381, 386-7, 405, 
407-8, 410-4, 425-6, 454, 458 

B9 + mtn 384-5, 388, 398-9, 402-3, 
406, 454; see also Gronau—Lon- 
don method with B? — 77, Sil- 
va-Wolfenstein method, Snyder- 
Quinn method 

Bell-Steinberger inequalities 70, 86-8 


p (phase in the CKM matrix) 166-7, 170, 
191, 193, 348, 354, 373, 399—400, 
402-3, 405, 408, 411-4, 417, 425- 
7, 454-8; see also Kayser method 
to measure cos 28, 28 +y 

standard-model limits on 212 

B decay 48, 180-1 

26 + y 445-6, 451-2 

B factories vi, 347; see also asymmetric 
colliders 

bi-diagonalization 156, 265, 294 

Bjorken—Dunietz parametrization 190, 194 

Bx, see bag parameters 

B — L (baryon number minus lepton num- 
ber) 299 

Born approximation 53 

Bose-Einstein statistics 44 

Bose symmetry 92, 94 

bottom quark 183, 193 

box diagrams 200, 206, 225, 266, 268, 274, 
369-70, 372, 389, 463, 480, 482 

Branco model 266, 268, 273 

Branco-Lavoura parametrization 189-90 

Breit-Wigner propagator 53, 428 

B?-B9 system 116, 119, 121, 132, 137, 142, 
363-4, 371, 380, 412, 447-53 

B? + D} Dy 384, 402-5, 407, 448-9, 452- 
3, 458 

B? + pKs 400-3, 406, 432-3, 439, 449, 
454, 457 

B > utu X 290 


C (Dirac-Pauli charge conjugation matrix) 
30-1 
Cabibbo suppression 484; see also CKM 
suppression 
doubly Cabbibo-suppressed decays 384, 
439, 443 
Cabibbo-Kobayashi-Maskawa (CKM) fac- 
tor 226, 376, 378, 380-1, 384-6, 
390, 404-7 
Cabibbo-Kobayashi-Maskawa (CKM) ma- 
trix 157, 161, 282, 289, 347, 350 
generalized 279-80, 285 
moduli of matrix elements 161, 180, 186 
non-unitarity of the 276, 353, 373, 398, 
402-4 
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parametrizations of the, see Aleksan—Kayser-— 
London parametrization, Bjorken— 
Dunietz parametrization, Branco— 


Lavoura parametrization, Chau- 


Keung parametrization, Kobayashi- 
Maskawa parametrization, Wolfen- 


stein parametrization 
phase conventions for the 187, 190, 192, 
196, 354, 405 
quartets 161, 164, 169, 187 
unitarity of the 164, 193, 352, 395, 402, 
404, 427, 429; see also normal- 
ization of the rows of the CKM 
matrix 
cascade decays 74-5, 364-5, 409-20 
Bo —> J/YK > J/y fg 410-4 
generalized cascade decays 417-20 
with an intermediate D?-D°0 system 414- 
20, 439; see also D?-D° system: 
no-oscillation requirement 
charge conjugation (C) 
invariance/symmetry 10, 25, 41 
operator (C) 16-8, 20, 28 
quantum number (C-parity) 18-9, 41, 44- 
7, 347, 359 
transformation 10, 13 
violation 13-4 
charged B mesons 376, 390, 457; see also 
Atwood-Dunietz-Soni method, 
Gronau-London-Wyler (GLW) 
method 
CP violation with, see CP violation: di- 
rect 
pairs at the Y (4S) 106, 138-41, 347, 358- 
9 


charged current 154-7, 312 
charged scalars 244, 266, 268, 271, 482 
Chau-Keung parametrization 188, 195 
y parameters 135-42 
from experiments at the Y (4S) 137-40 
from experiments at high energies 140-2 
chiral anomaly 334 
chirality 30, 155 
CKM suppression 374, 377, 383, 385, 387, 
394, 480; see also Cabibbo sup- 
pression 
classical physics 3, 8-10 
classification of decays 
decays into CP eigenstates 384-7 
decays involving the spectator quark 387- 
9; see also spectator approxima- 
tion, spectator quark 
electroweak-penguin decays 389-90 
gluonic-penguin decays 380-2, 406-7 
penguin-dominated decays 382, 387, 390, 
406-7, 425-7 
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pure penguin decays 385-6, 406-7; see 
also penguin diagrams 
tree-level decays 376-80, 405-6 
classification of mesons, see SU(3) classifi- 
cation of mesons 
Clebsch—Gordan coefficients 98 
Clifford algebra 29-30 
colour suppression 378, 382-3, 385, 389, 
403, 405-6, 424, 432, 440-1, 451 
common final states 349, 370, 378-80; see 
also CP eigenstates, CP non-ei- 
genstates 
complex rotations 286 
coordinate axes 3, 5, 24 
correlated neutral mesons 92, 106-7, 121- 
34, 137-40, 260, 358-9 
quantum-mechanical effects with 124-125, 
133, 137 
correlated-neutral-meson decays 
into a flavour-specific state and a CP 
eigenstate 131-2, 359-63, 421 
into a single flavour-specific state 127-8 
into two CP eigenstates 132-4, 362-3 
into two flavour-specific states 129-30, 
138-40 
relationship with tagged decays 105, 124— 
5, 127, 360—2, 421, 444, 447, 451; 
see also tagging, Y(4S) 
cosmic rays 294 
Coulomb interaction 44, 97 
covariant derivative 146, 310, 314-5 
CP conservation; (see also CP symmetry /in- 
variance) 
direct (in the decays) 115-8, 120-1, 351, 
434, 439, 442, 452 
indirect (in the mixing) 114-8, 120-1, 
136-7, 141, 349, 439 
CP eigenstates 396, 440 
CP non-eigenstates 378, 397, 442-3, 445, 
448-9; see also common final sta- 
tes, tagged decays into CP non- 
eigenstates 
CP operator (CP) 16, 50 
CP-parity 51, 216 
of a Majorana field, see Majorana field 
CP symmetry/invariance 13, 25, 49, 64- 
5, 83, 102, 125, 250, 261, 398-9, 
410; see also CP conservation 
CP transformation 11, 50, 64, 102, 246, 
261, 267-8, 395-7, 438, 449-50 
CP-transformation phases 199, 201, 204, 
401, 459-62; see also spurious 
phases 
CP violation v—vi, 13-4, 54-5, 162, 248-9, 
409 
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direct (in the decays) 78-9, 81, 83, 96, 
102, 113-4, 116-7, 120, 140, 217, 
349-52, 359, 362, 391, 407 
indirect (in the mixing) 78-9, 83, 112-3, 
120, 210, 214, 217, 459; see also 
ô 
interference 79, 81, 83, 114, 217, 349-51, 
361-3, 380, 398—408, 421; see also 
Af 
CP-violating asymmetries 55, 275, 290-1, 
348-51, 386, 400, 407, 427, 447, 
454; see also dilepton asymme- 
try, partially inclusive asymme- 
tries, single-lepton asymmetry 
in the decays of correlated or uncorre- 
lated neutral-meson pairs 
into a flavour-specific state and a CP 
eigenstate 131-2, 361-2, 421 
into a single flavour-specific state, see 
single-lepton asymmetry 
into two flavour-specific states, see dilep- 
ton asymmetry 
in inclusive decays 118-9 
in tagged decays 
into CP eigenstates 114-7, 350-3, 361- 
2, 421 
into CP non-eigenstates 118 
into flavour-specific states 113 
in untagged decays 120-1, 128, 452 
sign of the 206 
CPT 
operator (CPT) 20, 24 
symmetry /invariance 24-5, 57-8, 65, 100, 
113 
theorem 14, 24, 49 
transformation 24 
violation 25, 104, 108-9, 128 
creation/destruction operators 17, 41, 470 
current—current operators 224, 393, 400, 427 
Cutkosky cuts 53 
cyclic phases 178, 326 


Dalitz plot 182, 428-31; see also Snyder- 
Quinn method 

D°—D° system 414-5, 417-8, 480-4 

no-oscillation requirement (rp = yp = 

0) 409, 415-6, 434, 439; see also 
cascade decays with an interme- 
diate D°-D° system 

decay channel 61, 374-5, 379, 388 

6 (T- and CP-violating parameter in neutral- 
meson mixing) 66, 71, 82-3, 112, 
120, 128, 140, 366-71 

|AT| = 1/2 rule 96, 233 

|AT| = 5/2 transitions 97, 104 

AP = AQ rule (P = B,S) 88, 105, 137 
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deuteron 46 
dilepton asymmetry (di-tag asymmetry) 130, 
140 
dilution factor 118, 130, 136, 361, 447 
dimensional regularization 477 
Dirac equation 478 
Dirac field 33, 36 
Dirac Lagrangian 33, 37 
Dirac-Majorana confusion theorem 307 
Dirac mass term 294-5, 297-9, 302, 313 
Dirac matrices 29-31, 465, 470-1 
Dirac spinor 31-2 
discrete ambiguities 414, 422, 424, 427-8, 
431-446, 448-58, 454-8 
weak phase/strong phase ambiguity 432- 
446, 450-1 
discrete symmetries 268 
in the model with a singlet scalar 272 
in the multi-Higgs-doublet model 257 
in the two-Higgs-doublet model 247, 267, 
273 
in the Weinberg model 248 
domain walls 289 
double beta decay 306 


effective Hamiltonian, see Hamiltonian 
electric dipole moment vi-—vii, 6, 14, 24, 36- 
7, 254, 271, 323; see also weak 
electric dipole moment 
of the neutron 335 
electromagnetism 3, 9, 16, 18, 27, 38, 147, 
154 
electroweak penguins, see classification of 
decays, penguin diagrams 
entropy 8 
e (CP-violating parameter in the two-pion 
decays of the neutral kaons) 82, 
96-7, 102-104, 199, 206, 231, 266, 
268, 347 
c (phase in the CKM matrix) 191, 353-4, 
373, 402-4, 448-9, 453 
standard-model limits on 354, 402 
e’ (CP-violating parameter in the two-pion 
decays of the neutral kaons) 55, 
80, 96-7, 102-4, 231 
e’ (phase in the CKM matrix) 191, 353-4, 
369, 373, 402, 416, 419, 439 
in models of new physics 354-5, 370, 403 
standard-model limits on 354 
e' /e 97, 230-5, 328 
Euclidean space 53, 331 
Euler angles 163, 170, 187-8, 285 
exotic fermions/quarks 276, 280, 339 


factorization 228, 382, 395, 427 
family symmetries 258 
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Fermi constant (Gr) 466 
Fermi-Dirac statistics 47 
Fermi theory 48 
Feynman gauge 150 
Feynman parameters 465 
Feynman rules 466-7 
field bilinears 35, 469 
Fierz transformation 470-1 
final-state interactions (FSI) 53, 58-9, 88, 
99, 113, 232-3, 351-2, 356, 374- 
5, 388, 405, 408, 424, 426, 428 
electromagnetic 56, 58, 99, 423 
fine-tuning 318, 320-1, 335 
flavour-changing neutral currents (FCNC) 
157, 276, 279, 289-91, 468 
natural suppression of the 280-1 
flavour-changing neutral Yukawa interac- 
tions (FCNYI) 246, 254-8, 265, 
274, 294, 342, 467 
flavour-specific decays/final states 105, 378, 
434, 440; see also self-tagging fi- 
nal states, semileptonic decays, 
tagged decays, tagging, untagged 
decays 
consequences of CPT invariance for the 
113 
direct CP conservation/violation in 113, 
120, 128 
from neutral-meson pairs 127-32; see also 
correlated-neutral-meson decays, 
uncorrelated-neutral-meson de- 
cays 
FY (electromagnetic-field tensor) 7, 27 
force 4-5 
fourth generation 482 
four-vectors 6-7 
free particle 22 
Furry’s theorem 41 


y (phase in the CKM matrix) 166-7, 170, 
191, 193, 348, 354, 400, 402-3, 
406, 419, 432-446, 449-58; see 
also 20 +7 
standard-model limits on 213 
r12 _ 
in the B9-B® system 209-10, 368, 370, 
372, 380 
in the B°-B® system 209-10, 368, 371- 
2, 380 
in the K°-K® system 102, 199, 368-70 
in the presence of new physics 368, 371- 
3 
with an assumption about the decay am- 
plitudes 368, 370-3 
gauge-boson mixing 316, 322, 342 
gauge dependence 463-4, 478 
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gauge fixing 149 
gauge theories vi 
Gell-Mann matrices 38-9, 471 
generations 156 
ghosts 150-3, 162 
Glashow-Iliopoulos—Maiani (GIM) 
enhancement 209, 381-2, 390 
mechanism 463, 466 
suppression 217, 480 
gluonic penguins, see classification of de- 
cays, penguin diagrams 
gluons 38-9 
gold-plated decay, see BY + J/pKs 
Goldstone boson 148, 225, 243, 270, 330 
G-parity 58 
grand unified theories (GUTs) 276, 293, 
310 
gravity (gravitational interaction) 3, 9 
Gronau-London method 
with BY — DKs 416, 434, 444-6 
with B? — mm 385, 388, 421-5; see also 
isospin analysis 
with B? -+ Do 416, 434, 451-2 
Gronau-—London—Wyler (GLW) method 416, 
433-40, 457 
extensions of the 441-4 


hadronic matrix elements 201-2, 227-8, 350- 
1, 381, 395, 458, 469 
hadronic uncertainties 115, 350-1, 374, 383, 
395, 408, 454 
Hamiltonian 5, 15, 20, 24, 56 
effective (Heg) 48, 200-2, 216, 222-3, 
226, 351, 374, 382, 388, 392-7, 
467-8 
weak (Hw) 15, 56, 85 
handedness 3, 12-3 
heavy-quark effective theory 184, 482 
helicity 6, 11-3 
Higgs basis 243-4, 251 
Higgs boson/particle 148, 152 
high-momentum cut (high-pr cut) 137, 360 
’t Hooft gauges 148, 152 
hot dark matter 294, 308, 338 
hypercharge 146, 311 


identity transformation 4, 18, 50 

Inami—Lim functions 216, 291 

inclusive decays/rates 109, 118-9, 356 

inflation 289 

instantons 329, 331, 333-4 

internal symmetries 16 

isospin 10, 95, 97-9, 180, 218-20, 231, 233, 
330, 375, 390, 422, 429, 431, 475 

isospin analysis 428; see also Gronau—London 
method with B9 > mr 
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isospin-breaking corrections 422 
isotropy 3 


J (imaginary part in the 3 x 3 CKM ma- 
trix) 164-5, 168-70, 198, 206, 
347 


kaons 
charged 84 
Ky, > n°vp 215-21, 476 
Kt — atvp 219, 221, 290 
K+ = netve 216, 218-9, 290 
neutral v, 18, 84 
Ky 13, 84, 86 
Ks 84, 86 
two-pion decays of the 85-6, 410-1, 
413-4; see also €, €' 
parity of the 48, 473 
Kayser method to measure cos2@ 413-4, 
457 
kinetic Lagrangian/terms 16, 147-8, 154, 
246 
Klein—Gordon field 28-9, 36, 44 
Kobayashi-Maskawa 
matrix, see Cabibbo—-Kobayashi—-Maskawa 
(CKM) matrix 
mechanism 164, 205-6, 215, 274 
parametrization 188 
Kramers’ degeneracy 23-4 


Lagrangian 16, 24, 28 
A (a,b,c) 167 
Aa 169, 195, 207 
Af 76-7, 83, 109, 114-5, 348-9, 352, 355, 
391, 398-408; see also CP vio- 
lation: interference 
extracting a single weak phase from Aș 
115, 350-1, 374, 387-8, 398—403, 
405-7, 417, 421 
Landau gauge 150 
lattice 202, 228, 234-5, 469 
law of sines 167, 192 
leading logarithmic approximation 225 
Lee model 262-3, 273 
left—right-symmetric model (LRSM) 310- 
313, 315, 321-3, 325-6 
left-right symmetry; see also parity sym- 
metry 
manifest 324-5 
non-manifest 323 
pseudo-manifest 324-5, 327 
leptonic asymmetry (6,) 87-9 
lepton number 10, 18, 158, 215, 295, 306 
lepton-flavour number 295 
life 8-9 
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long-distance contributions 203, 206, 208, 
233, 369, 372, 481 

Lorentz force (FLorentz) 4-5 

Lorentz invariance 24, 260, 395 

Lorentz transformation 31-2 


magnetic dipole moment 6, 25, 36-7 
magnetic-penguin operators 393-4 
Majorana field/particle/spinor 32, 37, 296, 
300, 306, 309 
CP-parity of 297, 304, 307 
Majorana mass term 158, 295-9, 301-2, 
309, 313 
mass degeneracy of the neutrinos 307 
mass degeneracy of the quarks 284 
mass difference 256, 265 
mass eigenstates (eigenstates of evolution) 
125, 157, 349, 399, 410 
mass matrix 172, 243, 270, 316 
matter—antimatter asymmetry of the Uni- 
verse v, 14, 291 
maximal mixing in neutral-meson systems 
112 
meson decay constants 210, 473 
normalization of the 229, 475 
Mikheev-Smirnov—Wolfenstein (MSW) mech- 
anism 294 
minimal coupling 37 
mirror quarks 354 
mirror symmetry, see parity (P) symmetry 
mistags (wrong tags) 127, 131, 141-2, 361, 
447 
mixing matrix for the leptons 300, 304 
mixing matrix in the left-right-symmetric 
model 321-5 
mixing parameters, see x parameters, di- 
lution factor, Pais-Treiman pa- 
rameters, q/p, R, R’ (mixing pa- 
rameters) 
model-independent 366, 368, 374, 403 
momentum 4-7 
Mi2 = 
in the B9-B9 system 207-9, 370, 372 
in the B?-B? system 207-9, 371-2 
in the K°-K° system 200-3, 369-70 
in the presence of new physics 370, 372 
multi-Higgs-doublet model (MHDM) 240- 
1, 243, 246, 256, 266, 482 
My =Cwmyz 240, 316, 319 


natural flavour conservation (NFC) 256-8, 
265-7, 273-4; see also flavour- 
changing neutral currents (FCNC): 
natural suppression of the 

Nature 5, 7-8, 24-5 

Nelson—Barr (NB) criteria 339-40 
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neutral current 154-5, 157 
neutral-meson mixing, see 6, maximal mix- 


ing in neutral-meson systems, mix- 


ing parameters 
neutral scalars 245-6, 252-4, 256, 258 
CP-even/odd 252-4, 272 
neutrinos 11, 13, 215, 312, 342 
atmospheric 294, 308 
Dirac mass for the 158 
helicity of the 11-2 
massive 293-4 
oscillations of the 293-4 
right-handed 293-4, 299 
solar 293, 308 
new physics 164, 193, 215, 240, 353-5, 368, 
372-3, 402-3, 407, 424, 426-7, 
433, 439, 449, 454, 458 
non-CP eigenstates, see CP non-eigenstates 
nonperturbative effects 351, 356, 374, 392 
normalization 
of the meson decay constants, see meson 
decay constants 
of the quantum states 42, 474-5 
of the two-pion states 95-6 
of the kinetic terms 172 
of the rows of the CKM matrix 181, 182, 
186, 192 
normal matrix 73-4 


operator product expansion (OPE) 227-8, 
392 


Pais—Treiman parameters 112-3, 129, 136 
parity (P) 
operator (P) 15-8, 20, 28 
phase convention for the 18 
quantum number 18-9, 36, 44-7 
of the kaons, see kaons: parity of the 
of the pions, see pions: parity of the 
symmetry /invariance 3, 5, 7, 395, 467, 
472-3 
transformation 3-7, 13, 310 
violation 11-3 
partial decay widths 58 
partially inclusive asymmetries 119 
partition of unity 74-5, 469 
Pauli matrices 37, 145, 331 
Peccei-Quinn (PQ) solution 239, 335-6, 343 
Penguin Box Expansion 228 
penguin diagrams 352, 399, 421, 427-9, 434, 
449; see also classification of de- 
cays 
double (dipenguins) 203, 481 
electroweak 225-6, 231, 351, 374, 382, 
387-90, 393-4, 422-4, 431 
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gluonic 224-5, 231, 351, 374, 380-7, 390, 
393, 403-7, 422, 431 
multi-gluon 383, 385-6; see also singlet 
Penguin-annihilation diagrams 387-8 
singlet 381, 383, 386, 407 
penguin pollution 351-3, 357, 385, 387- 
9, 422, 425, 427-8, 432-3, 439, 
454, 457-8 
phase conventions 203 
for Ao and Ag 101-102 
for |P) and |Pz) 70, 89 
@ factory 88, 92, 94 
photon 18, 27, 41 
physical phases 
in the left-right-symmetric model 322 
in the leptonic sector 300, 304, 309 
in the model with vector-like quarks 282 
in the standard model 163-4, 170 
physics beyond the standard model, see 
new physics 
w (relative phase of Mi2 and T12) 66, 77, 
87, 366-9 
pions 84, 330 
charged 12, 181 
neutral 18, 41 
parity of the 44, 47 
spin of the 43 
Poincaré group 7 
Poincaré invariance 260 
polarization 42, 44 
positron 10, 17 
positronium 44-5 
preparation of the initial state of two neu- 
tral mesons 106-7, 358-9 
principle of correspondence 15 
principle of detailed balance 22, 41, 59 
production fraction (fo, f+, fu, fas fs, fa) 
139-41, 359 
projection matrices/operators 30, 74 
pseudoscalar 44, 47 
pseudoscalar mesons 375, 388 
pseudovector (axial vector) 5, 47 


QCD corrections 201-2, 219-20, 392 
q/p 366-73 
in the BS-B9 system 370, 372-3, 398 
in the B°-B° system 371-3, 398 
in the K°-K° system 198-9, 368-70, 373, 
399-400 
in the presence of new physics 372-3, 402 
quantum chromodynamics (QCD) 38-9, 329, 
331, 333 
quantum electrodynamics (QED) 27, 38 
quark—hadron duality 119 
quark—lepton symmetry 293 
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Ra, Re 166-8, 196, 455-6 

R, suppression 377, 439-40 

reciprocal basis 73-4, 399, 406 

reciprocity relation, see principle of detailed 
balance 

regeneration 85, 91-2, 412 

relativistic mechanics 6-7 

renormalization group 226, 392 

renormalization scale 202, 208, 226-7, 234, 
392, 394-5 

renormalization scheme 202, 227, 234, 392, 
394-5 

rephasing-invariance 66, 76, 89, 161, 187, 
351, 419 

rephasings of the state vectors in quantum 
mechanics v, 62, 67, 76, 102 

rephasings of the fields in quantum field 
theory vi, 16, 161, 322 

rescattering 356, 375, 378, 383, 386-8, 390, 
405, 407, 423, 449 

p-n plane 205-6, 210-3 

right-handed current 172, 307, 325 

right-sign/wrong-sign decays 484 

R, R' (mixing parameters) 129, 136-9 

rule of associated production 105; see also 
tagging 

rotation 3, 5 


S (scattering matrix) 15, 17, 20, 42 
scalar 44 
proper scalars 5 
pseudoscalars 5, 11 
scalar potential 152, 247, 262 
in the left-right-symmetric model 317 
in the model with a singlet scalar 272 
in the multi-Higgs-doublet model 241 
in the two-Higgs-doublet model 242, 244 
scalar—pseudoscalar mixing 264 
Schrodinger equation 22, 61 
seesaw mechanism 297-9, 313 
self-energy 340 
self-interactions of the gauge bosons 146-7 
self-interactions of the scalars 152-3, 245 
self-tagging final states 378, 441; see also 
flavour-specific decays/final states 
semileptonic decays 88, 105, 137-42, 359- 
63, 440; see also AP = AQ rule, 


flavour-specific decays/final states, 


tagging 
direct CP conservation/violation in 113, 

360 

Silva—Wolfenstein method 388, 425-8 

silver-plated decay, see B? > Di Dy; 

single-lepton asymmetry (single-tag asym- 
metry) 128, 130, 140 

singlet scalar 272, 287, 335, 338 
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Snyder-Quinn method 428-31, 457-8 
soft breaking 247 
spectator approximation 183, 374, 376, 399, 
423, 425, 427 
spectator quark 185, 374, 451 
diagrams involving the 387-9, 390 
sphericał harmonics 45 
spin 5-6, 37 
spin-orbit interaction 44 
spontaneous CP violation (SCPV) 260, 267- 
8, 272, 274, 287, 289, 319-21, 
338 
spontaneous P violation/breaking 310, 312- 
3, 316, 318, 338 
spurious phases vi, 52, 54, 174, 204, 206, 
217, 248-9, 350, 356, 369, 398, 
400, 430; see also CP-transfor- 
mation phases 
standard model (SM) v-vi, 145, 347 
standard solar model 293 
statistical mechanics 8 
strangeness 10, 18, 84, 378 
string theory 24 
strong CP problem 39, 329, 335, 338, 341- 
2 
strong interaction 16, 18, 38-9, 351, 356 
strong phases (CP-even phases) 52-5, 350- 
3, 426, 443, 458; see also dis- 
crete ambiguities 
SU(2) 332, 375 
generators of 145 
triplet representation of 145, 313-4 
SU(3)-breaking corrections 182, 427 
SU(3) classification of mesons 375-6 
SU(3) flavour symmetry 182, 213, 290, 374- 
5, 381, 388-9, 425-7; see also 
Silva—Wolfenstein method 
SU(3) multiplet 46 
SU(3) structure constants 38 
superallowed Fermi transitions 180 
supersymmetry vi, 239, 249, 257 
superweak-like models 264-5, 274 
superweak phase (sw) 102-3 
superweak theory/model 80-2, 103, 217, 
221, 231, 349 


T (transition matrix) 15, 20, 50, 56, 59, 68 
T-even/odd observables 59 
T transformation 5-7; see also time rever- 
sal (T) 
tagged decays 90, 106-19, 349, 359-63, 430; 
see also semileptonic decays, tag- 
ging 
into CP eigenstates 114-7, 350-3, 359- 
63, 374, 378-9, 383-7, 390, 421 
into CP non-eigenstates 117-8 
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into flavour-specific states 110-4 
relationship with correlated-neutral-meson 
decays, see correlated-neutral-meson 
decays: relationship with tagged 
decays 
tagging 105-6, 124, 127, 355, 358-61, 439- 
41, 444, 447; see also semilep- 
tonic decays, rule of associated 
production, mistags 
thermodynamics 8 
-term 329, 334 
Ow 146, 311 
three-Higgs-doublet model 248, 274 
time-dependent decay rates 109, 349, 421, 
439, 444-5, 447, 449, 451 
time-integrated decay rates 109, 349, 421, 
434, 444 
time-integrated probabilities (TIP) 111-2, 
127, 135 
time ordering 362-3 
time reversal (T) 
operator (7) 19, 20-2, 28 
symmetry /invariance 3, 7, 23, 59, 65, 109 
transformation 5, 7 
violation 59 
time translation/evolution 15-6, 24 
top quark 185, 226, 231 
tree-level diagrams (amplitudes) 374, 376- 
91, 394, 398—401, 403-6, 416, 421- 
3, 425, 429, 439 
assuming the dominance of the 435-7, 
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plitudes 
tree-level pollution 384, 387, 406 
triangle relations 415-6, 433-4, 441-2; see 
also Gronau-London—Wyler (GLW) 
method 
triple cross product 53, 59 
two-Higgs-doublet model (THDM) 242-5, 
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141, 359, 447 
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128 
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into two CP eigenstates 134 
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unitarity in neutral-meson mixing 68-70, 
72, 83, 109, 123, 136, 140 

unitarity triangle 166-8, 170, 192-3, 210- 
3, 348, 351 
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units 6 

universality of the weak interaction 87 

untagged decays 119-21, 364, 425-6, 448, 
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into CP eigenstates 114-7, 452-3 
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U(1)a problem 329-30, 334 
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vacuum expectation value (VEV) 147, 240, 
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vector current 182, 394 
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287, 354, 482 

vertexing (vertex reconstruction) 355, 363- 
4, 447 


weak basis (WB) 173, 303 

weak-basis invariants vi, 174, 249-50, 284, 
326 

weak-basis transformation (WBT) 172-3, 
248-50, 280, 325 

weak eigenstates 157 

weak electric dipole moment 254; see also 
electric dipole moment 

weak Hamiltonian, see Hamiltonian 

weak interaction 10-2 

weak phases (CP-odd phases) 52-5, 115, 
434, 436, 443; see also a, B, 28+ 
Veit CY 

Weinberg model 248, 268 
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Wigner—Eckart theorem 422 

Wigner—Weisskopf approximation 60, 67 
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Yang-Mills theory 331 
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